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PUBLISHER'S NOTE 


The National Council of Educational Research and Training (NCERT) has been 
preparing and publishing school textbooks and other educational material for children 
and teachers. These publications are regularly revised on the basis of feedback 
from students, teachers, parents, and teacher educators. Research done by the 
NCERT also forms the basis for updating and revision. 

This book is based on the National Curriculum Framework for School 
Education — 2000 and the syllabi prepared in accordance with it. The Executive 
Committee of the NCERT, in its meeting held on 19 July 2004, discussed all aspects 
related to the quality of textbooks and decided that the textbooks of all subjects 
should undergo a quick review. In pursuance of this decision, the NCERT constituted 
23 Quick Review Committees to examine all the textbooks. These committees 
identified various errors of conceptual, factual and linguistic nature. The review 
process also took note of the evaluation of textbooks undertaken earlier. The exercise 
has now been completed and the errors identified have been corrected. We hope 
that this revised edition will serve as an effective medium of teaching and learning. 
We look forward to your suggestions to enable us to further improve the quality of 
this book. 


: SECRETARY 
New Delhi National Council of Educational 
January 2005 Research and Training 


CONSTITUTION OF INDIA 


Preamble 


WE, THE PEOPLE OF INDIA, having 
solemnly resolved to constitute India into 
a SOVEREIGN SOCIALIST SECULAR 
DEMOCRATIC REPUBLIC and to secure to 
allits citizens: 


JUSTICE, social, economic and 
political; 

LIBERTY of thought, expression, belief, 
faith and worship; 


EQUALITY of status and of opportunity; 
and to promote among them all 


| 
FRATERNITY assuring the dignity of | 
the individual and the unity and integrity of | ; 
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| 
| 
| 


ІМ OUR CONSTITUENT ASSEMBLY 
this twenty-sixth day of November, 1949, 
do HEREBY ADOPT, ENACT AND GIVE 
TO OURSELVES THIS CONSTITUTION. 
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PREFACE 


Mathematics has been an inseparable part of school education since the beginning 
of formal education and it has played a predominant role not only in the advancement 
of civilizations but also in the development of physical sciences and other disciplines. 
As curriculum renewal is a continuous process, Mathematics curriculum has 
undergone various types of changes from time to time in accordance with the changing 
needs of the society. The present effort of reforming and updating the curriculum in 
Mathematics at the Upper Primary Stage is an exercise based on the feedback 
from users, emergence of new vistas of knowledge and various curricular concerns 
given in the National Curriculum. Framework for School Education (NCFSE) 
brought out by the National Council of Educational Research and Training (NCERT) 
in November 2000 after in-depth discussions. The Draft Discussion Document on 
Curriculum Framework was prepared earlier by various teacher educators, nominees 
from various examination boards, representatives of the Directorates of Education 
and the State Councils of Educational Research and Training (SCERTS) of different 
States/Union Territories, general public and faculty from the universities, colleges, 
schools and the Council. 

Some of the general curricular concerns that have emerged from the 
NCFSE-2000 relevant to teaching of Mathematics at the Upper Primary Stage are 
as follows : 


е . Creating an awareness of equality of all with a view to removing prejudices 
transmitted through social environment and the factor of birth. 


Education for girls. 
Protection of environment. 
Integration of indigenous knowledge and India's contribution to Science and 
Mathematics from ancient times till date. 

e Reduction in the curriculum load by taking out obsolete and redundant 
contents and providing vertical linkage with Mathematics to be taught at the 
Secondary Stage. 


Keeping in view the above concerns, NCERT constituted writing teams for 
developing Mathematics textbooks for different stages of schooling. The Writing 
Team for the Upper Primary Stage has already developed textbooks of Mathematics 
for Classes VI and VII. The present textbook in Mathematics for Class VIII is next 
in this series. 


A lot of effort has gone into the preparation of the book. First, the drafts prepared 
by various authors were discussed amongst the team members and modified in the 
light of the comments and observations made. The modified material was exposed 
to a group of teachers and experts in a Review Workshop. The manuscript of the 
book was finalised keeping in view the comments and suggestions made by the 
participants of the Review Workshop. 


The salient features of the textbook are as follows : 


e As far as possible, each topic has been introduced through motivating examples 
relating to the immediate environment of the pupils. 


ө Тһе book contains detailed explanations of concepts and a large number of 
illustrations, solved examples and exercises so that the pupils may grasp the 
fundamentals on the one hand and may acquire the desired problem-solving 
and learning skills on the other. ; 


e A number of learning activities like paper cutting/assembling and Do it with 
your friends have been suggested for the pupils to rediscover the relevant 
Mathematical facts, and to develop appropriate drawing and measuring skills. 


е Some of the included word problems develop awareness towards the need for 
national integration, protection of environment, removal of social barriers, 
observance of small family norms, elimination of sex-bias and so on. It is 
expected that the message of these problems would get into the minds of the 
pupils, and the teachers would be conscious of this while teaching. 

e The vocabulary and terminology used in the book is in accordance with the 
comprehension and maturity level of the pupils. 

€ А list of important concepts and results has been provided at the end of each 
Chapter in the form of Things to Remember. 


e Historical references, especially to Indian contributions, have been provided at 
the end of each Unit under the title As History Tells Us. 


Тат thankful to the Director, NCERT, who initiated this challenging activity 
of tremendous national importance and gave us a chance to return the debt that 
we owe to our profession towards the improvement of Mathematics education. I am 


ix 


also thankful to the Head, DESM, for his dynamic leadership, enthusiastic cooperation 
and generation of facilities as and when required. It goes without saying that my 
warmest thanks are due to the members of the Writing Team, and the participants of 
the Review Workshop. I am also thankful to the members of CIET who provided help 
with some diagrams. 

To put a full stop to this somewhat lengthy Preface, I must mention the too 
often repeated warning that no book on any subject can ever be the last word 
on the subject. We have tried to do our best during the limited time that we had 
at our disposal, and are conscious that improvements are possible. Suggestions/ 
comments/observations for the improvement are most welcome. I hope the 
readers would get as much pleasure in reading the textbook as we have got in 
writing the same. 


ASHA КАМ SINGAL 
Chairperson 


CONSTITUTION OF INDIA 


Part IV A (Article 51 A) 
Fundamental Duties 


Fundamental Duties — It shall be the duty of every citizen of India — 


(a) to abide by the Constitution and respect its ideals and institutions, the National 
Flag and the National Anthem; 


(b) to cherish and follow the noble ideals which inspired our national struggle for 
freedom; 


(c) to uphold and protect the sovereignty, unity and integrity of India; 
(d) to defend the country and render national service when called upon to do 80, 


(е) to promote harmony and the spirit of common brotherhood amongst all the people 
of India transcending religious, linguistic and regional or sectional diversities; to 
renounce practices derogatory to the dignity of women; 


(f) to value and preserve the rich heritage of our composite culture; 


(g) to protect and improve the natural environment including forests, lakes, rivers, 
wildlife and to have compassion for living creatures; 


(h 


(i) to safeguard public property and to abjure violence; 


х 


to develop the scientific temper, humanism and the spirit of inquiry and reform; 


G) to strive towards excellence in all spheres of individual and collective activity so 
that the nation constantly rises to higher levels of endeavour and achievement, 


(k) who is a parent or guardian, to provide opportunities for education to his child or, 
as the case may be, ward between the age of six and fourteen years: 
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CONSTITUTION OF INDIA 


Part III (Articles 12 — 35) 
(Subject to certain conditions, some exceptions 
and reasonable restrictions) 


guarantees these 


Fundamental Rights 


Right to Equality 

e before law and equal protection of laws; 

e irrespective of religion, race, caste, sex or place of birth; 
е of opportunity in public employment; 

e byabolition of untouchability and titles. 


Right to Freedom 

e of expression, assembly, association, movement, residence and profession; 

e of certain protections in respect of conviction for offences; 

е of protection of life and personal liberty; 

e of free and compulsory education for children between the age of six and fourteen years; 
e of protection against arrest and detention in certain cases. 


Right against Exploitation 
e for prohibition of traffic in human beings and forced labour; 
e for prohibition of employment of children in hazardous jobs. 


Right to Freedom of Religion 

е freedom of conscience and free profession, practice and propagation of religion; 
e freedom to manage religious affairs; 

е freedom as to payment of taxes for promotion of any particular religion; 


e freedom as to attendance at religious instruction or religious worship in educational 
institutions wholly maintained by the State. 


Cultural and Educational Rights 

e for protection of interests of minorities to conserve their language, script and culture; 
e for minorities to establish and administer educational institutions of their choice. 
Right to Constitutional Remedies 


• by issuance of directions or orders or writs by the Supreme Court and High 
Courts for enforcement of these Fundamental Rights. 
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SQUARES AND SQUARE ROOTS 


1.1 Introduction 


In earlier classes, we have studied numbers which can be obtained by raising rational 
numbers to integral exponents. When the exponent is two, the numbers obtained are 
called squares or square numbers and the number itself is called the square root of the 
square so obtained. In this Chapter, we will study square numbers and their square 
roots. We first discuss a few patterns of square numbers and then describe some simple 
methods for obtaining squares of two and three digit numbers. We then study square 
roots of perfect square numbers (i.e., squares of integers) through prime factorisation 
method. We also study the divison method for finding the square roots of perfect square 
numbers, rational numbers and decimal numbers. If a number is not a perfect square, we 
cannot find its square root in the form of an integer. However, we may try to find a fraction 
or a decimal number whose square is approximately equal to the given number. Such 
numbers are called approximate square roots. We use the division method for this purpose. 


1.2 Square of a Number and Square Numbers 


If m and n are natural numbers such that n =m?, then nis the square of the number m and 
the number n is a square number. For example, 4 (—2 x 2 = 2?) is the square of 2, and is 
therefore, a square number. In Table 1.1, given atthe end of the section, we give squares 
of all natural numbers upto 20, and consequently a list of square numbers upto 400. 
The square of an integer is also called a perfect square (ora perfect second power). 

We can see that not all natural numbers are perfect squares. Upto 100, only ten 
numbers are perfect squares (Table 1.1). Upto 10000, only hundred numbers are perfect 
squares. Numbers like 3, 50, 1700 are not perfect squares or square numbers. 

Some problems that need attention in connection with square numbers are as follows : 


1. To determine whether a given number is a perfect square. 
2. Given a perfect square, to determine the number of which it is a square. 
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These problems have important applications in many areas of science and technology. 


To understand the basic facts related with these problems in a better way, we first observe 
some properties and patterns-of numbers which are perfect squares, and also of those 
numbers which are not perfect squares. 


Number 
1 
Wes 
| 3 
2 
Pos 
ОЧУ 
578 
NA 102 : 


Table 1.1: Squares of 1 to 20 


ee 
= 


1.3 Properties and Patterns of some Square Numbers 


I. 


No square number ends in 2, 3,7 or 8. A glance at Table 1.1 shows that perfect 
square numbers end in 0, 1, 4, 5, 6 or 9. There is nothing special about numbers 
from 1 to 20. The square of any number would end in any of these digits only. Take 
a number п having more than one digit and square it. Now take the units digit of n, 
square it and take its units digit. This units digit is the same as the units digit of n?. In 
other words, the square of any number would end in 0, 1, 4, 5, 6 or 9. It means that 
numbers ending in 2, 3, 7 or 8 are not perfect squares. Consequently, none of the 
numbers 52, 793, 15857, 888888 is a perfect square. Do we also conclude that 
numbers ending in 0, 1, 4, 5, 6 or 9 are necessarily perfect squares? How about 10, 
11, 14, 15, 26, 19 ? 


Remark : We shall use the phrase number ends in a to mean that the units digit of the 
number is a. 


П. 


Ш. 
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Given the units digit of a number, we can determine the units digit of its 
square. ЇЇ a number ends in 1 or 9, its square would end in 1. The square of 
a number which ends in 2 or 8, would end in 4. The square of a number ending in 
30r7 would end in 9. Similarly, if 4 or 6 is the units digit of a number, the units digit 
of its square would be 6. If a number ends in 5 or 0, its square would end in 5 or 0, 
respectively. 


The number of zeros at the end of a perfect square is always even. ЇЇ a number 
ends in a zero, (i.e., 50), its square (2500) ends in double zero. In fact, the number of 
zeros at the end of the square of a number is twice the number of zeros at the end of 
the number, e.g., 90000 = 3002. Therefore, a number ending in an odd number of 
zeros is never a perfect square. 


If a number is even (odd), then so is its square. This fact can be easily verified 
from Table 1.1 for numbers upto 20. However, the result is true in general and 
follows from Property II. (Since even numbers end in 0,2,4,6,8 and odd numbers 
end in 1,3,5,7,9.) 

A perfect square leaves a remainder 0 or 1 on division by 3. This can be 
checked by dividing square numbers in Table 1.1 by 3, but the result is true for 
all square numbers. The following table gives the possible remainders for some 
other prime divisors. 


Table 1.2 
Divisor bic Possible Remainders | 
3 DUE cu oA 
Ї QE te 
j 0,1,2,4. y 
бу 3,4, 5, 9 
al 20; 143,4, 9: 10, 12 


VI. The list of possible remainders in V above can be helpful in checking when a 


number is not a perfect square. For example, if we divide a number by 3 and get the 
remainder 2, then the number is not a perfect square. 
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VII. 


- 


Ifn is a perfect square, then 2n can never be a perfect square. In other words, if 
n = q for some natural number q, then we cannot find a natural number p such that 
2% = p^. This fact can be verified for numbers less than 200 using Table 1.1. It is 
true in general. In fact, we can show that if t is a prime and n is a perfect square, 
then tn is not a perfect square. 


УШ Тһе squares of numbers like 1, 11, 111,... etc., which are composed of digit 1 
alone, have a nice pattern as shown below : 
1^ mL] 
1J^, zu 
ЕТЕ ае ӨЛУ 


111111111? 


12345678987654321 
| IX. We have another interesting pattern related to squares of numbers : 
Ju 
112 121,and1+2+1=2? 
11? 2 12321,and1+2+34+24+1=3? 


ПІПІНІ? = 12345678987 654321and1424...43241-29 
X. Yet another pattern is given below : 
121 x (1-21) = 484 = 22 
12321 x (1 +2 +3 +2 + 1) = 110889 = 333? 
ie., 11? x (sum of digits in 112) 2 222 
111? x (sum of digits in 1112) = 333? 


1111111112х (sum of digits in 1111111112) = 999999999? 


— 27» 
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SQUARES AND SQUARE ROOTS 


EXERCISE 1.1 


The following numbers are not perfect squares. Give reason. 


G) 1057 (1) 23453 (iii) 7928 (iv) 222222 

What will be the units digit of the squares of the following numbers? 
(i) 81 (ii) 272 (iii) 799 (iv) 3853 

(v) 1234 (vi) 26387 (vii) 52698 (viii) 99880 


(ix) 12796 (x) 55555 

The following numbers are not square numbers. Give reason. 

(i) 64000 (1) 89722 (iii) 222000 (іу) 505050 
The square of which of the following would be an odd number ? 
() 431 (1) 2826 (iii) 7779 (iv) 82004 
Show that the following numbers are not perfect squares : 


() 7927 (1) 1058 (iii) 33453 (iv) 22222 
[Hint : Use Property V] 


Observe the following pattern and find the missing digits : 


ІШЕР! НЕРІ 
10? = 10201 
100127 - 2002005 
1000017 ЕДЕН ИЛЕН УТЕ 1 | 
10000001? -/Л iiis vende ede enr eo ens 
Observe the following pattern and supply the missing numbers : 
Ша 25 Тер! 
10125 — E0201 
10100 = 102030201 
10101012: 55:15:45 А 


- 10203040504030201 


Using the given pattern, find the missing numbers : 
12.4 5/28 ee 
227 eB? (Ge = Te 
32 + 42 +12. 13? 
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Айталы бор 
BEP oes ANE SO 5) 
тала нет арнал LI gl ks 


9. Using suitable patterns, complete the following : 


cu on 666666 _ 
123214 1! 12345654321 


10. Write true (T) or false (F) for the following statements : 


(i) 


(i) The number of digits in a square number is even. 
(1) The square of a prime number is prime. 
(ii) The sum of two square numbers is a square number. 
(v) The difference of two square numbers is a square number. 
(v) The product of two square numbers is a square number. 
(vi) No square number is negative. 
(vii) There is no square number between 50 and 60. 


(viii) There are fourteen square numbers upto 200. 


L4 Alternate Methods of Squaring Numbers 


Finding the square of a given integer is a simple matter. You have only to multiply the given 
integer with itself. For large numbers, multiplication may prove to be laborious and time- 
consuming. In this section, we shall see how to find the square of two or three-digit numbers 
quickly without actual multiplication. The first method is based upon an old Indian method 
of multiplying two numbers, which we shall call Column method. The method for squaring 
atwo digit number uses the identity : 
(а + by = а? + 2ab + b? 

То square a two-digit number ab (where a is the tens digit and b is the units digit), we 
make three columns and write a’, 2a x b and P?, respectively in these columns as follows 
(As an illustration, we take ab — 86) : 


СойитпП 


2axb 
(2х8х6 = 96) 


Columnl Column Ш 


b 
(6x 6 — 36) 


—— — 4 


ee 
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We then go through the following steps : 


Step 1 : Underline the units digit of b? (in Column Ш) and I ШӘРІП 
add the tens digit of 22, if any, to 2a x b in dà)l2axbl P 
Column П. 64 96 36 

872 p 
99 

Step 2 : Underline the units digit in Column II and add а? |2axb| P? 

the tens digit, if any, to a? in Column I. 64| 96 |36 
-9|-3 


Step 3 : Underline the number in Column 1. 


The underlined digits give the required square. 86? = 7396 
Example 1 : Find the squares of (1) 65 and (ii) 37. 


Solution: 


0) 


37 х 37 


@ ^" 9| 42 |9 
+4|+4 


13 | 46 
65? = 4225 37 = 1869 


Asthe number of digits increases, the Column method becomes difficult. In this case, 
we may use the following method which we shall call the Diagonal method. This again is 
an old Indian method of multiplying two numbers. However, we illustrate it here for 


squaring 25, 36 and 486. 4 8 6 

First we form a 
square. Then we divide 2 5 3 6 
it into sub-squares, , PLA 

i ХА Á 8 
draw some diagonals 
and write the digits of ihe — | : 
number to be squared as 
95; 36 


shown here : 486 
Fig. 1.1 (i) Fig. 1.2 (i) Fig. 1.3 (1) 


w 
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Now multiply each digit on the left of the square with each digit on top of the column 
one-by-one. Write the product in the corresponding sub-square [Fig. 1.1(ii), Fig. 1.2 (ii) 
and Fig. 1.3 (ii)]. If the number so obtained is a single digit number, write it below the 
diagonal. If it is a two digit number, write the tens digit above the diagonal and the units 
digit below the diagonal. 


ЕА HE 


Fig. 1.1 (ii) Fig. 12 (ii) Fig. 1.3 (ii) 


4 8 6 


Starting below the lowest diagonal, sum the digits along the diagonals so obtained, 
underline the units digit of the sum and carry over the tens digit, if any,to the diagonal above. 
The units digits so underlined together with all the digits in the sum above the top-most 
diagonal give the square. The numbers in the empty places are taken as zero [Fig. 1 .1(iii), 
Fig. 1.2 (iii) and Fig. 1.3 (iii)]. 


ЛИ ТШ: 


1+441 0+2+0 ҚЫЗЫ 
O 282 NAR a 
По iue 
25 = 625 
36 = 1296 


Fig. 1.1 (iii) Fig. 1.2 (iii) 
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486° = 236196 
Fig. 1.3 (iii) 


Remark : The Diagonal method can be applied to find the square of any number 
irrespective of the number of digits. 
EXERCISE 1.2 


1. Find the squares of the following numbers using the Column method. Verify the result 
by finding the square using the usual method. 


(i) 25 (i) 37 (ш) 54 (iv) 96 (у) 71 
2. Find the squares of the following numbers using Diagonal method : 
(i) 89 (1) 276 (іі) 349 (iv) 293 (v) 161 
3. Find'the square of : 
() 127 (i) 235 (ш) 852 (iv) 251 (v) 501 
4. Consider the following pattern : 
252 22 х (2 + 1) hundred + 25 = 625 
452 24 х (4 + 1) hundred + 25 = 2025 
1152 = 11 x (11 + 1) hundred + 25 = 13225 
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Using this pattern, find the squares of : 
(1) 35 (1) 75 (iii) 95 (iv) 105 (v) 205 
5. Consider the following pattern : 
52? = (5? + 2) hundred + 2? = 2704 
57? = (5? 7) hundred + 7? = 3249 
Using this pattern, find the squares of : 
() 51 (i) 54 (ш) 56 (iv) 58 (v) 59 
6. Consider the following pattern : 
511? = (250 + 11) thousand + 11? = 261121 
590? = (250 + 90) thousand + 90? = 348100 
Using this pattern find the squares of : 
(i) 509 (i) 515 (іі) 525 (iv) 580 (v) 534 
7. Find the squares of following numbers using the identity : 
(a+ bP=a@+2ab+bh 
(i) 509 (ii) 211 (iii) 625 
8. Find the squares of the following numbers using the identity : 
(a – bY = œ — 2ab + hb 
(i) 491 (i) 189 (ш) 575 


1.5 Square Roots 


If n =m’, then we call m a square root of n. Thus, a square root of 4 is 2, since 4- 22. 
Similarly, the square roots of 25 are 5 and—5, since 25 = 5^ and 25 = (—3)’ . Likewise, 
square root of 49 is 7, square root of 121 is 11, etc. Therefore, if n is a perfect square, 
then its square root is an integer. If n is not a perfect square, then there is no ini. zer n such 
that square root of л is т, i.e., it does not have an integral square root. Throughout this 
section, square stands for perfect square and square root means integral square root. 

Based on the properties of square numbers discussed in Section 1.3, we have the 
following propositions about square roots : | 


І. If the units digit of a number is 2,3,7 or 8, then it is not a perfect square and 
hence does not have a square root. 


П. Ifa number has a square root, then its units digit must be 0, 1,4, 5, 6 or 9. 
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By Property П of square numbers, the units digits of the square and square root are 
related as below : 


meum [ет + [з СИ СИ 
vacan] o | von [nes [5 [sese 


Ш. Ifa number ends in an odd number of zeros, then it does not һауе a square 
root. If a square number is followed by an even number of zeros, it has 
a square root. Moreover, the number of zeros at the end of the square root is half 
the number of zeros in the number. : 


IV. Тһе square root of an even square number is even and the square root of an 
odd square number is odd. 

V. Note that 2? = 4, 3? = 9, 4 = 16 and so on. Also, (- 2)? = (- 2) x (- 2) 2 4, 
(-3)x(-3)29,(-4)x (-4) = 16and soon. Clearly, ће square of a number, whether 
positive or negative is always positive. In other words, negative numbers are not 
perfect squares and, therefore, have no square root in the system of rational 
numbers.(However, negative numbers do have square roots in some other number 


systems.) 
As we saw above, 2? = (- 2)? = 4. Therefore, both of 2 and — 2 are square roots of 4. 
Similarly, other square numbers also have two square roots—one positive and the other 
negative. However, at this stage we consider only the positive square root. Further, 


symbolically, we write the positive square root of 4 as V4 or simply as v4. The symbol 
' J" stands for the positive square root. Thus 44 =2and V4 »-2, 

We shall now discuss some methods of finding square roots of perfect square 
numbers. 


We observe that 
1 zu? 
1+3 20077 (Sum of the first two odd numbers = 27) 
1434525 32 (Sum of the first three odd numbers = 37) 


In general, the sum of first п odd numbers is т. 
їе, 14+345+...+(2n-l)=r° 
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ETIES 


Fig. 1.4 
We may use this result to find the square root of a perfect square as follows : ) 


Take the number л whose square root is required. Subtract from n the odd numbers 
1,3,5,... successively. If n is a perfect square, we will get zero at some stage. We stop 
at this point and declare the number of times we have performed subtraction, as the square 
root of n. For example, let us consider 49 (= 7°). 


Now, (i) 49-1 = 48, (ii) 48-3 = 45, (iii) 45-5 = 40, (iv) 40-7233, 
(v) 33 — 9 = 24, (vi) 24 — 11 = 13, (vii) 13 – 13 2 0. 


Here, the total number of subtractions is 7, therefore, ,/49 — 7. 


This is the simplest method of finding the square root of a perfect square. It works 
very well for small numbers. However, it is a long and time-consuming process for large 
numbers. We have other more efficient methods for extracting square roots. 


1.6 Prime Factorisation Method for Square Roots 

Consider the following prime factorisations : 
6-2х3 6-(2х3)х(2х3)-2х2 х3х3 | 
8-2х2х2 82-(2х2х2)х(2х2х2)- 2х2 x2x2x2x2 
1222x2x3 122-(2х2х3)х(2х2хЭ)г2х2 х2х2х3х: 


We observe that 


(i) Ifpisaprime factor of n, then pxpis a factor of n. 
(i) If pisa prime and pxp is a factor of n’, then p is a factor of n. 


(ii) Prime factors of n^ may be paired so that the two factors in every pair are 
equal. 
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Therefore, we have the following steps for finding the square root of a perfect square n : 

(0 Write the prime factorisation of n. Pair the factors such that primes in each pair 
are equal. 

(ii) Choose one prime from each pair and multiply all such primes. 

(ii) Тһе product obtained in (ii) is the square root of n. 


Example 2: Find the square root of 8100. 2 
Solution: 8100 22x2x 3x 3x 3x3x5x5 2 | 4050 

iam 3 

3 


48100 =2x3x3x5 290 


Example 3 : Is 2352 a perfect square? If not, find the smallest number by which 
2352 must be multiplied so that the product is a perfect square. Find the square root 
of the new number. 
Solution :23522 2х2х2х2х3х7х7 
Here, we find that the prime 3 does not occur in a pair. Therefore, 
2352 is not a perfect square. 

If we multiply 2352 by 3, then 

2352 х 3 -7056-2х2х2х2х3х3х7х7 

Now each prime occurs in a pair: Therefore, 2352 x 3, i.e., 7056 is a 
perfect square. Thus, the required smallest number is 3. 


Also, (7056 22x 2x 3x 7 = 84 

Example 4 : Find the smallest number by which 9408 must be divided so that the quotient 
is a perfect square. Find the square root of the quotient. 

Solution : 9108-2х2х2х2х2х2х3х7х7 


If we divide 9408 by 3, then 
9408 +3 =3136=2x 2x 2x2x2x2x 7 х 7, which is a perfect square. 


Therefore, the required smallest number is 3. 
Hence, J/3136 = 2x2x2x 7 z56 


10. 


11. 


MATHEMATICS 


EXERCISE 1.3 
Which of the following numbers are not perfect squares? 
(i) 81 (ii) 92 (iii) 121 (iv) 132 


Check if the following numbers are perfect second powers : 

(1) 153 (1) 257 (iii) 408 (iv) 441 

Write the possible units digits of the square roots of the following numbers. Which of 
these numbers have odd square roots? 

0) 9801 (ii) 99856 (iii) 998001 (іу) 657666025 

Find the square roots of 121 and 169 by the method of repeated subtraction. 


Find the square roots of the following numbers by the Prime Factorisation Method: 
0) 729 (i) 400 (ш) 1764 (іу) 4096 


Write the prime factorisation of the following numbers and hence find their square roots : 
(i) 7744 (1) 9604 (ш) 5929 (іу) 7056 


Check if the following numbers are perfect second powers. If yes, find their square roots. 
0) 1936 (ii) 8281 


For each of the following numbers, find the smallest number with which it should be 
multiplied so as to get a perfect square. Also find the square root of the square number 
so obtained. 

G) 180 (i) 1458 (ш) 1200 (іу) 1008 (v) 2028 


For each of the following numbers, find the smallest number by which it should be 
divided so as to get a perfect square. Also find the square root of the square number so 
obtained. 

(i) 180 (ii) 3645 (ш) 2800 (іу) 45056 


The students of Class VIII of a school donated Rs 2401 for Prime Minister's National 
Relief Fund. Each student donated as many rupees as the number of students in the 
class. Find the number of students in the class. 


A PT teacher wants to arrange maximum possible number of 6000 students in a field 
such that the number of rows is equal to the number of columns. Find the number of 
rows if 71 students were left out after the arrangement. 


1.7 Square Roots by Division Method 


The method of finding square roots by the prime factorisation method is efficient only if 
the number has small prime factors. Sometimes it is difficult and time consuming to obtain 
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prime factors of a given number. To overcome this difficulty, we use an alternative method 
called the division method. For this we need to know the number of digits in the square 
root of a perfect square. 

We know that Б 

12-1,92-081ана102-100 | 
i.e., the square of a single digit number is at the most a 2-digit number. Since the smallest 
3-digit number is 100 and its square root 10 is a 2-digit number, the square root of a one 
or two digit (perfect square) number is a single digit number. 

Likewise 10? 2 100, 99? = 9801 and 100? = 10000. This shows that if a perfect square 
number has three or four digits, then its square root will be a two-digit number. Similarly, if 
a perfect square number has five or six digits, its square root will contain three digits, and so 
on. 

A quicker way to determine the number of digits in the square root of a square number 
is to place a bar over every pair of digits starting from the units digit. If the number of digits 
in nis odd, then the left-most single digit too has a bar. The number of bars is the number 
of digits in /n. For example, if n — 256, then vn has two digits, because there are two 
bars (2 56) here. The square root of 783225 has three digits because there are three 
bars(78 32 25)here. 

Let us illustrate the division method by taking the number 531441. 


Step 1 : Place a bar over every pair of digits starting from the units digit. 53 14 41 


Step 2 : Find the largest number whose square is less than or equal to 7 

the number under the left-most bar (7? < 53 < 82). Take this number 7| 531441. 

as the divisor and the number under the left-most bar as the dividend. 49 

Divide and get the remainder. (Note that the quotient in this particular ТД 

step is the same as the divisor.) : 

Step 3: Bring down the number under the next bar to the right of the 7| 53 1441 

remainder. This is the new dividend. 49 
17414 

Step 4 : Double the quotient and enter it with a blank on the right for 7 

the next digit of the next possible divisor. КҮЛЕР Л 
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Step 5: Guess a largest possible digit to fill the blank and also to 
become the new digit in the quotient. 

(142 x 2 = 284 < 414, 143 x 32 429 > 414) 


Get the remainder. 


Step 6 : Bring down the number under the next bar to the right of 
the new remainder. 


Step 7 : Repeat Steps 4, 5 and 6 till all bars have been 
considered. The final quotient is the square root. 


Thus, 4531441 = 729 


53 1441 

oii 
414 
284 
13041 


729 
mper po 
7| 53 1441 
«Адай: 
142| 414 
284 
1449| 13041 
13041 


0 


Remark : To determine 2 after 14 in Step 5, we try 41 + 14. Similarly, to determine 
9 after 144 in Step 7, we try 1304+ 144 or 130 14. Here 9 is the units digit of the 
square root. It can also be determined by the units digit of the square number. Here 
the square number is 531441 and its units digit is 1. Therefore, the units digit of its 
square root is 1 or 9. Since 1 can be easily ruled out, the required digit is 9. 


Example 5: Find the square root of 363609. 


Solution : 603 
6| 36 36 09 
36 
120 | 036 
0 00 
1203 3609 
3609 
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4363609 — 603 


Remark: Here we get 0 after 12 by trying 03 + 12. We guess 3 after 120 because the 
units digit in the square number is 9 (or because 360 + 120 = 3). 

Though the above method is more efficient with larger numbers, it can be used to find 
square root of smaller three or four digit numbers also. 


Example 6 : Find the square roots of (1) 529, (11) 1296 


Solution: (1) (ii) 


4529 = 23 = 1296 = 36 


Example 7 : Find the least number that must be subtracted from 893304 so as to get 
a perfect square. 


Solution : 


Thus, if we subtract 279 from 893304, we get a perfect square number (whose square 
root is 945). 


Example 8 : Find the least number which must be added to 893304 to obtain a perfect 
-Square. 
Solution : Working as above, we see that 893304 is к! than 9452, The next perfect 
square is 946°, i.e., 894916. 
Hence, the number to be added is 894916 — 893304, i.e., 1612. 
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For square numbers upto four digits, we may find the square root without doing the 


division process as follows : 


Step 1 : Find the largest number whose square is Illustration : |98 01 =? 
less than or equal to the number under the left — 3 ў 

EN ^n =81 is the! t 
most bar. This is the tens digit of the square root. un MuR Une Reges 


Step 2 : Guess the units digit by the Table given 


square number < 98 


in Section 1.5. Units digit is 1 or 9. . (0801-9001 
Step 3: 5 igi i ^ 

ep Choose the correct digit by squaring 91? 2828149801 
one possible square root and comparing with the 
given number. 9801 = 99 


Example 9 : Find the square roots of : 


() 256 (1) 6561 


Solution : (i) Putting bars, we have: 2 56. Therefore, the tens digit is 1. 


Also, possible units digits of the square root are 4 and 6. So the root is 14 or 16. 
Further, 14? = 196 # 256 
4256 = 16 
(0 (6561-81 or 89 
Also, 6561 is closer to 6400 (= 80?) than to 8100 (= 90°). 


46561 must be closer to 80 than to 90. 
Thus, | 46561 = 81 


EXERCISE 1.4 
Find the number of digits in the square roots of the following numbers : 


() 64 (i) 144 (iii) 4489 (iv) 27225 (v) 390625 

Put a dot on the units digit of a number. Now put a dot over every alternate digit. The 
number of dots gives the number of digits in the square root of the given number. Find 
the number of digits in the square root of : 


(i) 1234321 (й) 21224449 (ій) 3915380329 
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3. Using the division method, find the square roots of the following numbers : 
0) 44100 (1) 27225 (ш) 54756 (iv) 49284 (у) 99856 
4. Using the division method, find the square roots of the following : 
(i) 390625 (1) 119025 (її) 193600 
5. Find the square roots of the following numbers by finding their units and tens digits : 


(i) 2304 (1) 4489 (iii) 3481 (iv) 529 
6. Find the square roots of the following numbers : 
(i) 1444 (ii) 1849 (iii) 5776 (iv) 7921 


7. Find the least numbers which must be subtracted from the following numbers so as to 
leave a perfect square : 


0) 2361 (ii) 4931 (ш) 18265 (iv) 390700 
8. For each of the numbers in Question 7, find the smallest number that must be added to 
get a perfect square. 


1.8 Square Root of a Rational Number 


Consider the perfect squares 25 and 36. Now 
J25x36 = /5 x & 


= 46 х 6. , since we know that for integers a and b 
(ax by 2a! x b? 


=5х6 
= J25 x 436 


In fact, we һауе: 
Rule 1 Бог perfect squares m and n, /m x n = Ут х Jn 
This Rule is quite helpful in determining the square roots of large numbers. 

Example 10 :Find the square root of 38416. 
Solution :38416 = 2x2x2x2x7x7x7x7 

ES ZEK y 

38416 = %2* x | 
= Ji x VP, by using Rule 1 
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-22х 7° 
- 196 


Example 11: Find ie and уз Are they equal ? 


т ио Ша 
Solution : eae 


| Thus, 273 = 6 = J36 
In the above example, we have illustrated the following rule : 


Rule 2 : If m and n are perfect squares (and n # 0), then 
E _ Ут 
п Jn 
225 


Example 12: Find the square root of З136” 


Solution: 4225 -43х3х5х5 


=3x5=15, and 
43136 = У2х2х2х2х2х2х7х7 
=2х2х2х7 
sw 
225/51514225 
3136 = Бізе (By Rule2) 
15 


756 
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Example 13 ; Find the square roots of (i) 4 М and (ii) 0.0196. 


: 3 : | 29 [225 
Solution : есеб A ica 
olution : (1) ‚|4 29 49 


4225 


2 
449 
| 


22 


~| 


ERSEN 
-27 
Fe Л | 196 
(i) J0.0196 = хн 

E 4196 
74110000 
42x2x7x7 
У100 х 100 
2597 


"10017 0.14 


Example 14 : Find the square root of 212291. 


Solutión A Ver T Ve 
Solution : 3364 3364 3364 
Now, 473441 = 271, and 
3364 = 58 
ЭЛТ 71273 
213364 757758) 
39 
3 458 


Example 15 : Find the square root of 37.0881. 


(By Rule 2) 


(By Rule2) 
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Solution : We may convert 37.0881 into a rational number and then find the square root 


either by factorisation or by the division method. 


price (| 


Фу Whbrary 


ЯЛА 


5, 


ix 
» 
ы x 
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370881 
Thus, 437.0881 = 10000 (И 609 a 
6| 37 08 81 
But \/370881 = 609 36 
120} 108 
410000 =100 ; ХОГ 
1209 10881 
609 10881 
437.0881 = 100 0 
= 6.09 


1.9 Square Root of a (Perfect Square) Decimal Number 


We may find the square root of a decimal number without converting it into a rational 
number. We do it as follows : 
Place bars on the integral part of the number in the usual manner. 


2. Place bars on the decimal part on every pair of digits beginning with the first 
decimal place. 


.3. Start finding the square root by the division process as usual. 
4. . Place decimal point in the quotient as soon as the integral part is exhausted. 


5. Stop when the remainder becomes zero. The quotient at this stage is the 
square root. 


Example 16 : Find the square root of 37.0881 by the division method. 
Solution : 


437.0881 = 6.09 
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Example 17: Find the square root of 0.000529. 


Solution ; 


40.000529 = 0.023 


Remark : In this example, the integral part is zero. Therefore, the integral part of the 
square root is also zero. Again, the first pair after the decimal point is 00. Therefore, the 
first digit after the decimal point in the square root is zero. The rest of the procedure is 
as usual. ; 


1.10 Approximate Square Root by the Division Method 
We have observed that it is not possible to find integers p and q such that p? = 2q? or 


2- a . In other words, there is no rational number £ such that /2 = 5. It means we 


cannot calculate ,/2 exactly. We can only find a rational number which is approximately 


equal to 2. In such a situation, where it is not possible to calculate the exact value of an 
expression, we try to find an approximate value. In the present situation, we try to 


find a rational or decimal number approximately equal to 42. 
Since 152! 2°) 
therefore, [cmo 2 
Thus, | may be taken as a rational number which is approximately equal to 42: To 


find a rational number closer to V2, we square 1.1, 1.2, . .. . 1.9, all lying between 1 and 
2, and compare the squares with 2. 
ІШЕ = 22 
|225 бе ЕЈ 
1,32::54 69 2 
11:42:55 196.72. 
1.3:1:52:25: 5572 
Thus, (ayes 2 = 5» 
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ie., ПМР РД ауы 


We may now take 1.4 as a decimal number which is approximately equal to 421118 
a better approximation than 1. To find а still better approximation, we square numbers 
141, 1.42, . . . etc. and compare these squares with 2. By doing so, we find that 


1.41 «2 «142. Continuing further, we may get 


1414 < 42 < 1415 
Continuing this way, we can find rational numbers which are nearer and nearer to 


42 , upto a certain number of decimal places. A convenient way of finding such a 
number is to use the division method. We may add a suitable number of zeros to the 
rightof the decimal part of the number before applying this method. We illustrate it 
using suitable examples. 


Example 18: Find the square root of 2 correct to two places of decimal. 


Solution : To find the number which is equal to V2 
correct to two places of decimal, we find a number 


which is approximately equal to 42 and has three places TU 
1| 2. 00 00 00 


of decimal. For his purpose, we append three pairs of 
zeros, i.e., six zeros to the right of the decimal point. 24 — 
Hence, 42-1414 upto three places of decimal 198: 
= 1.41 correct upto two places of decimal 281] 400 
Thus, the required square root of 2 is 1.41. sui 
2824 11900 
Example 19 : Find the square root of 2.9 correct upto two places 11296 
of decimal. 604 
Solution : First we find a decimal number approximately equal to 
42.9 which has three places of decimal. To do so, we append five 1.702 
zeros to make three pairs after the decimal point. TOR prm 
1| 2. 90 00 00 
j 1 
Hence, 4,29 = 1.702 upto three places of decimal 27| 190. 
= 1.70 correct upto two places of decimal 189 
Thus, the required square root is 1.70. 3402] 10000 
6804 


3196 
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Example 20 : Find the square root of 11 3 Correct to two places of decimal. 


Solution : 112. = 11.666666 . .. 
= 11.666667 correct upto six decimal places 


ШЕ = 411.666667 


We find the square root as follows : 


115 =3.415 upto three decimal places 
= 3.42 correct upto two decimal places. 


25 


Remark: We may also find | 11 i Den is by making the denominator free from 


radical sign. 
38 45 i ЛБ 
ӨЛҮ АЗ БАЗ 3 
By the division method, 


105 = 10.246 upto three decimal places 
B = MS = wee upto three decimal places 
= 3.415 upto three decimal places 
= 3.42 correct upto two decimal places. 
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EXERCISE 1.5 
Find the square roots of the following rational numbers : 


361 dy 26 
625 15129 


Find the square root of 


, 16641 үү 110889 
(072489 308025 


Find the square roots of the following mixed numbers : 
ч 51 hy 151 

(1) 21160 (1) 10555 

Find the square root of 


394 569 
729 1225 


Find the square roots of the following decimal numbers : 

0) 7.29 (ii) 16.81 (ш) 9.3025 (iv) 84.8241 

Find the square root of 

(i) 0.008281 (ii) 0.053361 

Find the square roots of the following numbers correct to two places of decimal : 
0) 17 (i) 23.1 (іі) 5 (іу) 20 (v) 0.1 

Calculate the square roots of the following numbers upto two places of decimal : 


(i) 


(1123: (1) 567z 


(i) 0016 — (і) 09 097 092 (у 25 
Find the square roots of the following numbers correct to three places of decimal : 
(i) 000064 й 1200 Gi 2006 (ім) 11 


Write true (T) or false (F) for the following statements : 

(i) 409 = 03 

Gi) Ifa is a natural number, then V4 is a rational number 

(iii) If a is negative, then а? is also negative. 

(iv) If p and q are perfect squares, then ү is a rational number. 


(v) The square root of a prime number is not a rational number. 


эээ 


13. 


14. 


15: 
16. 


. The square root of a perfect square number сап be obtained by finding the prime 


Things to Remember 
A number n is a perfect square, if л = m? for some integer т. 
A perfect square number is never negative. 
A square number never ends in 2, 3, 7 or 8. 
The number of zeros at the end of a perfect square is even. 
The square of an even (odd) number is even (odd). 
A perfect square number leaves a remainder 0 or 1 on division by 3. 
There are no natural numbers p and q such that p? = 24. 
A number m is a square root of n, if n = m x m = m°. Positive square root of л is 
written as Ул. 


If p and q are perfect squares (у # 0), then 


p 
() Jpxq = Jp xd (ii) p.p 


factorisation of the square number. 
The square root of a perfect square may also be obtained by the division method. 


The pairing of numbers in the division method starts from the decimal point. For 
the integral part, it goes from right to left and for the decimal part, it goes from left 


to right. 


If a positive number is not a perfect square, then an approximate value of its 
square root may be obtained by the division method. 


If p and q are not perfect squares, then to find үр we may express 2 as a 
decimal number and then use the division method. 
We may also find 2 by making the denominator free from radical sign. 


If п is not a perfect square, then Уп is not a rational number. 


СНАРТЕК 
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2.1 Introduction 


Like squares and square roots in Chapter 1, we shall study cubes and cube roots in this 
Chapter. We first discuss some properties of perfect cubes. We will then discuss patterns 
of perfect cubes which help us in finding cube roots of small perfect cube numbers. Based 
on the relationship between units digits of numbers and units digits of their cubes, we 
discuss a method of finding the cube root of a perfect cube. This method applies to numbers 
having at the most six digits. The advantage of this method is that there are very few and 
simple calculations. We then discuss prime factorisation method of finding the cube roots. 
Like square roots, we do have a division method to find the cube root of a number. 
However, we do not discuss this method here, as it is a little difficult and beyond the scope 
of this book. 


2.2 Cube of a Number and Perfect Cube Numbers 


We know that if x is a non-zero number, then x x x x x, written ав х?, is called the 
cube of x or simply x cubed. Thus, 8 (22 x 2 x 2) is the cube of 2 or 2 cubed. Similarly, 
27 (2 3x3x3)isthe cube of 3 or 3 cubed. Table 2.1 gives the cubes of the single 
digits 1 to 9. 


Table 2.1 : Cubes of the digits 1 to 9 


Each of the numbers 1, 8, 27, . . ., 729 is the cube of some integer or the other. Such 
numbers are called perfect cubes (or perfect third powers ). 


A number n is a perfect cube if there is an integer m such that nzm x m x m. 
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Perfect cubes grow very fast. As m grows from 1 to 9, the perfect cube m° grows 
from 1 to 729. Perfect cubes are fairly scattered. Upto 100, there are only four perfect 
cubes. Upto 1000, there are only ten perfect cubes. (Are you trying to check this fact? 
Note that 10? = 1000.) 

How do we examine whether a given number is a perfect cube? 

If a prime p divides m, then pxpxp will divide m x m x m, i.e., т?. Therefore, 

if a prime p divides a perfect cube, then p? also divides this perfect cube. 

In other words, in the prime factorisation of a perfect cube, every prime occurs three 
times or a multiple of three times, For example, 

64-2х2х2х2х2х2 . (= 2°) 
27000:-2х2х2х3х3х3х5х5х5,.(5-2х3 S) 

Thus, to check whether a number is a perfect cube, we find its prime factorisation and 
group together triples of the same prime factors. If no factor is left out, the number is 
a perfect cube. However, if some factor is left as a single factor or a double factor, then the 
number is not a perfect cube. 


Example 1 : Examine if (1) 392 and (ii) 106480 are perfect cubes. 


Solution : (1) 39222x2x2x 7x7 

Here, 7 does not appear in a group of three. Hence, 392 is not a perfect cube. 

(ii) 106480=2х2х2х2х5х11х11х 11 
Here, one prime factor 2 and one prime factor 5 do not appear in a group of three. 
Therefore, 106480 is not a perfect cube. 


Example 2: Examine if 53240 is a perfect cube. If not, find the smallest number by 
which it must be multiplied so that the product is a perfect cube. Find also the smallest 
number by which it must be divided so that the quotient is a perfect cube. 


Solution :53240 22x 2x 2x 5x l1 x 11 x 11 
Here, the prime 5 does not appear in a group of three. Hence, 5324015 nota perfect 
cube. Further, 5 appears only once. If we multiply the number by 5 x 5, then in the product, 
5 will also appear in a group of three and the product will be a perfect cube. Thus, the 
required smallest numberby which the given number should be multipliedis 5х5,1.е.,25. 
Finally, if we divide the given number 53240 by 5, the resulting number has prime 
factors in a group of three. In fact, 53240 + 5 = 10648 = 2x 2x2x 11x11x11. 
Hence, the required number in this case is 5. ў 
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Remarks 1; From Table 2.1, we observe that cubes of the digits 1.4, 5, 6 and 9 are 
numbers ending in the same digits 1,4,5,6 and 9, respectively. However. 2 and 8 make 
a pair in the sense that the cube of 2 ends in 8 and the cube of 8 ends in 2. Numbers 3 and 
7 make another pair of this kind, i.e., the cube of either ends in the other (3? = 27, 7? = 343). 
Further, 10? 2 1000 shows that if a number ends in a zero, its cube will end in three zeros. 
These observations will help us in finding the cube roots of perfect cubes. 
2. Ifanumberis negative, then its cube is also negative. For example, 
(1) = CD х Cl) x Cl 2-12 -I 
(-2) -(-2) х(-2)х(-2)--8--2 
(-5) --125--53, (-т)-- т? 
This shows that negative numbers may also be perfect cubes. This is in contrast to perfect 
squares, which are never negative. 


дЗ Finding the Cube of a Two-digit Positive Number (Alternative Method) 


The cube of a number can be obtained by multiplying the number with itself three times. To 
find x, we may first find x? and then x^x x. Here we shall discuss an alternative method 
of finding х”, when x is a two digit number. 


Let x = ab, where a is the tens digit and b is the units digit. Recall that for (ab), we 
formed three columns a? | 2a x b | P?. Like in the method of finding x^, here too we form 
columns. We use the Identity 


(a + by = à? + За? b + Зар? + b. 
(You will learn this Identity in Chapter 6.) For (ab)? we form four columns 
аа Зах bul Загх b^. b 


Rest of the procedure is as before, i.e., we retain the units digit after addition and 


take the remaining digits to the next column for additien.We shall illustrate the method 
by means of examples. 


Example 3: Find 42’ using alternative method. 
Solution : Here,a=4,b=2.Thus, the four columns are : 
ail Зах: БЯ Saec ір 


8|3х4х2|3х4х2127 
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Example 4 :Find 87° by alternative method. 


Solution :Here, a = 8, b = 7. In a situation where a and b are not small, it may not be 
possible to calculate За? x b and За x Ё? quickly. In such a situation, we simplify the 
working as follows : 


64 |. 49 

j x8 «2l АСТ, 

p : 512 | 1344 | 1176 | 343 
3aà xb | 3ax P | b 658 
87° = 658503 5 0 


Example 5 :Find the cubes of the following numbers using alternative method : 
@ 27 (1) 45 (ш) 81 


Solution :(1) For 27°, we have 


21 


273 = 19683 


(ii) For 45°, we have 
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(iii) For 812, we have 


81? = 531441 


EXERCISE 2.1 


1. Write the units digit of the cube of each of the following numbers : 
31, 109, 388, 833, 4276, 5922, 77774, 44447, 125125125 
2.  Findthe cubes of the following numbers: 
(i) 35 (i) 56 (іі) 72 (v) 402 (v) 650 (уі) 819 
3. Епа the cubes of the following numbers using alternative method : 
(0:135 (i) 56 (ш) 72. 
4. Which of the following numbers are not perfect cubes? 
() 64 (1) 216 (ш) 243 (iv) 1728 
5. For each of the non-perfect cubes in Question 4, find the smallest number by which it 
must be multiplied so that the product is a perfect cube. 


:6.  Foreach of the non-perfect cubes in Question 4, find the smallest number by which it 
must be divided so that the quotient is a perfect cube. 
7. Ву taking three different values of n, verify the truth of the following statements : 

(i) If nis even, then л? is also even. 

(1) Ifnis odd, then л? is also odd. 

Gii) If n leaves remainder 1 when divided by 3, then л? also leaves 1 as remainder 
when divided by 3. 

(iv) If a natural number n is of the form 3p + 2, then 7? is also a number of the 
same type. 
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8. Write true (Т) or false (F) for the following statements : 

(i) 392 is a perfect cube. 

(ii) 8640 is not a perfect cube. 

(ій) No perfect cube can end with exactly two zeros. 

(iv) There is no perfect cube which ends in 4. 

(v) For an integer a, à? is always greater than a’. 

(vi) If a and P are integers such that à? > Ь?, then à? > b’. 

(vii) If a divides b, then а? divides b°. 

(viii) If a? ends in 9, then а? ends in 7. 

(ix) If a? ends in 5, then а! ends in 25. 


(x) ТЄ а? ends in an even number of zeros, then а? ends in an odd number of zeros. 


2.4. Cube Roots 
If n is a perfect cube, then for some integer m, n = nr. Here, the number m is called the 
cube root of n. Thus, a number m is a cube root of a number n, if т? =n. For example : 
2 is a cube root of 8, because 2? = 8. 
5 is a cube root of 125, because 5? = 125. 
11 is a cube root of 1331, because 11? = 1331. 


If mis a cube root of n, we write т = Vn. 


Thus, 2= 3/8, 5 = V125 and 11 = 5/1331. 


In Tables2.2 and 2.3, we list respectively all the perfect cubes upto 1000 and their cube roots. 
Table 2.2 Table 2.3 


£O MN 


l 
2 
3 
4 
5 
6 
7 
8 
9 
0 


5 
6 
7 
8 
9 
0 


- 
- 
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Remark :We use the symbol / ^ to denote cube root in the manner we 
used af? to denote square root. It is a mere convenience that we omit 2 and use Ч ’ to 
denote square root. Strictly speaking, we should use the symbol a ' for square root. 


However, we never omit 3 while writing er "for cube roots. 
We now discuss some methods of finding cube roots of perfect cubes. 


2.5 Cube Root Through a Pattern 

Like squares of natural numbers, cubes too have some interesting patterns: 
Ba BS 2j 27 -141x6251x*2x1x3 
3-27 : 3-2 =19=1+1х6+2х6=1+3х2х3 
B= 64 :42-3-37-141х6-2х643х6-144х3х3 


9=729 | 9-8 2217 =1+1х6+2х6+...+8х6 


-149х8х3 
Also, NN E 
1-7-2 
14741923 


14741943724 


Тато 35.0048 2170259? 


Note that 2? is the sum of first 2 numbers of 1,7, 19,37,... . Similarly, 35, 4, ..., 
9? are the sums of first 3,4, . . . ,9 numbers respectively out of 1,7, 19,...,217. These 
numbers may be obtained by putting л = 1,2,3,...in 1 +x (n= 1) x 3. 
. Thus, to find the cube root of a perfect cube, we go on subtracting 
10=1+1х0х3),7(=1+2х1х3), 19 (= 1+3х2х 3), 37(=1+4х3х3),... 
“ес. from the given number till we get a zero. The number of times the subtraction is 
carried out, gives the cube root. For example, 
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216-1-215, 215—7 = 208, 208 – 19 = 189, 189 - 37 = 152, 152-61 «91, 

91 —91 =0. 

Since we have subtracted six times to gét 0, therefore 3/216 = 6. 

This method may be used to find the cube roots of small numbers. This method may 
also be used to find the smallest number to be added or subtracted to make a non-perfect 
cube a perfect cube. 


Example 6 : Examine if 400 is a perfect cube. If not, then find the smallest number that 
must be subtracted from 400 to obtain a perfect cube. 


Solution: 400 — 1 = 399, 399 – 7 = 392, 392 — 19 = 373, 373 — 37 = 336, 
336 — 61 = 275, 275 — 91 = 184, 184 – 127 = 57 

The next number to be subtracted is 169 which is greater than 57. "Therefore, the 
process of successive subtraction does not give zero. Hence, 400 is not a perfect cube. If 
we subtract 57 from 400, the above process will give zero after 7 successive subtractions. 
Therefore, 400 – 57 = 7°. 

Thus, 57 is ће required number (and 343 is ће resulting perfect cube). Similarly, if 
112 is added to 400, the sum 512 is a perfect cube. (Why ?) 


2.6 Cube Root Using Units Digit 


We shall now describe a method that can be used to find cube roots of perfect cubes 
having at the most six digits. By looking at Table 2.2, we observe that the cube of a 
number ending in 0, 1, 4, 5, 6 and 9 ends in 0, 1, 4, 5, 6 and 9 respectively. However, the 
cube of a number ending in 2 ends in 8 and vice versa. Similarly, the cube of a number 
ending in 3 or 7 ends in 7 or3 respectively. Thus, by looking at the units digit of a perfect 
cube number, we сай determine the units digit of its cube root. 

Now consider a number which is a perfect cube and has at the most six digits. The 
cube root of such a number has at the most two digits, because the least seven digit 
number is 1000000 (= 1003) and its cube root 100 is a three digit number. We determine 
the two digits of the cube root as follows : 


Step 1 : Look at the digit at the units place of the perfect cube and determine the digit at 
the units place in the cube root as discussed above. 


Step 2 : Strike out from the right, last three (i.e., units, tens and hundreds) digits of the 
number. If nothing is left, we stop. The digitin Step 1 is the cube root. 
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Step 3: Consider the number left from Step 2. Find the largest single digit number whose 
cube is less than or equal to this left over number. This is the tens digit of the cube root. 


Example 7 : Find the cube roots of the following numbers : 
(1) 512 (11) 2197 (iii) 117649 (iv) 636056 
Solution : (1) 512: The units digit of 512 is 2. Therefore, the digit at the units place in the 


cube root is 8. Since no number is left after striking out the units, tens and hundreds digits 
of the number, the required cube root is 8. 


(ii) 2197 : Here, units digit is 7. Therefore, units digit of the cube root is 3. After striking out 
the last three digits from the right, we are left with the number 2. Now 1 is the largest 
number whose cube is less than 2. Therefore, the tens digit is 1. 


Thus, the required cube root is 13. 
(iii) 117649 : Here, units digit is 9. Therefore, the units digit of the cube root is 9. Striking 


out the last three digits from the right, the number left is 117. Now 4? = 64 < 117 and 
5? 2125: 7 


Hence, the tens digit of the cube root is 4. 
V117649 = 49 


(iv) 636056 : Here, units digit of the cube root is 6. (Why ?) 
Also, 8° < 636 and 9? > 636. 
Hence, tens digit of the cube root is 8 


1636056 — 86 


2.7 Cube Root by Prime Factorisation | 

Wë have already observed that in the prime factorisation of a perfect cube, primes occur 
in triples. We, therefore, can find Y/n using the тылы algorithm : 

1. Find the prime factorisation ofn . 

2. Group the factors in triples such that all three factors in each ‘ple are the same. 


3. Ifsome prime factors are left ungrouped, the number n is not a perfect cube and the 
process stops. 


4. If no factor is left ungrouped, choose one factor from each group and take their 
product. The product is the cube root of i. 
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Example 8 : Find the cube root of : 
(1) 91125 (1) 531441 (її) 551368 
Solution: @91125=5х5х5х3х3х3х3х3х3 


3/91125 =5x3x3 
=45 


Gi) 531441 =3x3x3x3x3x3x3x3x3x3x3x3 531441 
177147 


3 29 
4531441 -3х3х3х3 59049 


Ew 19683 
6561 
2187 
729 
243 
81 


: 


ii 


- 


(iii) 551368 22x 2x 2 x41 x 41 x 41 


1551368 = 2x41 
=82 


2 | 551368 


чш чәчә шә 
N 
-4 


w 
w| o 


2.8 Cube Roots of Negative Numbers 


Consider the perfect cubes 27 ( = 39) and 343 (= 7°). We know that 27 x 343 = 9261 is 
also a perfect cube, because а xb? = (ax b holds for integers а and b. Now we find the 
cube root of 9261 and observe that 


3/9261 221 = 3x72 427 х 3/343 
i.e., 3/27 х 343 = 27 х ¥343 
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There is nothing special about 27 or 343. In fact, for any two perfect cubes x and y, we 


have 
Yxxy = Vx х Уу 


i.e., cube root of a product of two perfect cubes is the product of their cube roots. 
Making use of this result, we find the cube roots of negative integers. For a positive 
integer m 
-т--іхт 


V-m = V-1 x Vm 
However, i/[-j = _ ү, because (-1) = —1 
V-m = -Ym 
Example 9 : Find the cube roots of (i) — 125, (ii) — 343 and (iti) - 2197. 
Solution:(i)i-125 --1125--5 | (s 5-125) 
(i) ¥-343 = – V343 2-7 (15510555343) 
(iii) /-2197 = - 2197 =—13 ( 133 2 2197) 
2.9 Cube Roots of Rational Numbers 


Like the cube root of the product of two perfect cubes, we have the following result for 
the cube root of the quotient of two perfect cubes : 


Bey ЫЕ 
If x and y (#0) are perfect cubes, then E T /” ke., the cube root of the quotient 
of two perfect cubes is the quotient of their cube roots. 
a 3 
Note that Vx and УУ are integers and Уу # 0. Hence, = is a rational number. 
УУ 
Thus, the cube root of a rational number whose numerator and denominator аге perfect 
cubes, is also a rational number. The numerator of the cube root is the cube root of the 
numerator of the given number and the denominator of the cube root is the cube root of 
the denominator of the given number. 
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343 
1257 


Uxomple 10: Find the cube roots of (1) (ii) ES and (iii) UH 


Solution: (i) 3 383 ын N34 343 A У7х7х7 дЫ 
БЭ 25 773125: ЙБ тз 


SO MEAT ЕДЕ а 3 3 


11) 3] = = SE TO 
G) үз; °з уйх8х8 8 8 
72107, 232197 ^ ::413х13513 ЕВ Е, 


M xx П П 
ЕХЕЕСІБЕ 2.2 


1. Find the cube roots of the following numbers by successive subtraction of numbers 
1, 7, 19, 37, 61, 91, 127, 169, 217, 271, 331, 397,... : 


= 
= 
= 
5 
шә 
сә 
Ш 
z] 
pu 
Ш 


(i) 64 (1) 512 (іі) 1728 
2. Using the method of Question 1, examine if the following numbers are perfect cubes : 
() 130 (i) 345 (ш) 792 (iv) 1331 


3. Find the smallest number that must be subtracted from those numbers in Question 2 
which are not perfect cubes so as to make them perfect cubes. What are the 
corresponding cube roots? 


4. Find the units digits of the cube roots of the following numbers : 
(i) 226981 Gi) 13824 (Ш) 571787 (іу) 175616 
5. Find the tens digit of the cube root of each of the numbers in Question 4. 
6. Find the cube roots of the following numbers by finding their units and tens digits : 
(i) 389017 Gi) 91125 Gù 110592 (іу) 46656 
7. Find the cube roots of the following numbers using prime factorisation : 
(i) 250047 (бі) 438976 (ш) 592704 (iv) 614125 
8. Find the cube roots of 
(i) -226981 Gi) - 13824 (ii) - 571787 (іу) - 175616 
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9. Find the cube roots of the numbers 2460375, 20346417, 210644875, 57066625 using 
the fact that : 


(i) 2460375 = 3375 x 729 (ii) 20346417 = 9261 x 2197 
(iii) 210644875 = 42875 x 4913 (iv) 57066625 = 166375 x 343 
[Hint : а? D? = (aby] 
10. Find the cube roots of : 
pA: SEIKO, (ii) 9261 (iv) 343 
EID eas PPS у 
® 2197. 000 дөр Эм) 166375 
11. Examine, whether or not each of the following numbers has a cube root. If not, find 
the smallest number by which the number must be multiplied so that the product 
has a cube root. 
(i) 3087 (ii) 33275 (ш) 120393 


12. Findthe smallest number by which the numbers in Question 11 must be divided so that 
the quotient has a cube root. 


Things to Remember 
| 1. А number n is a perfect cube, if there is an integer т such that л = ni. 


2. Ifnis a perfect cube and n = n?, then m is à cube root of n. A cube root of n is | 
1 
written as 4/п. 


3. The units digit of the cube root of a perfect cube can be determined with the help 
of the units digit of the perfect cube. 


4. The cube root of a perfect cube can be obtained by prime factorisation of the | 
number. 


5. Тһе cube root of a product of two perfect cubes is the product of the cube roots 
of the perfect cubes, i.e., 


Уаь = Ma Vb ‚ where a and b are perfect cubes. 


6. The cube root of a quotient of two perfect cubes is the quotient of their cube 
| roots, i.e., 


fa Ма 
гн 


dx „№ «0, where a and b are perfect cubes. | 


7. Тһе cube root of a negative perfect cube is negative. 


СНАРТЕК 


RATIONAL EXPONENTS AND RADICALS 


3.1 Introduction 


Let us recall that if x is a rational number and т is a positive integer, then 
x"2xxx х... хх, т times. 


Similarly, if x is a non-zero rational number and k is a negative integral exponent, say 
к= т, where m is a positive integer, then 
xC2x"zx xx x...xx' т times 


1 1 : 
Хэхэ" times 


We also know that if x is a non-zero rational number and m and лаге 
integers, then 


ЖА х M = дол А 
A dA sas ` 
(655) 9 = ag хп 
Also, y= xy) (x and y non-zero rational numbers) 


In this Chapter, we give meaning to x", where x isa positive rational number and m 
is a rational exponent. We also obtain relations of the above type for rational exponents 


instead of integeral exponents. 


32 Positive Rational Exponents 


1 
We know that 3? = 27. We also express this relation as 27 3 = 3. Similarly, the relation 
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1 
25= 32 can also be expressed as 32° = 2. In general, if x and y are non-zero rational 


numbers and m is a positive integer such that x" — y, then we may write 
1 1 
y" = x. We may also write y" as “/у and сай it the mth root of y. Thus, 


2ndrootof 4 = 44 -2 
3rd root of 27 = 427 -3 
4th root of 625 = 625 = 5, etc. 
Using this meaning, we may define x” for a positive rational exponent m. 


If x is a positive rational number, and т = 5 isa positive rational exponent, 
Р 

then we define x" as the qth root of x^ 

: р 

ie., PIS (^y 


For example, 


, 


id RN 
83 = (85) = (32768)? =32 
1\5 
Further, в Jj 2205232 
1 n 
Thus, 6-33). 


There is nothing special about 8, 5 ог 3 here. The result is true in general. 


If x isa positive rational number, then for a positive rational exponent 5, 
d Dir 
(x7)? [| 
Р 
We may thus define x * in any of the following equivalent forms : 
Р 1 
(А):х = (^y =x”, read as. the qth root of x" (the pth power of х) 


au ШҮН, 
(B): x* 44) = (Үс y. read as the pth power of the qth root of x. 
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2 32 
Examplel:Find:() 8? (4 Сар 
xample ind : (i) (ii) 333 


2 1 
Solution:() 82 = (87), using form (A) 


1 
= (64)3 
= 4, since 4 = 64 
or 


2 BNA va 
83 48) ‚ using form (B) 


= (2), since 22 =8 


(ii) (327 МЕЗІ using form (А) 


37 
ey i йа" 
= (ғу ,using (2) "o 
y 
аж 29 , using (x")" = x" 


ЕЕ 
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Remark : In the above example, we have used both the forms (A) and (B). Which form 
do you think is easier for the purpose of calculation? 
16 16 i 16 24 
Example 2:Evaluate: (i) (5 (1) a (16 
115 


Solution 0) () «(1 2 (6 | 48) „using form (В) 


3) se (3) =й 


! 

P rs тэр. 
wit = 

Ne 
© 

х 
— 
N 


= (2), since for integers m and n, "хаб =” | 
22256 
= 3 7 6561 
3.5 
160873 (16 3. Sie 
(i) (sy - (5) sine 144-2 
16 | 256 
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‘oo. From the above exampie, we observe that 


3 
(is ЯГ, (1 ч 
sU "AU "Ur 
which follows the rule х" x x^ s дт". 
Example 3 : Evaluate : 


о (07-00) ep" 


9 0009 118)! 


2, . 2 


2 A 

$ H Li 
168-3 (16825 3 1 
ә (S *= (G8) since 1-17 
А 4 16 
-фяке(1-8 


шан лг SF UO RU. 
-i 
ORORO 
which follows the rule x^ +x" = x*-*. 


3.3 Negative Rational Exponents 
Recall from Class VII that if m is a positive integer and x is a non-zero rational 


number, then x^" = a 41 
К+ Ж 
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i.e., x " is the reciprocal of x" or the mth power of the reciprocal of x. We adopt 
the same rule Тог rational exponents also. If A is a positive rational number and 


x > 015 a rational number, then 


2Р Р ў 
ie., x © is the reciprocal оў х! or the number obtained by raising the reciprocal of x 


ШЕ 
to the exponent 7 Thus, if x = г (2 s> 0), then Ej 1 14 , since the reciprocal of 
S r 


4 


| | Л 
Example4; Find:()8 ? (ii) (2: : 


2 


башк) 855 e 


харь 


о CAL) 
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Example 5 : Evaluate : 
xy (20 21%: 9) 
5 ра 3 
ә (257 (2) (27) 


22 24 2 4, 
Solution :(i (22) 27) Ji (25) 125 5 
(i) 125 x x 


ds (551. 15625 
Т E29 


Remark : From the above example, we observe that 
-4 


-2 =4 -2 (=) 
gu 21 is p 3 
125 125 Pe А 25 


which follows the rule x" x x" = х” 


Example 6 : Evaluate the following expressions and examine if they are equal: 
кузы 2-8) 
eC « m) g) 
mul B F 12508 (1258 
Solution : (i) ue 2 (2) - (12) K D 


112 (14 
САН 53 р 
ДИ 37 


47 
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Yes, the two values are equal. 


Remark : The above example shows that 


2 4 2113 
(235. (22) (aye 
125::::00125 125 

which follows the rule x" x" 2 x"-", 


3.44 Laws of Exponents 


We know that if xisa non-zero rational number and т and 7 are integral exponents, 
then 


x" x bod = amen (1) 
Х"”-ь-Х"-х”-" (2) 
еа" (3) 


Further, if x and у аге non-zero rational numbers, then 
x ym x xy)" (4) 
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The above relations are also true when m and n are rational exponents and, x and y are 
positive rational numbers. ji 
Examples 2 and 5 illustrate the following law : 
Law (1) : If x >0isa rational number and m and n are rational exponents, then 

A. ek cole A ашы 

Similarly, Examples 3 and 6 illustrate the following law : 
Law (2) : Forarational number x > 0 and rational exponents m and n, 


„тп 


x 


т-п 


жу" = 


Both the above lawsare valid even when one of the exponents is positive and the 
other negative. 


Let us verify relation (3) for rational exponents. For this let us consider the 
following examples : 


315 514 
Example 7 : Evaluate (i) (Б) | апа (11) (2) ^ > and show that their values are equal. 


3 
515 2 
Solution : (1) (БІ ш E 


perm 
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Yes,the two values are equal. 


Example 8 : Verify that ы Ж (729У3 eC 3. 


Solution i eu 4 E j li | ay | 4 


юр- 


и 
ExI— 
ты 
©|— 
22-22 
2250 
1 
Ге 
! 
ҮЛЭЭХ 
© |- 
2, E 
; i 
t3b— 
il 
DT EET 
-|*, 
[ 


- 9 =(3")3 
z 3° = 243 


Alo, || (тдөуз*С1/ = (729% = Gy 


ШЕ 


-5 -S { 1) 
Thus,  Ы = (729)3 C2). 
The above are examples of the following law : 


Law (3): If x is a rational number, x > 0 and m and n are rational exponents, then 


(ny = n 


RATIONAL EXPONENTS AND RADICALS 


We now look at an example of relation (4) stated earlier for rational exponents : 


nus as 
2 2 2p 43 |3 
e 7 х Э} = 5 х ат 
125 27 5 3 


1]? E 
| 8х 64 | ЭГ 
“1(125х27 17157564) 


2 
апа CE x m 
НЭЭ 
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Thus, we have verifed the following law : 
Law (4) : If x and y are rational numbers, x, y > 0 and m is a rational exponent, then 


x" xy" zm ХООЛ 
Henceforth, we shall assume that the relations (1) to (4) mentioned in Section 3.4 are 
true for all positive rational bases and for all rational exponents. 


Ў c 23 3 
Example 9 :Evaluate : (i) (0.125)? (ii) (0,000729)4 х (0.09) + 


2 
S i . $^ шер 
Solution :(i) (0125)? = Ee 


10 
Se oe 
- (5 110 
25 
= 100 = 025 


3 
6. 30212 
[жо ‚ using Law (4) 
т, : 
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_ 10° 1000000 
EI 237729 


3 
Example 10 :Evaluate : (1) (13: -5) (ii) (v z2 ps E 
3 3 
Solution : (i) (12 – 52)? = [a3 5)x (13-5) |2, [х?— а? = (x + a) (х-а)] 
3 
= (18х8)2 = (3x3x2x2x2x2 (251.0 
3 3 3 
2(2x25?-(9YxQ'*. Пак(4) 


3 3 
маға; [Law (3)] 
= 3x 2°= 1728 


3 3 
(i) (P2543 +42) 2 =(1+8+ 27+ 64) 2 


= (10072 = (10)? : 


23 
109), [Law (3)] 
1 
=10° = 1000 


3.5 Radicals and Radicands 


1 1 
We know that if у > 0 and у“ =x, then we also write x = {У ,16., y? and ФУ are two 
1 
notations for the same expression. The form у“ is called the exponential form and if q is 


positive, the form 4/y is called the radical form. The sign, Е is called the radical sign and 


{у is called a radical. The number q is called the index of the radical and y is called the 
гадїсал Note that the index of a radical is always a positive integer. If д is negative, as 


21 Чы 5 1 
in 32 ?,then we do not write it as 2/32. We write 32 5 as (5 ‚1е.,ав | 37. Here 5 is 
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the index of the radical and 15 the radicand, 
Example 11 : Express : (i) V1234 in the exponential form. 


(11) (a7 as a radical. 
1 
Solution : (i) The iv i ie form is (1234)5. 
Gi) (sery* -(%)» 
890 567 
The required radical form is $ | 59. 


EXERCISE 3.1 
1. Find the value of each of the following : 


(i) (16) (ii) (043% (iii) (15625) 


1 1 
2. Evaluate: (i) (32768)15 Gi) (279936) 


3. Rind the value of : (i) (езу Gi) р: ) 
1331 


| : ! 
4. Evaluate : (i) (Мо (9 шин y 
6561 1771561 


5. Express the following in the exponential form: 
(i) „5 (ii) V7 (ш) 41100 (v) ІҢ (v) Vitus 


6. Express the following as radicals. In each case, find the radicand and the index of 
the radical. 
1 


1 
à) 162 (й) 1253 (iii) Ёл) 
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Evaluate each of the following as the qth root of x, i.e., by the formula x? -F : 


10. 


п. 


12. 


13. 


14. 


15. 


А 3 ü 81 i "E 25 Ї 256 
0) 8 a (ы) ү (8) ын £N 


Evaluate the expressions in Question 7 as the pth power of the gth root of х, i.e, Бу 


iles 
the formula x4 159 А 


1 ы 

Evaluate: (i) 343 5 (ii) ЕЗ 7 

2517 3 x 
Evaluate: (i (8) à ii EA й 

мэн 0) (556 

Simplify each of the following : 
: 1 3 ri al: га 
0) 232x232 Gi) 113x113 
i 3 ын . 2 1 d 
(iii) 3x9? x92 (iv) 27 3х 273х 27 3 


Simplify each of the following : 


os а » (a Ш 


i. 
ЕН 


Bin 


(iil) 3, qvi 57 (iv) 27 
Evaluate each of the following : 
3 UN 3 1 5 
(i) (004); (и) (0008) (іш) (625) (іу) (0.000064)6 
Evaluate each of the following : 
1 3 
(i) (37 +47) 2 (i) (5? +127)? 
1 na 
(ii) (175 8252 Gv) (0-2 3) 2 
Write true (T) or false (F) for the following statements : 
(i) Ух is a rational number, if x is a perfect square. 


(ii) If x is a negative rational number, then { х? = x is-not true. 
3 
(ii) For every integer x , x? is a rational number. 
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Р 
(iv) The exponential form of КЕЗ is x^. 


1% 
(v) The radical form of d is x. 


(vi) (x? у = x? forevery rational number x > 0. 


(vii) Index of a radical is never negative. 


y NW t Things to Remember 


БАТЫН 
1. Ifmisapositive integer and x and y are rational numbers such that x" = y, 
уон 
Шеп у" EX. 
1 10 4+ 
2.  y"iscalled the mth root ОЁ y and is written as «y. 
r t И =m m 
3. If x=7 is а non-zero rational number, then ( J E ( 4 j 
5 5 r 
4.  Forarational exponent E 
72 
x1 ={/у?, the а root of x 
or 
р 
x1 (4). the pth power of the qth root of x. 
2 2 
ЁЛДА 12 А pee (opal kg 814 
Son TENE , із a positive rational number, then x “ = |) = SM 
5 
If x is a positive rational number and m and л are any rational exponents, then 
(i) xm х x" = x” +n 
(11) ЧЕ Е 51:41 
(iii) (х”) = ут 
7. хапа y are positive rational numbers and m is any rational exponent, then 
xx y= (хул 
ү) 
8. If x = {fy =y", then у" is the exponential form and б/у is the radical form of 


x. Here, q is the index of the radical and y is the radicand. 


RATIONAL EXPONENTS AND RADICALS 
-------- As History Tells Us 


It is well known that all old civilizations had some kind of numeration system and had 
contributed to the development of different number systems. Ancient tablets found in 
Babylonia contain the squares of numbers from 1 to 60 and cubes of numbers from 1 
to 32. Their period is believed to be of 2100 B.C. The word ‘Square’ here has its origin 
in the fact that the product of two equal numbers may be regarded as the area of a 
square with side equal to the numerical value of the number being multiplied by itself. 
Similarly, the use of the word cube in а? has similar interpretation. The current notation 
for integral exponents is due to Descartes (1637). He said : We write aa or a? for 
multiplying a by itself and а? for multiplying the product once more by a and so 
on infinitely. However, the theory of general exponents was understood much earlier. 
The word square root has an intuitive meaning. Since a x a = a^, it is natural 
to label a as the root of the square а? or square root of а?. Similarly, for the word 
cube root. The method of finding square roots as given in The Elements (a work 
that compiled all mathematics known to Greeks till then) is quite similar to the one 
used today. Theon of Alexandria ( 390) gave a method to find square root using 
sexagesimal (numbers with base 60) system, which is more or less the same as 
our method. Bhaskara (1150) gave a method somewhat like Theon. In the earliest 
printed books on Arithmetic, square root is obtained by arranging numbers somewhat 
as in the galley method of division. It was during the 16" and 17" centuries that 
the currently used method became popular due to the efforts of Cataneo (1546) 
and Cataldi (1613). 
Finding cube roots is a much more difficult problem than finding square roots. 
The methods for finding the square root were based on the geometric considerations 
of the simple formula (a + b = а? + 2ab + b’. Naturally, finding cube roots 
depended on the relatively complex relation (a + b = а? + За?Ь + 3ab? + b’. The 
problem of finding cube roots was attempted by many ancient mathematicians. 
The names of Brahmagupta (628), al-Karkhi (1020), Bhaskara (1150) and 
Fibonacci (1202) may be mentioned in this connection. During the 16" and the 
17" centuries, people explained the process of extracting cube roots by means of 
cubical blocks taking x cubes consisting of x? cubes each. (Notice x°= x xx’, etc.). 


As early as 1360, the French mathematician Nicole Oresme and other 


PUER 1 р : 
mathematicians were considering exponents of the form т but it was during the 


17" century only that Wallis (1655) explained the theory of exponents satisfactorily. 
He considered fractional and negative exponents. He suggested that x? should be 
taken as 1 and ж“ should be treated as Фо . Newton (1669) further modified 
Wallis? work. After Newton, the current notation of exponents got established. 
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СНАРТЕК 


PROFIT, LOSS AND DISCOUNT 
ER OPERE pus 


4.1 Introduction 


In Class VI, we started the study of Profit and Loss as an application of percentage. We 
extended this study by including problems involving overhead charges in Class VII. In 
this Chapter, we shall learn more about profit and loss. We shall also introduce the concept 
of discount at an elementary level and will solve simple problems related to it. 


4.2 Profit and Loss 


You are already familiar with profit and loss from your earlier classes. Recall that if the 
selling price (5.Р.) of an article is greater than its cost price (C.P.), we say that there 
is a profit. On the other hand, if S.P. of an article is less than its C.P., we say that there is 
a loss. We may list the various relations regarding profit and loss as follows : 
1. Incase of profit or gain (i.e., if S.P. > C.P.), 

0) Ргойг= S.P. - C.P. 

(1) S.P. = Profit + C.P. 

Gii) С.Р. = S.P. — Profit 


(v) Profit = НӨ, 199 
Cur Р 9 5 
(v) Profit = Rd [From (iv) above] 


(vi) S.B СІР. x( [From (ii) and (v) above] 


100+ Profit % | 
100 


) 100 x S. P. ү 
(vii) С.Р. = 100 + Profit % [From (vi) above] 


PROFIT, LOSS AND DISCOUNT 59 


2. Incase of loss (i.e., if S.P. « C.P), 
(i) Loss=C.P.—S.P. 
й) ЭРУ С.Р. Eoss 
(ш) C.P.- Loss + S.P. 


(iv) Loss % = a x 100 
p 0 
(у) Loss = шан шин [From (iv) above] 
Twp 96 m 
(y) SS Bos СОР pe [From (ii) and (v) above] 
100 x S. P. 


(vii) C.P. = [From (vi) above] 


100 — Loss 96 


It must always be kept in mind that overhead charges such as transportation 
charges, expenditure on repairs, etc. (if any) are always included in the C.P.. We now 
consider some more examples related to profit and loss. 


Example 1: Anwar purchased 120 oranges at the rate of Rs 2 per orange. He sold 60 % 
of the oranges at the rate of Rs 2.50 per orange and the remaining oranges at the rate of 
Rs 2 per orange. Find his profit per cent. 


Solution: СР. of 120 oranges = Rs 2 x120 = Rs 240 
60 


60 96 of 120 oranges = 100 * 120 oranges = 72 oranges 
Now S.P. of 72 oranges = Rs 2.50 x 72 = Rs 180 
and S.P. of the remaining 120 — 72, i.e., 48 oranges = Rs2 x 48 = Rs 96 
24 S.P. of all the 120 oranges = Rs 180 + Rs 96 = Rs 276 
Therefore, profit = S.P. — C.P. 
= Rs (276 — 240) = Rs 36 

36 2: 

Непсе, profit per cent = 240 х 100 215 


Thus, Anwar's profit is 15 90. 


Example 2 : Maninder bought two horses at Rs 20000 each. He sold one horse at 
15 % gain. But he had to sell the second horse at a loss. If he had suffered a loss of 
Rs 1800 on the whole transaction, find the selling price of the second horse. 
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solution: Total C.P. of the two horses = 2 х Rs 20000 = Rs 40000 
Loss = Rs 1800 
Total S.P. = Rs 40000 - Rs 1800 = Rs 38200 (1) 


100 + Profit % 
Now S.P. of the first horse at 15 % profit = C.P. (0 волое) 


“р 20000 (190 3 15) . Rs23000 (2) 


S.P. of the second horse = Rs 38200 — Rs 23000 [From (1) and (2)] 
= Rs 15200 
Thus, the selling price of the second horse is Rs 15200. 


Example3 : By selling 144 hens, Malleshwari lost the S.P. of 6 hens. Find her loss 
per cent. 


Solution: Let S.P. of 1 hen - Re 1 
S.P. of 144 hens = Rs 144 x 1 = Rs 144 
and Loss = S.P. of 6 hens 
=Rs6x1=Rs6 
C.P. of 144 hens = S.P. + Loss 
= Rs 144 + Rs 6 = Rs 150 


эж 100= те; x 100=4 


Thus, Malleshwari's loss is 4 %. 


Therefore, loss % = 


Example 4: A farmer sold two bullocks for Rs 18000 each. On one bullock he gained 
20 96 and on the other he lost 20 96. Find his total loss or gain, 


Solution: S.P. of the first bullock = Rs 18000 
Gain = 20% 
Cpe 100 х S. P. 
100 + Profit % 
100 х 18000 _ 
Re ууру ^ R5 15000 (1) 
S.P. of the second bullock = Rs 18000 


Loss = 2096 


Therefore, 


Therefore: COP 
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.100 x S. P. 
100 — Loss % 
100 x 18000 


=Rs "ISO aS Rs 22500 (2) 


Now, total С.Р. = Rs 15000 + Rs 22500 [From (1) and (2)] 


= Rs 37500 
total S.P. = 2 x Rs 18000 = Rs 36000 


Hence, loss = C.P. - S.P. 


= Rs 37500 — Rs 36000 
= Rs 1500 


EXERCISE 4.1 


A shopkeeper purchased 100 blankets at Rs 2000 each. He found that 10 blankets 
were defective and he sold these at Rs 1200 each. At what rate should he sell the 
remaining blankets so as to gain 14 % on the whole ? 

Sarita and Salma purchased one buffalo each for the same price. Sarita sold it 
for Rs 14880 and lost 7 96. At what price should Salma sell her buffalo so as to 
earn a profit of 5 96? 

Gorang bought 60 kg of apples at Rs 48 per kg. He sold 70 % of the apples at Rs 60 per 
kg and the remaining apples at Rs 35 per kg. Find Gorang's gain or loss per cent on the 
whole transaction. 

A goldsmith bought 100 g of gold for Rs 54000 from a wholesaler. He then sold it 
at a gain of 10 %. Find the 


(i) S.P. of 10 g of gold for the goldsmith. 
(ii) C.P. of 10 g of gold for the wholesaler, if his profit is 8 96. 
William sells a quintal of wheat for Rs 924 and earns a profit of 12 %. By selling 
a quintal of rice for the same amount he loses 12 %. Find 
(i) C.P. of wheat. 
(ii) C.P. of rice. 
(iii) gain or loss per cent on the whole transaction. 
A tricycle is sold at a gain of 16 90. Had it been sold for Rs 100 more, the gain would 
have been 20 90. Find the C.P. of the tricycle. 
[Hint : Let C.P. be Rs 100. Difference between the two selling prices 
= Rs (120 — 116) = Rs 4, etc. | 


3 


2 


10. 


11. 
12. 


13. 


14. 


15. 
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Ahmed purchased a radio set for Rs 2700 and spent Rs 300 on its repairs. He then 
sold it to Karim at a gain of 25 %. Karim sold it to Subramaniam at a loss of 10 90. 
Find the C.P. for 

(i) Karim (ii) Subramaniam 


Utkarsh bought 20 dining tables for Rs 120000 and sold these at a profit equal to the 
selling price of 4 dining tables. Find the S.P. of one dining table. 


Yogita sold a plot of land at 20 46 gain to Dimpi. Dimpi sold it to Anjali at 10 % profit. 
If Anjali had to pay Rs 330000 for the plot, find the C.P. of the plot for Yogita. 


A dealer purchased 250 bulbs for Rs 10 each. However, 12 bulbs got fused which she 
had to throw away. She sold the remaining bulbs at Rs 12 each. Find her gain or loss 
per cent in the transaction. 


The difference between two selling prices of a shirt at profits of 4 % and 5 % is Rs 6. 
Find: (i) C.P. of the shirt (ii) the two selling prices of the shirt. 


Toshiba bought 100 hens for Rs 8000 and sold 20 of these at a gain of 5 %. At what 
gain per cent must she sell the remaining hens so as to gain 20 % on the whole? 


Some toffees are bought at the rate of 11 for Rs 10 and the same number at the rate of 
9 for Rs 10. If the whole lot is sold at one rupee per toffee, find the gain or loss per 
cent on the whole transaction. 


[Hint : Let the number of toffees bought be the L.C.M. of 11 and 9.] 

Shabana bought 16 dozen ball pens and sold them at a loss equal to S.P. of 8 ball pens. 
Find 

(i) her loss per cent, 

(ii) S.P. of 1 dozen ball pens, if she purchased these 16 dozen ball pens for Rs 576. 
Mariam bought two fans for Rs 3605. She sold one at a profit of 15 % and the other at 


a loss of 9 %. If Mariam obtained the same amount for each fan, find the cost price of 
each fan. 


[Hint : If C.P. of the first fan = Rs x, C.P. of the second fan = Rs (3605 - х)] 


4.3 Discount 


Though buying and selling appears to be a simple affair, yet it is not so in reality. Shopkeepers 
want to get the maximum price for their goods while the customers want to pay as little as 
possible for the same goods. Shopkeepers devise several schemes to attract customers. 
Selling things at credit is one such scheme. However, in reality, shopkeepers are more 
interested in getting cash money for their goods. They often offer a certain type of rebate 
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or incentive to the customers. Incentive is offered for making customers believe that they 
are getting goods at cheaper rates. Shopkeepers offer incentives to the customers in 
various forms. For example, you may come across advertisements of the following types: 

‘Now get 1100 g detergent for the cost of just 1 kg’ 

‘Get a mug free with every 500 g pack of tea’ 

‘10 % festival discount on all bed sheets’ 
or ‘Rs 2 off on the price of your favourite toilet soap’and so on. 

Thus, sometimes incentive is also provided by reducing the price attached to the article 
which the shopkeeper professes to be the cost of the article for the customer. This attached 
price is called the marked price (M.P.) or list price (L.P.) of the article and the reduction 
allowed in the price is called the discount. Itis generally given as a certain per cent of the 
marked price. Customer pays the difference between the marked price and the discount. 
In other words (marked price — discount) is what the customer actually pays. This amount 
is, therefore, the selling price (S.P.) of the article. 


Thus, Discount = M.P. – S.P. (1) 
Further, Rate of Discount = Discount % = m x 100 (2) 
Now, S.P. = М.Р. - Discount [From (1)] 
1 0 
SP-MP- Discount % x M. P. [From (2)] 
100 у 

Discount % 
ог SPREME X ( - Lcx 

ЗЭ 19 
ог S.P. = M.P. x (109 Discount | Q) 


From (3), we can easily write 
100 x S. P. 
чрн үң (4) 
: 100 — Discount 70 
Let us now take some examples to illustrate the above ideas. 


МР. = 


Example 5 : Marked price of a book is Rs 30. It is sold at a discount of 15 %. Find the 
discount allowed on the book and its selling price. 


Solution : М.Р. of the book = Rs 30 
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Rate of discount = 15 90 
Discount allowed = 15 96 of Rs 30 


15 
= 100 x Rs 30 = Rs 4.50 


Therefore, S.P. of the book = Rs 30 — Rs 4.50 = Rs 25.50. 
Example 6 : А table with marked price Rs 1200 was sold to a customer for 
Rs 1100. Find the rate of discount allowed on the table. 


Solution: М.Р. = В 1200 
S.P. = Rs 1100 
Discount = Rs 1200 — Rs 1100 = Rs 100 


Rate of discount = Aut х 100 96 


100 


1 
= 1200 100965 83% 


Example 7 : A shirt was sold Гог Rs 442 after allowing a discount of 15 % on the marked 
price. Find the marked price of the shirt. 
| Solution : Let М.Р. be Rs x. 
Discount = 15% of Rs x 


15 3x 
=Rs 100 ХХ =Rs 57 
СЭЙ 0012 
ын =.) "Og 
According to the given condition, 
ШҮ SR 
capi 442 
or же ныл = 520 


'Thus, marked price of the shirt is Rs 520. 


Example 8 : A shopkeeper offers 10 % off-season discount to the customers and still 


makes a profit of 26 96. What is the cost price for the shopkeeper of a pair of shoes 
marked at Rs 1120 ? 
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Solution : M.P.- Rs 1120 
Rate of discount = 10 96 
Discount allowed = Rs E х1120= Rs112 
Thus, S.P. of the pair of shoes = Rs (1120-112) = Rs 1008 
Now profit % of the shopkeeper = 26 


Therefore, CP = _.100х5.Р__ 
100 + Profit 90 
_ ps 1001008 _ pp, 100 x 1008 _ 
Ser 15 = 09800 


Thus,.the cost price of the pair of shoes is Rs 800. 


Example 9 :Jyoti and Meena run а readymade garments shop. They mark the garments 
at such a price that even after allowing a discount of 12.5 %, they make a profit of 10 96. 


Find the marked price of a suit which costs them Rs 1470. 
Solution :C.P. ofasuit = Rs 1470 
Profit = 10 96 of Rs 1470 


10 Ё 
SIRS 100" 1470 = Rs 147 


S.P. of the suit = Rs (1470 + 147) 
= Rs 1617 
Let the marked price be Rs 100. Then, 
Discount = 12.5 90 of Rs 100 
= Rs 12.50 
S.P. = Rs (100 — 12.50) = Rs 87.50 
Now if S.P. is Rs 87.50, М.Р. = Rs 100 


i 100 
If S.P. is Rs 1617, М.Р. = Rs 8750 х 1617 


= Rs 1848 
Thus, the marked price of the suit is Rs 1848. 
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Alternate Method for M.P. : Let the marked price be Rs x. 


We have 
МР, Ба [From (4)] 
100 — Discount 96 
y 100x1617 _ 161700 _ 1848 


T (1005125) ^ 873 


Thus, the marked price of the suit is Rs 1848. 


10. 


EXERCISE 4.2 


Find the S.P. when 

(i) МР. = Rs 320 and discount = 12.5 90. 

(ii) МР. = Rs 990 and discount = 10 96. 

Find the rate of discount when 

G) МР. = Rs 250 and S.P. = Rs 235 

(ii) МР. = Rs 1880 and S.P. = Rs 1504 

Find the M.P. when 

(i) S.P. = Rs 1920 and discount = 4 90. 

(ii) S.P. = Rs 2970 and discount = 1%. 

A discount of 3 96 is offered on the marked price of sewing machines. What cash amount 
will a customer pay for à sewing machine, the price of which is marked at Rs 1300? 


List price of a scooter is Rs 35000. It is available at a discount of 8 90. Find the selling 
price of the scooter. 


A table of marked price Rs 1500 is sold for Rs 1080 after allowing a certain discount. 
Find the rate of discount. 

Find the marked price of an almirah which is sold at Rs 5225 after allowing a discount 
of 596. 

Chandu purchased a watch at 20 99 discount on its marked price but sold it at the 
marked price. Find the gain per cent of Chandu on this transaction. 

A lady shopkeeper allows her customers 10 % discount on the marked price of the 
goods and still gets a profit of 25 %. What is the cost price of a fan for her marked at 
Rs 1250? 

Jasmine allows 4 % discount on the marked price of her goods and still earns a profit 
of 20 %. What is the cost price of a shirt for her marked at Rs 850 ? 


11. 


12. 


13. 


14. 
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What price should a trader mark on an article that costs him Rs 918 to gain 20 % after 
allowing a discount of 15%? 

What price should Suneeta mark on a sari which costs her Rs 2200 so as to gain 26 % 
after allowing a discount of 12 %? 

A cycle merchant allows 25 96 discount on the marked price of the cycles and still 
makes a profit of 20 96. If he gains Rs 360 over the sale of one cycle, find the marked 
price of the cycle. 

[Hint : First find the C.P. of a cycle.] 

What price should Aslam mark on a pair of shoes which costs him Rs 1200 so as to * 
gain 12 % after allowing a discount of 16 % ? 

A dealer of scientific instruments allows 20 % discount on the marked price of the 
instruments and still makes a profit of 25 90. If his gain over the sale of a instrument 
is Rs 150, find the marked price of the instrument. 


Things to Remember 


1. Incase of profit, 


100 + Profit % 
SP =СР.х (100 Frost 


100 x S. P. 
100 + Profit % 


2. Іп case of loss, 


С.Р. = 


(100 - Loss% ) 
100 
100 x S.P. 
100 — Loss% 
3. Discount is usually expressed ав a certain per cent of the M.P. 


рес 


CP. = 


4. Discount = M.P. - S.P. 
Discount 
5. Rate of Discount = Discount Ф-“МР “ 100 


100 — оши, 
2 EAE o etal estes 
6. 5Р-МРх ( 100 


100 x S. P. 


тырк SET | 
г А МРР. = 100 — Discount 96 ( 22004807 Fani 
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5.1 Introduction 


COMPOUND INTEREST 


In Class VII, you have learnt about simple interest. Recall that in the case of simple interest, 
the interest is charged only on the original sum borrowed (principal) throughout the period 
of loan. However, in dealings of day-to-day life the interest that is charged/paid is rarely 
the simple interest. The interest which the banks, post offices, insurance corporations and 
other finance companies charge/pay is not the simple interest. In these cases, the interest, 
as it falls due over a period of time, is again invested to earn further interest. Thus, the 
interest is added to the principal to form a new principal which may be reinvested for the 
next time period. This process can be repeated for several time periods. The difference 
between the original principal and the amount at the end of the last time period is known as 
the compound interest on the original principal for that period. 

The time period after which interest is added each time to form a new principal is 
called the conversion period. It may be one year, six months, three months or one month 
and in these cases, the interest is said to be compounded annually, semi-annually, quarterly 
or monthly, respectively. 

In this Chapter, we shall discuss the concept of compound interest and the methods of 
calculating the amount and the compound interest. Further, we shall take up only those 
cases in which interest is compounded annually. 


5.2: Compound Interest 


To understand the concept of compound interest, we first take ир an example of simple 
interest. Let us suppose that a sum of Rs 5000 is borrowed at 8 % simple interest for 2 
years. What will be the total interest on this sum? 

We know that 


Simple Ee РхКхТ, 
imple Interest = — o ~ 
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where P is the principal, R (per cent) is the rate of interest per year and T is the number of 
years. Thus, 
5000 x 8 x 2 


Simple Interest = Rs 100 


= Rs 800 


Let us now consider the following situation : 

Harsh borrows a sum of Rs 5000 from a finance company for one year that charges 
interest at the rate of 8 96 per annum. Then at the end of one year, Harsh owes the 
company : 

(i) borrowed sum (principal) = Rs 5000 
and (ii) interest on Rs 5000 for one year at the rate of 8 % per annum 


22 5000x 8x1 
ee RT 


= Rs 400 
Thus, Harsh owes to the company = Rs 5000 + Rs 400 
= Rs 5400 
Suppose somehow, Harsh is not in a position to pay this amount to the company. 
Obviously, the company will charge from him the interest on Rs 5400 thereafter. Thus, 
the principal for the second year would be Rs 5400, which is the amount at the end of 
the first year. 
Atthe end of the second year, Harsh owes the company : 
(i) new principal = Rs 5400 
and (ii) interest on the new principal for one year at the rate of 8 % per annum 


5400 x 8x1 
=R Т 


= Rs 432 
Thus, Harsh now owes the company the following sum : 
Rs 5400 + Rs 432, i.e., Rs 5832 
Hence, total interest payable to the company = Rs 5832 -Rs 5000 
= Rs 832 


The interest calculated in this manner is called compound interest. In the case 
above, the interest Rs 832 is the compound interest on Rs 5000 for 2 years at the 


rate of 8 % per annum. 
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Note that the simple interest on Rs 5000 for the same period (2 years) and at the 
same rate of interest (8 %) was Rs 800 whereas the compound interest is Rs 832, i.e., 
Rs (832 — 800) or Rs 32 more than the simple interest. The difference is due to the fact 
that in the case of compound interest, we had added Rs 400, the simple interest of the first 
year, to the principal Rs 5000 and treated Rs (5000 + 400), i.e., Rs 5400 as the new 
principal for the second year. In other words, in case of compound interest, during the 
second year, interest was charged on the interest of the first year also. 


You may verify that the difference of Rs 32 between the compound interest and the 
simple interest is the interest on Rs 400 (the interest of the first year) for one year. 
Remarks: 1. The main difference between simple interest and compound interest is 
that in case of simple interest, the principal remains constant throughout, whereas in the 
case of compound interest, it goes on changing periodically. 

2. In case of compound interest, the principal for the second year is the sum of the 
principal for the first year and the simple interest for the first year. Similarly, the principal 
for the third year is the sum of the principal for the second year and the simple interest 
for the second year and so on. 


3. Fora given principal, rate and time, the compound interest is generally, more than the 
simple interest. For the first year, simple interest and compound interest are the same 
(provided the interests are calculated yearly), 


4. Inthe above example, the interest was calculated on yearly basis. As mentioned earlier. 
this is referred to as saying that the interest is compounded annually. 

5. Similar procedure can be applied to compute the compound interest оп a given sum 
for more than 2 years. 
Let us consider some examples : 


Example 1: Find the compound interest on Rs 8000 for 2 years at 6 % per annum. 


Solution : Let us first find out the compound interest on Rs 100 for 2. years at 6 96 per 
annum. | 
Interest on Rs 100 for one year at 6 % per annum = Rs 6 
Thus, for the first year, 
Principal = Rs 100 
Interest = Rs 6 
Amount = Rs 106 
This amount becomes the new principal for the second year. 
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For the second year, 
Principal = Rs 106 


Interest = Rs went = :036 


ES Amount 5 Rs 106 + Rs 6.36 = Rs 112.36 
Thus, Compound Interest = Rs 112.36 – Rs 100 

= Rs 12.36 
Now, Compound Interest on Rs 100 = Rs 12.36 


12.36 


Compound Interest on Re 1 = Rs 7155" 


Hence, Compound Interest on Rs 8000 = Rs d 


= Rs 988.80 


| sample 2: Find the amount and the compound interest on Rs 20000 for 3 years at 
10 % per annum. 
‘olution : We first find out the compound interest on Rs 100 for 3 years at 10 % per annum. 
Interest on Rs 100 at 10 % for 1 year = Rs 10 
Thus, amount at the end of the first year = Rs (100 + 10) 
= Rs 110. 


This forms the principal for the second year. 


Interest for the second year = Rs ү 


=Rs 11 


Amount at the end of the second year = Rs 110+ Rs 11 
= Rs 121 
Again, this forms the principal for the third year. 


: 121х10х1 
Interest for the third year =Rs( Е m : 


= Rs 12.10 


Amount at the end of the third year = Rs 121 + Rs 12.10 
- Rs 133.10 
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Compound Interest = Rs 133.10 — Rs 100 


= Rs 33.10 
Now, Amount on Rs 100 = Rs 133.10 
133.10 
Amount on Re 1 2 Rs 100 i 
Hence, Amount on Rs 20000 = Rs Чиг х 20000 
= Rs 26620 


Compound Interest = Amount — Principal 
= Rs 26620 — Rs 20000 
= Rs 6620 
Thus, the required Amount is Rs 26620 and the compound interest is Rs 6620. 
Observe that in the above examples, we have first calculated Amount/ Compound 
Interest on Rs 100 and then applied the Unitary Method to calculate Amount/ Compound 


Interest on the given principal. We can also calculate Amount /Compound Interest directly 
forthe given sum as shown in the next example. 


Example 3: Surbhi borrowed a sum of Rs 12000 from a finance company to purchase 
arefrigerator. If the rate of interest is 5 % per annum compounded annually, calculate the 
compound interest that Surbhi has to pay to the company after three years. 

Solution : Principal for the first year = Rs 12000 


Interest for the first year = Rs LU = Rs 600 
Amount at the end of first year = Rs 12000 + Rs 600 


= Rs 12600, 
which is the principal for the second year 


Interest for the second year = Rs (М505 1) 


100 
= Кз 630 


Amount at the end of the second year = Rs 12600 + Rs 630 = Rs 13230, which is 
the principal for the third year. 


Interest for the third year = Rs ( 1313051) 


100 
= Кз 661.50 
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Amount at the end of the third year = Rs 13230 Rs 661.50 
= Rs 13891.50 
Compound interest after three years 
= Amount at the end of the third year — Original principal 
= Rs 13891.50 – Rs 12000 
= Rs 1891.50 


Note : Compound Interest after three years can also be calculated as the sum of interests 
for the first, second and third years (Rs 600 + Rs 630 + Rs 661.50). 


EXERCISE 5.1 - 


1. Compute the compound interest on : 
(i Ев 1500 for 2 years at 6 % per annum. 
(ii) Rs 2860 for 2 years at 5 % per annum. 
Gii) Rs 3000 for 2 years at 5 % per annum. 
(iv) Rs 5000 for 2 years at 10 96 per annum. 


(v) Rs 8500 for 2 years at 8 % per annum. 


Find the compound interest on Rs 8000 for 2 years at 12-7 % рег annum. 


3. Find the compound interest on Rs 10000 for 3 years at 10 % per annum compounded 
annually. 

4. Salma deposited Rs 6250 with a Company at 9.5 % per annum compound interest for 
2 years. Calculate the amount she will get after 2 years. 

5. Find the compound interest on Rs 28000 for 3 years at 5 % per annum compounded 
annually. 

6. Find the amount and compound interest on a sum of Rs 15625 at 4 96 per annum 
for 3 years compounded annually. 

7.  Vasudevan invested Rs 8000 at an interest rate of 9 % per annum. Find the total 
amount he will get after 3 years, if the interest is compounded annually. 

8. Daljit received a sum of Rs 40000 as a loan from a finance company. If the rate of 
interest is 7 % per annum compounded annually, calculate the compound interest that 
Daljit pays after 2 years. 

9, To renovate his shop, Arif obtained a loan of Rs 8000 from a bank. If the rate of 
interest is 5 % per annum compounded annually, calculate the compound interest that 
Arif will have to pay after 3 years. 
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10. Anil borrowed a sum of Rs 9600 to install a handpump in his dairy. If the rate of 


interest is 5 % per annum compounded annually, determine the compound interest 
which Anil will have to pay after 3 years. 


11. Maria invests Rs 93750 at 9.6 96 per annum for 3 years and the interest is compounded 
annually. Calculate 


(i) the amount standing to her credit at the end of the AR oid year, 
(ii) the interest for the 3rd year. 


5.3 Formula for Finding the Compound Interest 


Let us go back to Examples 1 and 2 discussed in the previous section. You can see that as 
the period of time increases, the process of computing the interest becomes more lengthy 
and time consuming. We should, therefore, try to find a formula for determining the compound 
interest. 

In Example |, we can also perform the calculation of amount as follows : 


Interest for first year = Rs pen 


Amount at the end of the first year Rs 8000 -- Rs Eu х ) 


E 6 
Rs sooo(1 + "A (1) 
But the amount (1) forms the principal for the second year. 


6 6x1 
Interest for the second year = Rs 8000 ( *1 i5 100 


Amount at the end of the second year 


=Rs [sooo * шоо ко Ч vale su 
6 6 
=Rs s000( 1 + а c 18) 


n 6} 
Rs 21 + 48) (2) 
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In Example 2, we can also perform the calculation of amount as follows : 


dA LEN 
100 


Interest for the first year = Rs ( 


— À 


Amount at the end of the first year = Rs (20000 + 100 


= Rs 20000 ( + 14 3) 
But the amount (3) forms the principal for the second year. 


10 10х1 
Interest for the second year = Rs 20000 ( * 1%) х 100 


Amount at the end of the second year 


10 10 10 
= Rs | 20000 (i29). 200 «(1«.18) 20] 


10 10 
= Rs 20000 (142) (1+40) 
10 Y | 
= зч 4 
- Rs 20000 (1+ 2) (4) 
But the amount (4) forms the principal for the third year. 


209 ооо (1 1%); 10х1 
Interest for the third year = Rs 20 5100) * 100^ 


and the amount at the end of the third year 


2 10Y 10 
=Rs ЕП EA + 20000 (440) х 100 
10 Y ( №) 
= Rs 20000 (1+ 49) 1+ 100 
10 Y 
> 2-2 5 
- Rs 20000 (1+ 1) (5) 


Note that : 
In Example 1: 
The rate of interest = 6 %, the number of years = 2, Principal = Rs 8000 
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and the amount A - Rs 8000 ( + zs [From (2) above] 
In Example 2: 
The rate of interest = 10 90, the number of years = 3, Principal = Rs 20000 
and the amount A — Rs 20000 ( + | [From (5) above] 
From the above discussion, we may say that 
Acelh 0) 


where A is the amount after the last time-period (i.e. year), P the principal, r the rate 
per cent per year and n is the number of years. 


Formula (I) gives the amount at compound interest. Now, compound interest can be 
determined as follows : 


Compound interest = A — P 


= 10 + nal -Р [Using (D] 


2р ( + 2] 2 1 (II) 


To illustrate the use of these formulae, we consider some more examples. 


' Example 4: Find the amount of Rs 6000 lent at 5 96 per annum for 2 years if the interest 
is compounded annually. 

Solution : Here P = Rs 6000, r= 5, n 2 2. 

Using Formula (Т) for calculating the amount, we have 


^ a ER 5 
A=P(1+ | =К$ 6000 35) 


a 105 105 
um 2007 i s 


$ 2121) 

= RS (6000x 20 х 20 
= Rs 6615 

Therefore, the required amount is Rs 6615. 
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In the above Example, we have explicitly mentioned that interest is compounded 
annually. However, if nothing is mentioned, it is understood that the interest is compounded 
annually. 

Example 5: Find the compound interest on Rs 25600 for 2 years at 6.25 % per annum. 


Solution : We have | 
P = Rs 25600, n = 2, "= 6.25 
Compound interest = P ( т Т - 1 [By Formula (II) | 


г 
= Rs | 25600 


25600 x 33 
=Rs NIE CEST = Rs 3300 


Example 6 : Find the amount and compound interest on Rs 16000 for 3 years, if the rate 
of interest is 2 % per annum. 


Solution : Here P = Rs 16000, 1 2 3, г= 2. 


3 
Amount = Rs 160001 + a [By Formula (1) | 
102 (102 Y 102 
- 000 — 
TN tatoo 


51) (51) (51 
TAS 100001) Е) (3) 


= Rs 16979.33 approximately 
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and compound interest = Rs (16979.33 — 16000) approximately 
= Rs 979.33 


Example 7 : Simple interest on a sum of money for 3 years at 61 90 per annum is 
Rs 2400. What will be the compound interest on that sum at the same rate for the same 
period? 


Solution : Letthe sum of money be Rs P. Then, 


Px i x3 Using the Formula 
—' 100 = 2400 <1-ЕХЕхТ 
iy 100 
as P= 240000 x 4 
75 
= 12800 


Compound Interest on Rs 12800 for 3 years at 61 % 


=Rs 22 + | - 1 
-Rs pu ( + ШІ) - ! 


| 


ІЗДЕН ШЕ әр М 


= Rs 12800 Тин 1 


Ч! 817 
à isa oid (82) 


= Rs 2553.13 approximately 


Example 8 : The difference between the compound interest and the simple interest 
on à certain sum for 2 years at 10 96 per annum is Rs 300. Find the sum. 


Solution : Let the sum be Rs P. 
Simple interest on Rs P for 2 years at 10% per annum 
ES Px10x2 R р 


00 = Ез 5 0) 
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Compound Interest on Rs P for 2 years at 10 96 per annum 


2E (ш) 
100 


-88--2 100 (2) 
Given that compound interest — simple interest = Rs 300, we find from (1) and (2) 
that 
21Р 12 
100” 
ог шэг. 
ог Р= 30000 


Hence, the required sum is Rs 30000. 


5 = 300 


Example 9 : A certain sum amounts to Rs 5832 in 2 years at 8 % compound interest. 
Find the sum. 
Solution : Here А = Rs 5832, r=8,n=2. 

Let P be the required sum in rupees. Then 


8 2 
9892: 2 + 23) 


108 
ог 5832 = e 


27 
ys S5 (22) (2) 


75832 x 25x 25 
Ре 757977 


= 5000 
Hence, the required sum is Rs 5000. 
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Example 10: At what rate per cent will a sum of Rs 1000 amount to Rs 1102.50 in 
2 years at compound interest? 


Solution : Let r be the rate per cent per annum. Here, 
A = Rs 1102.50, P = Rs 1000, n = 2. 


We have 
! 2 
1102.50 = 1000 ( + ш) [Using Formula (I)] 
ші ! ^id _ 1102.50 _ 441 _ es 
100/ 1000 400 (20 
ғ 21 
1+ 100 = 20 
b: Шаға T 
ТОО WOU wa 20 
r= 5 


Hence, the rate of interest is 5 % per annum. 


Example 11: The compound interest оп Rs 1800 at 10 % per annum, for a certain period 
of time is Rs 378. Find the time in years. 


Solution:. Principal = Rs 1800 
Compound Interest = Rs 378 
Let the time be years. Then 
Amount = Rs (1800 + 378) = Rs 2178. 


^ 10 
Now 2178 = 1800 ( + i 
Үй | ооо. 
%100) = 1800 100. (10 
MO OMA 
Б Ш -(&) 
or n=2 


Therefore, the given sum of Rs 1800 will yield a compound interest of Rs 378 at 
10 % in2 years. 
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EXERCISE 5.2 


In Questions | to 5, calculate the amount and the compound interest by using the formulae 
for compound interest. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


Principal = Rs 4000, Rate = 5 % per annum, Time = 2 years 
Principal = Rs 6000, Rate = 10 % per annum, Time = 2 years 
Principal = Rs 6250, Rate = 4 % per annum, Time = 2 years 
Principal = Rs 20000, Rate = 7.5 % per annum, Time = 3 years 
Principal = Rs 31250, Rate = 8 % per annum, Time = 3 years 


Find the compound interest on Rs 25000 for 3 years at 6 % per annum. 


Find the amount of Rs 125000 after 3 years, when the interest is compounded annually 
at the rate of 6 % per annum. 


Hema lent Rs 40960 to Hameed at the rate of 2 % per annum compound interest. 
Find the amount payable by Hameed to Hema after 3 years. 


Chandran borrowed a sum of Rs 10000 from Varsha for 3 years. If the rate of interest 
is 10 % per annum, compounded annually, find the amount that Chandran will have to 


pay at the end of 3 years. 

Find the difference between the compound interest and the simple interest on Rs 32000 
at 12 % per annum for 3 years. 

Fatima borrows Rs 12500 at 12 % per annum for 3 years at simple interest and Radha 
borrows the same sum for the same time at 10 96 per annum, compounded annually, 
Who pays more interest and by how much? 


I borrow Rs 12000 from Jamshed at 6 76 per annum simple interest for 2 years. Had I 
borrowed this sum at 6 % per annum compound interest, what excess amount would I 


have to pay to him? 


Simple interest on a sum of money for 2 years at 65 % per annum is Rs 5200. What 
will be the compound interest on that sum at the same rate for the same time period? 


Find the compound interest at the rate of 5 % per annum for 3 years on that principal 
which in 3 years at the rate of 5 % per annum gives Rs 1200 as simple interest. 


The difference between the compound interest and simple interest on a certain sum for 
2 years at 7.5 % per annum is Rs 360. Find the sum. 
The difference in simple interest and compound interest on a certain sum of money at 


6% % per annum for 3 years is Rs 46. Determine the sum. 


19. 


20. 


21. 


22. 
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A sum of money deposited at 2% per annum compounded annually becomes 
Rs 10404 at the end of 2 years. Find the sum deposited. 

A sum of money amounts to Rs 453690 in 2 years at 6.5 96 per annum compounded 


annually. Find the sum. 


What sum of money will amount to Rs 45582.25 at 63% per annum in two years, 


interest being compounded annually? 


At what rate per cent per annum will a sum of Rs 4000 yield compound interest of 
Rs 410 in 2 years? 


In how much time will a sum of Rs 1600 amount to Rs 1852.20 at 5 % per annum 
compound interest? 


Rekha invested a sum of Rs 12000 at 5 % per annum compound interest. She received 
an amount of Rs 13230 after n years. Find the value of n. 


Things to Remember 


If the principal remains the same throughout the loan period, then the interest 
calculated on this principal is called the simple interest. 


The time period after which interest is added each time to form a new principal is 


called the conversion period and the interest so obtained is called the compound | 
interest. | 


If the conversion period is one year, the interest is said to be compounded annually. | 


The main difference between the simple interest and the compound interest on a 
certain sum is that in the case of simple interest, the principal remains constant 
throughout whereas in the case of compound interest, it goes on changing 
periodically. 


* r n 
AE 16 + Жа 
Compound Interest = A — Р = Р ( + 2 = ] 5 


where А is the amount, P the principal, r the rate рег cent per conversion period 
and n is the number of conversion periods. 
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------- As History Tells Us 


The history of Commercial Mathematics is as old as human civilization. During the 
19th century, half a million clay tablets were excavated in Mesopotamia. Three 
hundred of these tablets relate to Mathematics alone. It is through these tablets 
mainly that we have come to know about the commercial activities of the oldest 
known human civilization of the Babylonians (including Sumerians). 


About two hundred of these tablets are purely iable-tablets giving tables of 
multiplications, reciprocals, squares, cubes and exponentials. In particular, we find 
tablets giving tables for а" for n = 1, 2, ..., 10 and a = 9, 16, ..,100, . . ., 225. 
There is evidence that these tablets were used for calculating simple and com- 
pound interests. On a tablet (now in the Museum at Louvre in France) of period 
dating about 1700. B.C., this problem (stated here in current notation) is given : 
Find how long will it take for a certain sum of money to double itself at 
20 . 
100 ! 
= 2Р or (1.2)" = 2. It was computed from the tablet that (1.2), i.e. 1.728 < 2 and 
(1.2), i.e., 2.0736 > 2. They, then interpolated the value of n between 3 and 4 
(i.e., solved the problem that if 1.728 and 2.0736 correspond, respectively to 3 and 
4 then what value will correspond to 2.) 


compound interest of 20 96. To solve this, you have to find n so that Р(1+ 


The concepts of simple and compound | interest are found in almost all the 
later civilizations. Greeks, Romans, Italians, British, Jews all dealt with interest. 
In all the books on Arithmetic of 16th and 17th centuries the concept was given 
prominence. Many of these give tables for calculation of compound interest. 


In India too, the concept of interest is known since the Sutra period, a few 
centuries B.C. Mahavira (850) and Bhaskara (1150) give several problems on 
interest that indicate that here the interest was calculated on per cent basis. 


The topic of Profit and Loss also has been dealt with in all the books on 
Arithmetic of the 16th centuries onwards, The phrase was coined in Italy and 
through successive translations in Latin, German, Dutch and French, it reached 
English authors as Loss and Gain. : 


The concept of Discount has its origin in commissions and brokerage 
which were charged by a middleman in sale and purchase of goods. 
Discount as (i) reduction in payment if the money due at a certain date 
is paid earlier and (ii) reduction in the marked price as an incentive for 
purchase is relatively a recent feature. 7 
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ALGEBRAIC IDENTITIES 


6.1 Introduction 


In Class VII, you studied some algebraic identities. As you know, an algebraic identity 
is an algebraic relation of equality that remains true for all values of the literals occuring 
in the relation. You studied the following algebraic identities : 

A. (a+bP=a+2ab+bh’ 

B. (a-b}=@ -2ab+ b 

C. (a+b)(a-b)=@æ@ -b 

Recall that to find the factors of an algebraic expression, we write it as a product of 

algebraic expressions. Each expression in thê product is called a factor. The process of 
finding factors is called factorisation. 


In this Chapter, we shall learn some more identities. We shall also learn the use of 
these identities in factorising algebraic expressions. 


6.2 Some More Standard Identities 
I. The Product (x + a) (x + b) 


We can multiply two identical binomials using the Identity A above. Let us now find the 
product when the second terms of the two binomials are different. Multiplying the binomials 
x+ a and x + b, 


(x+a)(x+b)=x(x+b)+a(x+b) 
=? + xb + ax + ab 


=x + bx + ax + ab (Since xb = bx) 
= 02 + ax + bx + ab (Since bx + ax = ax + bx) 
=x + (а + b)x + ab (Taking x as a common 


factor from ax and bx) 
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Thus, we have the following identity : 


(x + а) (x b) =x + (а + b)x + ab 


Identity I : 


or 


(x + а) (х + Б) =x + ax+bx+ab 


Activity 1 : Recall that the product of the two binomials x + a and x + b may be 
regarded as the area of a rectangle with sides x +a and x b. On a piece of 
cardboard (or an old greeting card), draw a rectangle ABCD with sides x+ a and x - b 
[Fig.6.1 (1)]. Clearly, the area of rectangle ABCD is (x + a) (x + b). 

Mark a point P on AB let AP = x [Fig. 6.1 (ii)]. Mark a point О on AD and let 
AQ = x [Fig.6.1(ii)]. Since AB =x +a and AP = x, therefore, PB = a. Again since 
AD =x + b and AQ = x, therefore, QD = b [Fig.6.1(i1)]. 


C D "С 


0) (i) (ii) 
Fig. 6.1 
Through P, draw a line segment PR parallel to AD meeting DC in В [Fig. 6.1(iii)]. 


Through Q, draw a line segment QS parallel to AB meeting BC in S [Fig. 6.1 (1) Let PR 
and QS meet in T. This divides the rectangle into the following four parts : 


I. Square APTQ with side x, and area л? | 

II. Rectangle PBST with sides а and x, and area ax 
III. Rectangle QTRD with sides b and x, and area bx 
IV. Rectangle TSCR with sides a and b, and area ab 
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Separate these four pieces by cutting along the line segments РЕ. ОТ and TS (Fig.6.2). 


à) | Gi) (ій) (iv) 
Fig. 6.2 


Since the area of the whole piece must be the same as the total area of the separated 
pieces, we must have 
(x + а)(х + b) =x? + ax + bx + ab 
This verifies Identity I. 
Activity 2 :As in case of Activity 1, prepare the four pieces as shown іп Fig. 6.2. Now 
place the rectangle DQTR against the rectangle PBST so that the side DR of the rectangle 


DQTR conicides with the side BS of the rectangle PBST as shown in Fig. 6.3(11) below. 
This reduces the four pieces to three pieces as shown in Fig.6.3. 


aai (ii) (iii) 
Fig. 6.3 


Itis clear that the areas of the respective pieces are x°, (a + b) x and ab. Since the 
area of the whole piece should be the same as the total area of the separated and the 
reassembled pieces, we must have 


(х + a)(x + b) 2 x? + (a b) x - ab 


Inthe two activities above, we started with a whole piece and cut it out to verify 
Identity I. We could have done it the other way round as shown in Activities 2 and 
4 below. 


ALGEBRAIC IDENTITIES 87 


Activity 3 : Choose three numbers x, a and b, say х= 2 ст, а= 3 em and b= 4 cm. 
From a piece of cardboard (or an old greeting card), cut out four pieces of dimensions as 
shown in Fig. 6.4. 


m мэ ЫГ | 
(СУ | " 4 cm 
2 cm ) 2ст 2cm ни Е | 
2x2cm 4x2cm | | 3x4ecm | 
2 ст “Аса 0 
@) (iii) (iv) 


Fig. 6.4 


The respective areas of these pieces are shown inside the pieces. The total area 
of the four pieces is (22+3х2+4х2+ 3 x 4) cm? 
іе, (х2 + ax + bx + ab) cm’. Now assemble 
these pieces so that the same form a rectangle of 
sides (2 + 3) cm and (2 + 4) cm i.e., (x +a) ст 
and (x + b) cm. One way to do this is shown in 
Fig. 6.5. 

Since the total area of the pieces is equal to 
the area of the assembled pieces, therefore, we 
must have 

(x + a) (x + Б) =?+ах+Ьх+ ab, where 
x=2cm,a=3cm,b=4cm. 
This verifies Identity I as before. 


Activity 4 : Start with three pieces as shown below in Fig. 6.6. 
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Observe that the total area of these three pieces is 
X + (а + b)x + ab (1) 
Mark a point P on AB in Fig. 6.6 (ii) so that AP =a. Draw a line segment through 
P parallel to AD, meeting DC in Q [Fig. 6.7 (171. Clearly, PB = b. Cut along PQ to get two 
pieces [Fig. 6.7(11) and Fig.6.7 (iii)]. 


Deere Q pim 
Ї 1 | 1 
Ш | B um 
Ч (ах) | li. odd 
а rat | puc mt B 
(i) (i) (iii) 
Fig. 6.7 
- : ШЕЛҮҮ? T Ta 
Now assémble the pieces in figures 6.6 (i), | oo | | 
6.6 (iii), 6.7 (ii) and 6.7 (iii) as shown in 1777 | ae | 
Fig. 6.8. Clearly, Fig.6.8 shows a rectangle | | 
of sides x + а and x + b. The area of this EVER pus Tarra 
rectangle is | 5 Ї ДЕ 
2 ! ах 
(c a) (х+ b) 0) БУ: m 
x a 
Fig. 6.8 


Since the total area of the pieces should be the same whether assembled or separate, from 
(2) and (1), we have 

(x + a) (x + b) =x? + (a + Бух «ab 
This verifies Identity I as before. 
Remarks 1 : In Activities 1 to 4 above, we have taken x, a and b to be positive. But 
remember that Identity I remains true for all positive, negative and zero values of x, a and b. 
2. Note that b may be equal to a or — a. Depending on these situations, we have the 
following special cases of Identity I : 
(i) In case b = a, we have 

(x + а) (x +a) = 2 + (a + а)х+а? ( Putting b = a in Identity I ) 

=x% +2ax+@ : 

Note that this is the same as Identity А in Section 6.1. 


» 
| 
| 
| 
| 
ы 
| 
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(ii) In case b =— a, we have, 
(x +a) {x + (Ca)) 2 X + {a+ (- a))x +a x (- a), 

(Putting b =—a in Identity I) 
=№-а 
Note that this is the same as Identity C in Section 6.1. 

We shall now show the use of Identity I in simplifying algebraic expressions and 

evaluating products. 

Example 1 : Find the following products using Identity I : 
(i) (y+ 2) (у +6) (ii) (x +5) (x - 3) 

Solution : (i) Let us compare (y + 2) (y + 6) with (x + а) (x + b). We observe that 
х=у,а=2,Р=6 

Therefore, using Identity 1, we have 
(y*2)(y*62y +(2+6)y+2x6 


=y +8y+12 
(ii) Let us compare (x + 5) (x — 3) with (x + a) (x + b). We observe that 
a=5,b=-3 


Therefore, using Identity 1, we have 
(х+ 5) (х 3) = № + {5 + 3)}x+ 5х C3) 
2x ж2х-15 
Example 2 : Find the following products : 
(0(2-1)(2-8) Gi) Cp - 4)(р+7) 
Solution : (i) Let us compare (2-1) @—8) with (x + a) (x + b). We observe that 
Хх-2,0а.-- 1,b=-8 
Therefore, using Identity I, we have 
(2-1) (2-8) = 2+ (1) + 8)) 2+ (10) х (8) 
= 12 9: + 8 
(ii) Using Identity I, we have 
(p-4) (р+7) = iu + (4) + 7)р + (4) х7 
=p + 3р – 28 
Remark : You may do the comparison mentally and apply the Identity directly as in part 
(ii) above. 


90 MATHEMATICS 


Example 3: Evaluate 104 х 106 without directly multiplying the two given numbers. 


Solution : Writing 104 as 100 + 4 and 106 as 100 + 6, we get 
104 х 106 = (100 + 4) x (100 + 6) 
= 100? + (4+ 6) 100+ 4х6 (Using Identity 1) 
= 10000 + 10 x 100 + 24 
= 10000 + 1000 + 24 
= 11024 


Example 4: Find the value of 83 х 79 by using a suitable Identity. 
Solution : 83 x 79 = (80 + 3) x (80— 1) 


= 80? + (3-1) 80+3x (- 1) (Using Identity I) 
= 6400 + 160 — 3 
236557 

EXERCISE 6.1 


Use a suitable identity to find the following products : 


1. (х+4)(х+5) 2 (x + 6) (x + 9) 
3. (х%8)(х 7) 4. (х-4)(х»9) 
5. (x+2) (x+ 6) 6 (x+) (x-1) 
7. (p*6(p-4) 8 (у + 8) (у – 3) 
о) 10. (2-14)(2-1) 
11. (у-%(у- 11) 12. (х-4)(х+21) 
13. (= 7) (х +12) 14. (y - 4) (у + 20) 
Evaluate the following products : қ 1 

15. (i) (x «De» Gi) 121102) 
16. (i) ЕР [+ 4) 0) (2+4) (22 + 9) 
17. (i) (у + 12) 6? + 6) ji) (4+4) 0-1) 
18. (i) o? +16(p*=4) (ii) (5) (5-22) 


ALGEBRAIC IDENTITIES 


19. Dobe MG @ (2+1) (2-8) 

20. (0) (у + »(» нэ (ii) (2-2 c 4% 

Evaluate the following products without directly multiplying the given numbers : 
21. (i) 103 x 106 (1) 204 x 207 

22. (i) 95x96 (1) 86x82 

23. (i) 98 x 103 (ii) 95x 101 

24. (1) 194x189 ` (ii) 205 x 192 

25. (i) 198x 209 (1) 204 x 197 


П. Expansion of (a+b +c)? 
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You have already learnt how to expand the square of a binomial (a + Р). We may extend 


this notion to expand the square of a trinomial (a + b + c) as follows : 
Let b+ с= х. Then 
(a * b с) = (а+ х)? 


= а? + 2ах + e (Using Identity А) 
= а + 2a (b * c) + (b * cy (Since x = b + c) 
= а? + 2аЬ + 2ac + (D^  2bc + c?) (Using Identity A) 
= а? +b + с? + 2аЬ + 2Ьс + 2са (Rearranging terms) 


Thus, we have the following identity : 


Identity ПІ: (a*b-ccy = а +02 + с + 2аЬ + 2be + 2ca 


Remarks 1: Note that the expansion of the square of the expression a + b + с consists 


of three square terms and three product terms. 
2. a,b and c may take any positive, negative values or can be zero. 


Activity 5: We shall now verify the identity above geometrically and experimentally. On 
a piece of cardboard (or an old greeting card), draw a square ABCD with sides a+b + c 


[Fig. 6.9 (1)] taking suitable values of a, ^ and c. 


Clearly, the area of this square is (a + b + с)?. Mark two points P and Q on AB 


so that AP = a and PQ =b [Fig. 6.9 (ii)]. Clearly, this means ОВ = c. 
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Р” Q 
рү С D— - „ишы 
| с Ie По EC 
IV Vv VI 

ин (P) (bo) 
a+b+c к = : i R 

VER et) ЖУ! SES 

a (а? (ab) (са) 
y a*b*c 2 AED UBL oR Өс B 

() (ii) 
Fig. 6.9 


Mark two points R and S on AD so that AR =a and RS = Р [Fig. 6.9(ii)]. Clearly, this 
means SD = c. Through P and О, draw line segments РР” and QQ‘ parallel to AD 
meeting DC in P^ and Q^, respectively. Through R and S, draw line segments RR’ and 
55” parallel to AB meeting BC in К^ and 5”, respectively. This divides the square into nine 
parts marked I, II, . . . , IX. The areas of these parts are ca, Рс, c?, ab, b?, bc, a2, ab and 
ca, respectively. The total area of these parts is 
ca + bc + c + ab + b! + bc + а + ab + ca, i.e., а? + Б? + с? + 2ab + 2bc + 2ca 

Since the area of the whole is the sum total of the areas of the parts, we must have 
(a* b cy = а? +b + с? + 2аЬ + 2Ьс + 2ca 
This verifies the Identity geometrically. D 

We shall now verify this Identity experimentally. Take 
different values for a, b and c lying in the rangeoflemto8cm bte, 
sothat the pieces may be handled conveniently. This restriction 


is, however, optional. From a piece of cardboard (or an old Жарар В 
greeting card), cut out (i) a square of side b + c, (ii) two rectangles (i) 

of sides b * and a, and (iii) a square of side а (Fig. 6.10). Der) 

5 | 

IX | 

b+c 5 (a) | 


ALGEBRAIC IDENTITIES. 93 


Consider Fig.6.10(i). Mark a point on AB at a distance b from A [Fig. 6.11(1)]. 
Through the marked point, draw a line parallel to AD. Also mark a point on AD at 
a distance P from A. Through the marked point, draw a line parallel to AB. This divides 
the square ABCD into four parts shown as I, II, Ш and IV [Fig. 6.11 (i)]. The dimensions 
of the parts are shown in the figure. Cut out along the drawn lines to separate the parts. 


Consider Fig. 6.10 (ii). Mark a point on SP at a distance b from S [Fig. 6.11(ii)]. 
Through the marked point, draw a line parallel to SR. This divides the rectangle PQRS 
into two parts shown as V and VI [Fig. 6.11 (ii)]. The dimensions of the parts are shown 
in the figure. Cut out along the drawn line to separate the two parts. 


Fig. 6.11 


Consider Fig. 6.10 (iii). Marka pointon WT 
ata distance b from W [Fig. 6.11 (iii)]. Through the 
marked point, draw a line parallel to WV. This divides 
the rectangle TUVW into two parts shown as УП 
and VIII [Fig. 6.11 (iii)]. The dimensions of the parts 
are shown in the figure. Cut out along the drawn line 
to separate the two parts. 

Label the square with side а [Fig. 6.10 (iv)] as 
IX. Now assemble the parts I to IX as shown in 
Fig. 6.12. It is clear that what we get is a square of 
side a+b +c. The area of this square is obviously 
(a * b + cy. Fig. 6.12 


Since the area of the whole should be the same as the total area of the parts, we have 
(a*b cy 2a +b + с + 2ab + 2bc + 2ca 


We shall now show the use of Identity II in writing the square of a trinomial in 
expanded form. 
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Example 5 : Write (7x + 4y + 3z) in expanded form. 
Solution : Comparing the given expression with (a + b + с)?, we find that 
az Ix, b = Ay, c = 3z 
Therefore, using Identity П, we have 
(7х + 4y + 3zy = (Tx) + (4y)? + (32)? + 2(7x) (4y) + 2(4y) (32) + 2(32) (7x) 
= 49x? + 16y? + 92? + 56xy + 24yz + 42zx 


Example 6 : Expand (2p - 54 + 7r". 
Solution : We can write the given expression (2p — Sq + 7r} as [2p + (— 54) + 71. 
Comparing the given expression with (a + b + су, we find that 
а= 2р, Ь=- 54, с = 7ғ 
Therefore, using Identity II, we have 
(2р – 54 + 77)? = QpY + (- 54)? + (Tr) + 2(2p) (-54) + 2(-5q) (Tr) + 207) (2р) 
= 4р? + 254 49r? — 20pq — 70gr + 28 rp 
Example 7 : Expand (4a — 3b — 2с)2. 
Solution : Using Identity II, we have 
(4a - 3b – 2c)’ = [4a + (— ЗЬ) + (- 2с). 
= (4а)? + (-3bY + (2c? + 2(4a) (-3b) + 2(-3b) (-2c) + 2(-2c) (4a) 
= 16а? + 9b? + 4c? — 24ab + 12bc — 16ac 


Remark : Recall that A? = (— A)’. Thus, we could have evaluated the expression 
(4a — ЗЬ — 2с)? as (- 4a + ЗЬ + 2c also. 


2 
Example 8 : Write the expression (s + i y+ 4 z) in expanded form. 
Solution : Using Identity П, we have 


4 3 
C33 y*32) 


«cor (o ааа) а 


1 9 . 
= 25x” г TAE - Say+3 yz- e 
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Example 9 : Simplify (x + 2y – 3z)? + (x-2y + 3zy. 
Solution : Using Identity II, 
(x + 2у -3zy = л? + Ay! + 902 + 4ху – 12у2- 6xz (1) 
(х— 2у + 32)? = xb 4y! + 92? — 4ху – 12yz + 6xz (2) 
Adding the corresponding sides of (1) and (2), we get 
(x + 2y – 3z)? + (x - 2y + 3z)? = 207 + Ay? + 92? — 12yz) 


EXERCISE 6.2 
Expand each of the following: 
1. (x-2y-4zy 2. (—3х+у+5)? 
3. (-x-2y- 62)? . 4. (За + 2Ь – 3с) 
5. (3а-7Ь- с) 6. (5а-7Ь- с)? 
7. (4-2т-3лу 8. (-21-т-8лу 
9. (-2т-7н)у 10. (p+9q+2) 
| 2 1 р 

11. Qu а) 12. (ox-y+ 1.) 
13. (2 166) 14. (a ATER 

4 2 2 | 


Fill in the blanks so as to make each of the following statements true : 
15. (3х-4у+ 2zy 5.42 ЖУ 0 ху угж их 

16. (-2x- 3y ЕТЕ уул ..2 Fim VE хийл 

17. (a-b*-cy = а... D c ЕК 2ab ... 2bc ...2ca 

18. (a -2b + 7c = а... Р... с?... Aab ... 28bc ... 14ca 


Simplify : 
19. (p«q«ry*«(p-q-ry 20. (p-q«rf«(p-q-ry 
21. (p*« q« ry-(p-q-ry 22. Up-q+ryetp-g=ry 


23. Qx - y «xz P- (2x -y-zy 24. Qx-y +2) - (2x * y-zy 
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III. Expansion of (a + b? 
You have already learnt how to.expand the square of a binomial (a + b). We may extend 
this notion to expand the cube of a binomial (a + b) as follows : 
By Identity A, we have 
(a + b} 2a + 2ab + b? 
Multiplying both sides by (a + b), we get 
(a + b) (a + by = (a + Б) (а? + 2ab + Б?) 
Or (а + bf = а(а2 + 2ab + b?) + Ка? + 2ab + b?) 
= а + 2ab + ааа + 2ab + D 
= а? + За?Ь + Зар? + b? (Combining like terms and 
arranging in descending powers of a) 
Thus, we have the following identity : 


Identity Ш: | (a+b) = @ + 3@b + Зар? + b’ 


We may rearrange the terms on the RHS of the Identity Ш above in а form that is easier to 
remember. | 


(а + by = а + ЗаЬ + Зар? + Б? 
= db +3a’b + Зар? (Rearranging terms) 
= a+b + Зађ(а + Б) (Taking Зар as a common 


factor from the last two terms) 
This gives us the following alternate form of Identity IIT. 


Identity II: | (a+ by = а + D? + 3ab(a+ b) 


Geometric Verification of the Identity (а + Б)? = à? + 3a?b + Зар? + D? 
In the previous class, you learnt how to make paper cubes and cuboids. То verify the 
above identity, you would need to make 

Ф Acube of side a (to be denoted as a x a x a cube) 

Ф A cube of side b (to be denoted as b x b x b cube) 

Ф Three cuboids of sides a, а, b (to be denoted as a x a x b cuboids) 

% Three cuboids of sides a, b, b (to be denoted as a x b x b cuboids) 

Of these eight pieces, first take 

Ф theaxaxa cube 

Ф twoofthea xa x b cuboids, and 

Ф oneaxbxbcuboid. 
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Place these four pieces so that the bases are as shown in Fig. 6.13(1). Then the height 
of each piece will be a [Fig. 6.13 (ii)]. Clearly, the bases form a square of side а + b. The 
four blocks form the bottom layer of a solid that we are going to make. Notice that this 
layer is a cuboid of sides a + b, a + banda. 

Take the remaining four pieces and place them so that their bases are also as shown in 
Fig. 6.13(1). The height of each piece will then be b [Fig. 6.13 (iii)]. Stack these pieces on 
top of the bottom layer [Fig. 6.13 (ii)] so that there are no gaps. This forms the top layer. 
Note that this layer is a cuboid with sides a + b, a b and b. Its base conicides with the 
top of the bottom layer. Since the bottom layer has height a and the top layer has height b, 
therefore, the height of the solid so formed is a + b [Fig. 6.13 (iv)]. Thus, the eight pieces 
with which we started have been assembled into a cube of side a + b. 


(ii) (iv) 
Fig. 6.13 
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Since there are no gaps and obviously no overlaps, the volume of the solid formed is 

the same as the total volume of the pieces. Hence, we have 
(a + bp = а? + ЗаЬ + За? + b? 
This verifies the identity geometrically. 

We can reverse the process and start with a cube of side а + b. Take a solid 
chunk of some soft but firm vegetable like a gourd or potato. Chop off on all sides to 
turn it into a cube. Take a small piece of a matchstick of length b say. At one corner, 
measure off this distance on the top face of the vegetable chunk in both directions. 
Slice off the vegetable chunk by means of vertical planes at the distance b marked off 
at the corner. This divides the cube into four cuboids of height a + b. The top faces 
of these cuboids are of dimensions b x b, a x b, b x a and a x a. Chop off each of 
these cuboids by a horizontal plane at a distance b from the top. This divides each 
cuboid into two pieces, resulting in eight pieces. The dimensions of these pieces 
are bxbxb, bxaxb,bxbxa,bxaxa,axbxb,axaxb,axb»xa and 
ахаха. 

The volumes of these pieces аге b°, ab’, ab*, а?Ь, ab’, a*b, a?b, and a’. The total 
volume of these pieces being the volume of the cube we started with, we have 
b+ ab? + ад» аЬ + ab ab аЬ + a = (а + by 
ог (a+ by = аў + ЗаЬ + 3ab^ D? 

This verifies the identity in question. 


IV. Expansion of (a — b)? 
Justas we used Identity A to obtain the expansion of (a + by, so we can use Identity B to 
obtain an expansion of the product (a — b}. 
By Identity B, we have 
(a-by -а-205-5 
Multiplying both sides by (a — b), we get 
(a — b) (a—by = (a — b) (а - 2ab + b?) 
Or (a—b) = a(d? —2ab + b? ) - а? – 2ab + b?) 
а? – 2а%Ь + ab? — аЬ 2ab? – b’? 
а? — За?Ь + Зар? — b^ (Combining like terms and 
arranging in descending powers of a) 
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Thus, we have the following identity: 


We may rearrange the terms on the RHS of Identity IV above in a form that is easier 
to remember. We have 


(a — by = а – За + Зар? – p 
= а — № = За?Ь + Зар? (Rearranging terms) 
= а? -b — 3ab (a — b) (Taking —3ab as a common 
factor from the last two terms) 
This gives us the following alternate form of Identity IV : 


Remark : We may obtain Identity IV from Identity Ш by replacing b by – Б. Similarly, 
Identity ГУ” may be obtained from Identity ПГ. 
We now take some examples to illustrate the use of these identities. 


Example 10 : Write the following cubes in expanded form : 
б) (7х + 4»? GD Qp - 99» 
Solution : (i) Comparing the given expression with (a + bý, we find that 
а = 7х, b = 4y 
Therefore, using Identity III’, we have 
(7х + 4у) = (Ix + (ду) + 3(7x) (4) (7х + 4y) 
= 343x3 + 64y? + 84ху(7х + 4y) 
= 343x + 64у? + 588х2у + 336xy 
= 343x3 + 588x? y + 336xy + 64у" 
(Rearranging in descending powers of х) 
(ii) Comparing the given expression with (a— БУ, we find that 
а= 2p, b 2 9q 
Therefore, using Identity IV^, we have 
(2p - 94» = Qpy- (94) — 3(2p) (94) (2p - 94) 
= 8p! – 7294? – 54pq (2р – 9) 
= 8р? – 7294 — 108p’q + 486pq' 
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= 8p? – 108p? q + 486pq? — 7294: 
(Rearranging in descending powers of p) 


Example 11: Expand (i) (- 3x + 5y and (ii) (—2z — y). 
Solution: (i) Using Identity ПГ, we have 
(-3x + Sy)? = (- Зх)? + (5у)? + 3(-3x) (Sy) (-3x + Sy) 
= – 27x + 125y? — 45ху (3x + 5y) 
= – 27° + 125у° + 135x°y – 225ху? 
= — 275+ 135x°y – 225xy? + 125y3 
(Rearranging in descending powers of x) 
(ii) Using Identity Ш', 
(-2-у) 2 (C22) € (C X? 
(722) + (= у)*+3(— 22) (- у) (- 2z у) 
з-82-у + 6yz (— 2z—y) 
=- 823 — у? – 12у02 - буг 
2-y – бус – 12у2 = 823 
(Rearranging in descending powers of y) 
=- (у 6yz + 12yz +82) 


Remark : Notice Шаг(-АУ =— А?. Thus, we could write (-2z — y) as — (2z + yy also. 


Example 12: Simplify (x + 4y} — (x 4y}. 
Solution: Using Identity Ш”, 


(x Ay)! = (х)? + (4yP. + 3(х)(4у)(х + 4y) 
= х? + 64y! + 12ху(х + 4y) 
=x + 64у? + 12xy + 48ху? 
=x) 12х2у + 48ху? + б4у? 
(Rearranging in descending powers of x) 
Using Identity ГУ”, 
(х-4у) -(х)-(4у)- 3(х)(4у)(х — 4y) 
=x- 64y — 12xy(x = 4y) 
=x — 64у* — 12x°y + 48xy? 
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= х2 12xy + 48ху> – 64y 
(Rearranging in descending powers of x) 
Using the values of (x + 4y? and (х-4у) found above, we have 
(x + 4y- (x — Ayf. = (02 + 12х2у + A8xy^  64y?) – (Q8 — 1222у + 48ху? – 64у?) 
= 24x°y + 128y° 


Example 13: Find the value of x°+ 8y, if x + 2у = 8 and xy = 6. 
Solution : We are given that 
x4 2y = 8and xy = 6. 
Now (x  2yy = х3 + QyP + 3(x) (2y) (х + 2y) (Using Identity Ш ^) 
zo) 8y + Oxy (x + 2y) 
х? + 8y = (x + 2yy — бху (x + 2y) 
= (8)? — 6 (6) (8) (Substituting x + 2y = 8 and xy = б) 
= 512 – 288 
= 224 


Example 14 : Evaluate 1001? by making use of a suitable Identity. 
Solution; Using Identity II’, we have 

1001?2 (1000 + 1)? 
1000? + 1° + 3(1000) (1) (1000 + 1) 
1000000000 + 1 + 3000(1000 + 1) 
1000000000 + 1 + 3000000 + 3000 
1003003001 M 


Example 15: Evaluate 9987 by using some suitable Identity. 
Solution ; Using Identity ГУ”, we have ? 
998? = (1000 - 2)? 

= (1000) — (2)? – 3(1000) (2) (1000 — 2) 

= (1000) — (2)°— 6(1000) (998) 

= 1000000000 — 8 — 5988000 

= (1000000000 — 5988000) — 8 

= 994012000 – 8 

= 994011992 
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EXERCISE 6.3 
Expand each of the following : 
1. (x 2yy 2. (2х – Зу)? 3. (ах + Бу)? 
4. (X + 2у)? 5. Qx- у) 6. (- x + 4у)? 
Бу ора? р Пот) 

7. (а + 5уу 8. TER 9. (18-25) 
10. Find the value of 8? + 27y’, if 

(i) 2x+ Зу = 8 and xy =2 Gi) 2х+Зу= 18 and xy = 12 

(ii) 2x + 3y = 19 and xy 23 (v) 2x+3y = Stand xy = 2 


11. Find the value of p?— 8y?, if 
(i) p-2y = 2 and py = 8 (ii) p—2y = 1 and py = 10 
(iii) p — 2y = 13 and py = - 21 (iv) p-2y = – 11 and py = - 5 
12. Find the value of 125p?— 84°, if 


(i) 5p —2q = 1 and pq =2 (ii) 5p -2q = 6 and pg = 4 
(ii) 5p — 24 = 7 and pq = 12 (iv) 5p - 24 = 13 and pq = 30 
Simplify : 
13. (а + 2b) + (а– 2b) 14. (a 3b) + (a + ЗЬ)? 
15. (2а + 5by – (2a — 5Ь)? 16. (7 - 2by – (7 + 2р)? 
"(е e$) ав, (Sasa) (1.226) 
Evaluate Бу using a suitable Identity : 
19. (i) (104)? (ii) (1004): (ii) (503) 
20. (i) (99) (ii) (996): (ш) (999) 
21. (i) (599)? (ii) (9.8) . Gi) (8.01)? 


6.3 Factorisation of Algebraic Expressions 


Recall that often it is possible to write a given algebraic expression as the product of two or 
more algebraic expressions (and numbers). When an algebraic epxression is expressed as 
the product of some numbers and algebraic expressions, then each of these numbers and 
algebraic expressions is called a factor of the given expression. The process of writing the 
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given expression as the product of numbers and algebraic expressions is called factorisation. 
For example, since 10 pq = 5 x 2 x p x q, therefore, 5, 2, p and д are factors of 10 pq. 
In Class VII, you learnt three basic methods of factorisation : 
è Factorisation by taking out a common factor 
è Factorisation by regrouping terms 
» Factorisation by using Identities 
You already know how to use Identities A, B and C (mentioned at the beginning of 


this Chapter) to factorise algebraic expressions. We shall now use Identities I to TV learnt 
earlier in this Chapter to factorise algebraic expressions. 


Example 16: Factorise x^ + 5x + 6. 
Solution : We know from Identity I that 
(x + а) (x +b) 2 X3 + (a+ b) x + ab 
This means that the given expression may be factorised as (x + a) (x + b), if we 
are able to find two numbers a and b (positive or negative) such that the sum a + bis 


the same as the coefficient of x and the product ab is equal to the constant term in the 
given expression. Therefore, let us try to find two numbers a and b such that 


a + b 25 (the coefficient of x) 
and ab = 6 (the constant term) 

Now factors of 6 are + 1, + 2, + 3 and + 6. A little trial-and-error with these 
numbers tells us that we may take a and Р as 2 and 3. The sum of 2 and 3 is 5, and the 
product of 2 and 3 is 6. Hence, 

45x46 4+ (3+2) х+3х2 = (х+ 3) (х + 2) ( Using Identity I ) 

Remark: You could use simple logic to reduce the trial-and-error work for finding the 

values of a and b. Let us denote the sum a + b by S and the product ab by P. Now 

notice that in the above example, S(5) is positive and so is P(6). We express this fact as 
62%; Р:+ 

Since P is positive, therefore, either both a and b are positive or both a and Р are 
negative. Since S is positive; both a and b are positive. So we do not consider the 
negative factors. It is easy to see that a and b have the values 2 and 3 in some order. 


Example 17; Factorise х? + Зх — 10. 
Solution : Here, we have to find two numbers a and b such that 
a+b=3(the coefficient of x) and ар-- 10 (the constant term). 
Now factors of —10 are + 1,+2,+5and + 10. A little experimentation with these 
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numbers tells us that we may take a and b as 5 and —2. The sum of 5 and - 2 is 3, and 
the product of 5 and—2 is — 10. Hence, 


X + 3x-10=x + {5+ (— 2)}х + 5(— 2) 
= (x + 5) (x-2) ( Using Identity I ) 
Note : Here, S:+, P:—. Since Р is negative, one of a and b is positive and the other 
is negative. With this in mind, we find that S being positive, the greater of a and b is 
positive. It is now easy to pick the values of a and b as 5 and — 2. 
Example 18 : Factorise x? — 7x + 12. 
Solution : Неге, S: —, P: +. This means that both a and b are negative. Since, 
a+b=-7,ab=12, 


and negative factors of 12 are — 1,-2,-3,-4,-6 and — 12, we find that a 2 — 4 and 
bz-3(oraz-3and b = 4). Hence, 


X-7x4122z 02 + {(-4)+ -3)х-(-4)х(-3) 
= (x-4)(x-3) ( Using Identity I ) 
Example 19 :Factorise x? — 3x — 10. 
Solution :Here, 8:-,Р:-, Therefore, one of a and b is positive and the other is 
negative. S being negative, the numerically greater term is negative. Factors of 10 are 


+ 1, + 2, 5 and + 10. Hence, the values — 5 and 2 of a and b will serve the purpose. 
Thus, 


?—'3х-10= (24 (— 5))x + 2 (5) 
= (x + 2)(х-– 5) ( Using Identity I ) 
Remark :Itis not necessary to use Identity Ito write the final factors if you get confused 


for some reason. Once you have come to the stage of breaking up the coefficient of x 


and the constant term, you may use regrouping. This enables you to take out a common 
factor. Thus, for the above example, 


x -3x-10 = 2+ {2 + (— 5)}x + 2 (—5) 
=x + 2х + (— 5)х + 2 (— 5) 
= (x? + 2x) + {(— 5)х 2 — 5)) (Regrouping terms) 
= Х(х + 2) + (— 5)(х + 2) (Taking out x common 


from the first two terms and — 5 


common from the last two terms) 
= (х+ 2)(x-5) 
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You may use this method to check your answer, if you have factorised the given 
expression using Identity I. 
Example 20 :Factorise the expression : 
402 + угж 2-4ху- 2yz + 4xz 
Solution : We notice that the first three terms are the squares of 2x, y and z 
respectively. This suggests that we use Identity II, that is, 
(аһьасУ-а + b + с? + 2аЬ+ 2Ьс + 2ca 
Further, the terms with xy and yz are negative in the given expression. This may 
happen in one of the following two ways : 

1. Тһе literal y common to these two terms has a negative coefficient, and x and z 

have positive coefficients. In this case, the sequence of signs of coefficients of x, 
y zis +,—, +. 

2. yhasa positive coefficient but both x and z have negative coefficients. In this 

case, the sequence of signs of coefficients of x, y, z is -,%,-. 

Since the squares of an expression and its negative are the same, therefore, it does not 
matter which of the two cases above is taken. Taking the first case, we may write the given 
expression as follows : 

Ax? + у? + z - Axy - 2yz + Axz = Qxy + (y) + 2+ 2 (2x) Hy) + 2(—у) z + 20) z 

Comparing this form of the given expression with the RHS of Identity II, we find that 

а-2х,8--у, сэг 
Hence, 4X? + y? + 22 — 4ху - 2yz + 4xz 
= (2x) + (у?) + 2 + 2(2х)(— у) *2(- yz + 20x) z 
= {2x+(—y) + zÝ (Using Identity П) 
= (2x -y +2)? 
= (2x-y + z)(2x-y + 2) 

Example 21 :Factorise the expression 8x? + 27у? + 36х2у + 54ху?. 

Solution :We notice that the first two terms are the cubes of 2x and 3y respectively. 
Also, the remaining two terms have a factor 3. This suggests that we use Identity ПГ, 
that is, 

(а + bp = а? + D? +3ab (а + Б) 
We may write the given expression as follows : 
8? + 27у! + 36xy + S4xy? = (2х) + (Зуу + 3(2х)(3у)(2х + Зу) 
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Comparing this form of the given expression with the RHS of Identity III’, we find that 


а= 2х, Ь= Зу 
Hence, 
8X + 27 + 36x2y + 54ху? = (2x) + (3у) + 3(2х)(Зу)(2х + Зу) 
= (2x + 3y} ( Using Identity Ш”) 
= (2x + 3y) (2x + 3y) (2x + 3y) 


3 
Example 22: Factorise the expression 8x? — Зу -2ху (2 x- >) 


3 
Solution : We notice that 8х7 and a are the cubes of 2x and zi respectively. This 


suggests that we use Identity IV’, that is, 
(a—b) = d - P —3ab (a — b) 
We may write the given expression as follows : 


3 3 
8x? = 37 -2ху (s 1А 3j = (Qc (2) ы xax? fos T 5 


Comparing this form of the given expression with the RHS of Identity ГУ”, we find 
that 


=o x. 8-5 


3 3 
ses эг Бэ өө аа д 


3 
5 (2, үн A (Using Identity IV’ ) 


Remark : Not every polynomial of the form 3? + ax + b can be factorised as shown in the 
examples above. You will see this in later chapters. 
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EXERCISE 6.4 


Factorise each of the following expressions: 


1. x + 10x+9 2. № + 7х + 12 
3. У-2у-8 4. y-6y -7 
5. p-3p-4 6. p-4p-12 
7. т 8т 15 8. п”2-10т-24 


Factorise each of the following expressions : 
9. 9x2 + y + 252 + бху + 10у2 + 30xz 


10. 42 + 9y? + 162 + 12xy - 24у2- 16xz 
11. m+ 4m + 2522 – 4тп- 20п + 10mz 
12. 49m? + 4m + 922 – 28mn + 12п2- 42mz 
13. Qa y 25 + 6xy + 10у + 30x 


Factorise each of the following expressions : 
2 
14. р? ++ +pq+q+2p 


2 


2 
15. 5-24-36 & PL aq e 6p 


16. 20 + у? + 82-2 оху — 4 J2yz + 8xz [Hint: 2 = (2)1 


17. 3x2 +3y +22 + 6xy +2 J3yz 4 2 V3xz 


Factorise each of the following expressions : 


18. 8? + у? + 1222у + бху? 19. 82- у-126у4 бху? 
20. 274 – 125 p? — 135¢ p + 2254р? 21. б4р? – 27q? — 144р?д + 108pq? 
22. 27-125 р? – 135p + 225p? 23. 64р? – 27 – 144p + 108p 


24. 8х%+ 729 + 10822 + 486x 25. 21Х”-516 "SY Fx 
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Things to Remember 


Some standard identities : 

1. (а+ 6р = 2 + 2а + Р 
2. (a-bp = а -2ab + b 
3. (a-b)(a-b)s а2— Б 
4 


2 (x + a) (x + b) 23 + ax + bx + ab 
or 
(x a) (x 4 b) = х + (а + b)x + ab 


(а +Ь + с)! = а + ЁЎ + с + 2аЬ + 2Ьс + 2са 
(а + by = d Зар + За? + b? 

| ог 

(a+ by = d + b + 3ab (a+ b) 


(a- bp = d – ЗаЬ + Зар? – b’ 
ог 
(a- by = а —  – ЗаБ (а – b) 


СНАРТЕК 


POLYNOMIALS 


7.1 Introduction 


In earlier classes, you have studied algebraic expressions. As you know, an algebraic 
expression may contain several literals. The literals in the algebraic expressions that you 
studied had non-negative integral exponents only. The algebraic expressions with this 
property are called polynomials. Some polynomials are simpler than other polynomials in 
the sense that these contain only one literal, say x. Such polynomials аге called polynomials 
in one variable x. 

In this Chapter, we shall learn about polynomials in one variable. We shall learn how to 
divide a polynomial by a monomial or a binomial. We shall also discuss two useful and 
interesting relations among the dividend, divisor, quotient and remainder that are obtained 
in this process of division. 

72 Polynomials in One Variable 
As mentioned in Section 7.1, 
A polynomial is an algebraic expression in which the variables 
have non-negative integral exponents only. 
For example, all of the following expressions are polynomials : 
17 42x +22, 133  J2x!y - 5xy! +12у°, x* + 3x - 9 
The first and the last are polynomials in one variable x. The middle expression 
is a polynomial in two variables x and y. Henceforth, unless stated otherwise, the word 
polynomial will mean a polynomial in one variable. 
Is any of the following expressions à polynomial? 
1 


642x^ 4 x, х2 9M x. — 9, 2x! - x +4 
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In case of the first expression, the variable x appears with a negative exponent. In the 
second and the third expressions, the exponents of the variables are not necessarily positive 
integers. Hence, none of these is a polynomial. 

Polynomials having only one term are known as monomials. Polynomials having only 
two terms are known as binomials. Polynomials having only three terms are known as 
trinomials. The part. poly in polynomial means many. Thus, the word meaning of 
polynomial signifies an algebraic expression with many terms. Monomials, binomials and 
trinomials are also polynomials. 


A polynomial that contains only one variable, say х, 
is known as a polynomial in the variable x 

Thus, 5x° + 13x-9 isa polynomial in the variable x. 
y^ 4 7y- 19 is a polynomial in the variable y. 

Itis customary to write the terms of a polynomial in decreasing order of the exponents 
of the variables. This is called the standard form of a polynomial. The term that does not 
contain the variable is written at the end. It is known as the constant term because its 
value remains the same no matter what value is given to the variable. It is usual to denote 
a polynomial in the variable x by a symbol like р(х), (х), r(x), etc. 

The highest exponent of the variable in a polynomial 

is called the degree of the polynomial 
Illustration 1 : The degree of the polynomial 5x? + 13x — 9 in х is 2. We say that it 
is a second-degree polynomial or a polynomial of degree 2. 
Illustration 2: The degree of the polynomial у? + 17y in y is 3. We say that it is 
a third-degree polynomial or a polynomial of degree 3. 
Illustration 3: The degree of the polynomial 2p + 3 inp is 1. 


illustration 4 : A constant like 3 or —72 is known as a polynomial of degree 0, 
because we can think of a number like 3 as 3x°. 


Remark : A second-degree polynomial is also called a quadratic polynomial. 
A third-degree polynomial is also called a cubic polynomial. A fourth-degree polynomial 
(e.g., 3x4 or 2x* + 3х? + 9x + 4) is also called a quartic or a biquadratic polynomial. 


7.3 Division of a Polynomial by a Polynomial 


Recall the process of division in case of integers. We faced two different types of 
situations. Firstly, the case in which one integer was exactly divisible by the other. For 
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example, when we divided 12 by 4, we got a quotient 3. ( Incidentally, this also meant 
that dividing 12 by 3 would produce a quotient 4.) This really meant that we were only 
simplifying 12+ 4 to the integer 3. The second type of situations involved integers where 
we could not divide exactly and a remainder was obtained. For example, we could not 
divide 12 by 7 exactly. Dividing 12. by 7, we got a quotient 1 and a remainder 5. 

In case of polynomials in one variable also, we face similar situations so far as the 
process of division is concerned. Sometimes, it is just a case of simplification only. Dividing 
one polynomial by another produces a quotient polynomial and a remainder. п some 
cases the remainder is zero, and in some non-zero. 

7 A Division of a Polynomial by Polynomial : Zero-remainder 
We begin with the simple case, where dividing a polynomial р(х) by another 
polynomial q(x) produces a third polynomial r(x). Recall that the process of division 
is related with the process of multiplication in a specific way. At the most elementary level, 
every multiplication fact for integers gives rise to two division facts as illustrated below : 
Multiplication fact : 5 x 4 = 20 
Related division facts : 20 + 5 = 4,20+4=5 

We may extend this idea for the division process of polynomials. If a given polynomial 
is the product of two other polynomials, then this multiplication fact for polynomials gives 
rise to two division facts for polynomials. 

Throughout the rest of the Chapter, we assume that the polynomials in any given 
example involve the same single variable. Thus, we may try to divide p? - 3p - 28 by 
p—4 but not by у-4. 


7 4.1 Division of a Monomial by a Monomial 


Hlustration 5 : Multiplication fact : х? xa? = 2° 
Related division facts : х + х= 22, X + л? 2 x 
We may write these division facts as follows : 
х? Y 
T = x? А Т? =X 
x x 
Hlustration 6 : Multiplication fact : 5x4 x 3x = 152° 
Related division facts : 15x?  5x* = Зх, 1557 + Зх = 5x4 


3 
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We may write these division facts as follows : 
15x 15x 4 
re Ki gpa 5x 
The above illustrations suggest that we may use the laws of exponents for numbers 
in case of literals also. In fact, we shall be justified in doing so because we know that 
literals, after all, stand for numbers only. This gives us the following two rules for 
dividing a monomial by a monomial. 


Rule 1 : The coefficient of the quotient of two monomials is equal to the quotient of the 
coefficients of the monomials in question. 


Rule 2: The variable part in the quotient of two monomials is equal to the quotient of the 
variable parts in the monomials in question. 


Example 1: Divide: (i) -20х by 10x (ії) Зу" by Jay. 


ОО" 
Solution: (i) Cir = foan E ditti 2,3 


TOE 
%) Узу Алу чу 
7.4.2 Division of a Polynomial by a Monomial 


There are two convenient methods for dividing a polynomial by a given monomial. In the 
first method, division is carried out in the following steps : 


Step! : Split the polynomial to be divided into separate terms. 
Step 2: Divide each term by the given monomial. 
Step3: Addthe quotients. 

Let us illustrate this method by an example. 


Example 2: Divide Зу? + 15y + 12y by Зу. 
Solution: Step 1: The given polynomial has three terms, namely Зу?, 15y? and 12у. 
Step2: Dividing each term by the given monomial 3y, we get 
Зу? 15 12у 
By ARAB 
ог у, 5у, 4. 
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Step 3: Adding the above quotients, we get у? + 5у + 4 as the desired result. Hence, 


Зу? +15y? +12 
айыы шы: ne OE 
Зу 


Remark : Once you understand the process, you may shorten the working as shown in 
the example that follows. 


Example 3: Divide 34x? — 1722 + 51x by 17x. 


34x! -17x? +51х _ зах? cT NE 
17х 181205 ЕУ 
-25-х-3 


Second Method : We already know what is meant by a factor of an algebraic 
expression. Since a polynomial is a special type of algebraic expression only, we 
know what is meant by a factor of a polynomial. We have also learnt how to factorise 
algebraic expressions. So we factorise the polynomial to be divided by a monomial in 
such a way that one of the factors is the given monomial. After that, the process of 
division may be carried out more conveniently as shown in the example below. 


Solution : 


Example 4 : Divide 4g? ~ 104 + 54 by 24. 


5 
Solution : 44° – 104 + 5q = 29 X 2q! - 29 X 5q + 24 X В 


5 5 
= 2q X| 2q m fu 


5 
Hence, 442-1047 +59 = 24х (зе -ө 2) sothat 


5 
24|24° -5 +3) 
sig з. 


2q 24 
2 5 
= 247 > 54 T 


We cancelled out the common factor 24 from the numerator and the denominator to 
get the desired answer. 
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7.43 Division of a Polynomial by a Binomial ; Factor Method 


We now extend the method of Example 4 to divide a polynomial by a binomial. Recall 
that we are still discussing the zero-remainder case. As in Example 4 above, if possible, 
we factorise the polynomial to be divided so that one of the factors is equal to the binomial 
by which we wish to divide. Then, we cancel out the common factor and get the answer. 


Example 5 : Divide à? + 4a — 5 by a — 1. 
Solution : а? + 44—5 = (a + 5)(a — 1), using Identity I of Chapter 6. 


а: t4a-5  (a*5)(a-1) 
ae EU GOES 
= а+5 
We cancelled ош the common factor (a — 1) from the numerator and ће denominator 
to get the desired answer. 


Therefore, (a #1) 


Remark : While writing a polynomial in a general form, we often use x for the variable 
and a,b etc. for constants. Sometimes, we use a as a variable, if there is no confusion. 


744 Division of a Polynomial by a Binomial : Long Division Method 


As you must have realised it will not always be possible for you to factorise the 
polynomial to be divided. We shall now explain a method by which you can always 
divide a polynomial by a given binomial. This method is known as the method of long 
division. We shall illustrate the method with the help of examples. 

Recall that in case of integers, the integer to be divided is called the dividend, and the 
number by which we divide is called the divisor. We shall use the same terms in case of 
polynomials also. The terms quotient and remainder will also have similar meanings. 


Example 6 : Divide 12 — 1432 — 13x by 3 2x. 


Solution : We carry out the process of division by means of the following steps : 
Step 1 : We write the dividend (12— 14x? — 13x) and the divisor (3 + 2x) in the standard 
form. This gives 

Dividend : – 14x? – 13x + 12, Divisor: 2x 4 3. 


: = 1% 
Мер 2 : We divide the first term of the dividend 2 5 
3 ; ж —]4x* -14ұ2 Quotient 
by the first term of the divisor. That is, we divide = " iE E. 
-14х7 by 2x, and obtain —7x. This gives us the =-7х t : 


first term of the quotient : —7x. 
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Step 3: We multiply the divisor by the first term 2 

of the quotient and subtract the product fromthe (2х + a)x чү е didi 
dividend. Thatis, we multiply 2x+3by -7xand 5-14-21 | 3125 ғ 42 
subtract the product — 14x? — 21x from the 8x + 12 
dividend — 14x? — 13x + 12. This gives us a 

remainder 8x 12. 

Step 4 : We treat the above remainder 8x + 12 as the new 

dividend. The divisor remains the same. We repeat Step 2 to Өшөө 
get the next term of the quotient. That is, we divide the first 2-- | гараа 
term (8x) of the dividend by the first term (2x) of the divisor А 

and obtain 4. Thus, 4 is the second term in the quotient. 


Step 5 : We multiply the divisor by the term of the quotient just 


obtained and subtract the product from the dividend. Thatis, (2x + 3) х4 Б + ү 
we multiply 2x+3 by 4 and subtract the product 8x+12 = 8х+ 12 BO dta 
from the dividend 8x + 12. This gives us 0 as the remainder. 0 


Step 6: Thus, the quotient in full is — 7х +4 and the remainder is zero. Hence, we say that 
(-1432 - 13x + 12) + Qx + 3) 2 7x +4 
The above process is displayed as follows : 


—7х +4 
2х+3]- 14x? – 13х + 12 
-14x? - 21x 
+ + 
8y +12 
_8х +12 
0 
Notice that — 14x? — 13x + 12 = (2x + 3) (-7x + 4) 0) 
ie., Dividend = Divisor x Quotient 
Thus, we see from relation (1) that both of (2x + 3) and (— 7x + 4) are factors of 
— 14x? — 13x + 12. In other words, both the divisor and the quotient in this example 


are factors of the dividend. 
Let us take another example. 


Example 7 : Divide 2 + 7x + 7x? + 22? by 1 + 2x. 
Solution : We carry out the process of division by means of the following steps : 
Step 1 : We write the dividend (2 + 7x + 7x° + 2x°) and the divisor (1 + 2x) in the 
standard form. This gives 
Dividend : 2x3 + 7x2 + 7x + 2, Divisor : 2x + 1. 
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Step 2 : We divide the first term of the dividend by the first term 2x3 

of the divisor. That is, we divide 2x? by 2x and obtain x?. This эх | Quotient 
gives us the first term of the quotient : 2°. ji 7 
Step 3: We multiply the divisor by the first term of the Ж 

quotient and subtract the product from the dividend. 
That is, we multiply 2x + 1 by x? and subtract the 2178 д 5 
product 23? + x? from the dividend 22+ 2324 7x42. 72x +x | 2x * x 

This gives us a remainder 6x? + 7x + 2. 6X 47x42 


Step 4: We treat the above remainder бх + 7x + 2 as the new 


(2x+1)xx?| 2х? 7x5 4 7x42 


dividend. The divisor remains the same. We repeat Step 2 to get 6x2 Quotient 
the next term of the quotient. That is, we divide the first term (б?) —— = 3x | x? +3x 
of the dividend by the first term (2x) of the divisorand obtain Зх, 2Х 


Thus, 3xis the second term in the quotient. 


Step 5 : We multiply the divisor by the term of the quotient just Aca 
obtained and subtract the product from the dividend. Thatis, we С^ * DX3x| 6x +7х+2 

multiply 2x-- 1 by 3x and subtract the product 62+ 3х from = бх? +3x | бх? + 3x 

the dividend бл? + 7x-- 2. This gives us 4x-- 2 as the remainder. Ax +2 


Step 6 : We treat the above remainder 4x + 2 as the new dividend. 


The divisor remains the same. We repeat Step 2 to get the next Z% | Quotient 
term of the quotient. That is, we divide the first term (4x) of the 2х | y 43x42 
dividend by the first term (2x) of the divisor and obtain 2 asthe = 


next term in the quotient. 
Step 7 : We multiply the divisor by the term of the quotient just 


obtained and subtract the product from the dividend. That is, we аря 2 
multiply 2x + 1 by 2 and subtract the product 4x + 2 fromthe 74Х%2 | 4x*2 
dividend 4x + 2. This gives us 0 as the remainder, 0 


Step 8: Thus, the quotient in full is xX + 3x +2 and the remainder is zero. Hence, we say that 
(2x3 + 722 + 7x + 2) + (2x + 1) = х2 + 3x42 
The above process is displayed as follows : 
x! 43x42 
2x1] 2x3 7x? 7x 42 
12% + E 
6x «7x42 
_6х?+3х 
ГУНУ: КР ЫЫ 
axel 
0 


POLYNOMIALS . 117 


Notice that (2x3 + 7x2 + 7x + 2) = (2x + 1) (х + 3x + 2) 11901) 
iss Dividend = Divisor x Quotient aS ЦЭ 
Thus, we see from relation (1) that both of (2x + 1) and (x? + 3x + 2) are factors of 
243 + 7x2 + 7x + 2. In other words, both the divisor and the quotient in this example 
also are factors of the dividend. 
The above two examples suggest that the following result, which holds for integers, 
also holds for polynomials : 
If an integer m on being divided by a non-zero integer n leaves a remainder 
0 and gives a quotient q, then m = nq. Thus, n is a factor of m. 
In other words, ifthe remainder is О, then Dividend = Divisor x Quotient. Hence, 
in case of polynomials, we have : 
If a polynomial f(x) on being divided by a non-zero polynomial g(x) 
leaves a remainder 0 and gives a quotient g(x), then f(x) = gx) 409. 
Thus, g(x) isa factor of f(x). 
In other words, in case of polynomials also, we have : 
if the remainder is 0, then Dividend = Divisor x Quotient. 


Remarks 1 : The above relation between dividend, divisor and quotient proves to be 
very useful in deciding whether a given polynomial is a factor of some polynomial. 

2. Not only the divisor, but also the quotient is a factor of the dividend if the remainder 
is zero. 

1 There is no need to write the steps in detail. These have been written so that you 


understand the process. We carry out the division as shown in the next example. 


Example 8 : Find out whether or not 6x+5 is a factor of бл? — 7x — 10. 
Solution : We divide the polynomial бх? — 7x = 10 by 6x5. 
x2 
6x+5 | 6x? — 7x-10 
“бх? + 5х 

-12х-10 

-12х-10 

+ $ 


Since the remainder is zero, we find that 6x + 5 is a factor of 6? — 7x — 10. 
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1. Which of the following expressions are not polynomials? 


(i) 32° – /52+9 (1) 3/2 +42+52° 

ї 1 
(ій) Jax+x?—x3 j GV) Jax? +ах+9х? +5 
(у) 2х?+3х! +4+5х (vi) x^4x? 


Write each of the following polynomials in the standard form . Also write the degree of each: 


2. у?+бу+9 + 4y* 3. 44?— 134° + 124 
зү 4 
4. ЁН ЫН 5. (2+4) 0? + 9) 
6. ‘y? + 12: —Sy8 7. а1%44%-4% 
8. p?+16+p’ 9. уубу" 
10. (2-14) (2- I) 11. (2-1)(2-8) 
3 1 
12. (7-2) (y3+ 11) 13. (8-2 e) 
8 17 
Divide : 
14. 2x? by 2x 15. – 3x by X 
P ; 
16. jx Бух 17. J5x'by 5x3 
18. 3a! by 2a 19. 4a* by -2424? 
20. x + 2x? + Зх? by 2x 21. ‘y* —3y° 139 
хиллэх жуу ON SY 
22. —4р?+4р?+р+4Ьу2р 23. -x + х? by /2х? 
24. 52° – 622 + 7z by 22 25. /341-2434" by 3q? 
26. Divide by long division method. Verify your result by factor method, 
0) x? +6x+8byx+4 Gi) x? + 7x 10 by x45 
(iii) у”-у-12Хуу-4 (iv) у2– 5у+ 6бБуу- 2 
(у) 22 82+ 15 byz-5 (уі) x*+ 3х2 + 2 by x7 + 2 


[Hint : Write x? = y.] 


POLYNOMIALS 119 


27. Verify that the given binomial is a factor of the given polynomial by showing that the 
relevant remainder is zero : ( 


(i) 2x43,2x +5x+3 G) 2x+ 1,6 + x—hey 
(iii) 2y-1,8y-2y-1 (iv) 5а + 3, 10a? – 9a - 9 
(v) 3р – 1, -3P? + 13b - 4 (vi) р? + 3, 4p? + 7p? —15 


7.5 Division of a Polynomial by a Polynomial : Non-zero Remainder 


So far, we have considered the case where a polynomial being divided by a monomial or 
a binomial leaves no remainder (i.e., zero remainder). Like numbers, we say that the 
monomial or binomial in question divides the polynomial completely or exactly. Now we 
consider the case where the remainder is not zero. 

Recall that in case of numbers, we continue the division till we obtain a remainder that 
is less than the divisor. In case of polynomials, we do not have the concept of one polynomial 
being less than another. Instead, we compare the degrees of the divisor and the remainder. 
Since the degrees of polynomials are integers, we can compare the same. We continue the 
process of division in case of polynomials till we obtain a remainder with degree less than 
that of the divisor. We illustrate the process through an example. | 


sample 9 : Divide the polynomial 5x (х? -x + 1) – (9+ 4х*) by 4х-1. 
Solution : The given polynomial is not in the standard form. Let us first write it in the 
standard form. 
5x (x? -x + 1) – (9 + 4x’) = 5x3 — 5x? + 5x — 9 - Ax* 
= 454+ 5x? — 5x? + 5x'-9 
We now carry out the division as explained in the previous section. 
-x +x -x4l 


4х-1 —4х* 5x? - 5x) +5х—9 


fe 4x ! +X З 

Ax? -5x? +5х—9 (Degree of remainder not less than that 

4x3 = х? of divisor; continue division) 

But ade Т 

—4x? +5x-9 (Degree of remainder not less than that 

-4х +x of divisor; continue division) 
4 x-9 (Degree of remainder not less than that 

4х-1 of divisor; continue division) 

- + 


ER (Degree of remainder less than that 
of divisor; stop division) 
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Thus, the quotientiis —x + 3? х + 1 and the remainder is — 8. 
In the above example, observe that 
—4х* + 5x3 - 5x? + 5x 9 = (Ax 1) x (58 + x? x 1) + (8) 
In other words, '^ 
| Dividend = Divisor x Quotient + Remainder 


Example 10: Divide the polynomial Зу*— y? + 12y? + 2 by3y^-1.: 


Solution : We carry out the division as explained in the previous section. 


1 13 


ADI sa 
3y- T T гаг унд: (Leaving a blank space for the missing term in 
à 3 y. It is important to write like terms one below 
ЗУ күн? the other even if we have to leave blank spaces.) 
—y>+ 13y? +2 (Degree of remainder not less than that of 
^ 1 divisor, continue division.) 
-y PET 
is 213 


13у? ү у 2 (Degree of remainder not less than that 
3 13 of divisor, continue division.) 


13у? T 
ub 


1 19 (Degree of remainder less than that of 
3 3 divisor, stop division.) 


Thus, we find that when we divide 3у* – y! + 12y? € 2 by 3y?- 1, we get 


1 13 А 1 19 
y? m И the quotient and COME. the remainder. 


Observe that 


7 2 2 211151 13 1 19 
Зу -y +12y +2 = (бу -1)х (, pd) 
In other words, in this example also, 


Dividend = Divisor x Quotient + Remainder 
In fact, this result is always true. The reason is that if we divide (Dividend — Remainder) 
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by the Divisor, then the remainder would be zero. Hence, as in the previous section, we 
shall have 

Dividend — Remainder = Divisor x Quotient ep 
or Dividend = Divisor х Quotient + Remainder | 


Remark : The above relation helps us in deciding whether or not one of the two given 
polynomials is a factor of the other. If the remainder is not zero, then neither the divisor nor 
the quotient is a factor of the dividend. 

Let us record the important facts about long division of polynomials : 

1. Before proceeding to divide, you must write the dividend and the divisor in the standard 
form. That is, arrange the terms of both the dividend and the divisor in decreasing 
order of exponents of the variable. 

2. During the process of divison, write like terms one below the other. To do so, you 
have to leave gaps for the missing terms at every step. 

3. Keep on dividing so long as the degree of the remainder obtained is not less than that 
of the divisor. 

4. Stop dividing when a remainder is obtained with a degree less than that of the divisor. 
This is the required remainder, 

5. |f the remainder is zero, then the divisor is a factor of the dividend. Therefore, to 
examine whether a given polynomial f(x) is a factor of another polynomial g(x), 
we divide g(x) by f(x) and examine the remainder. If it is zero, then f(x) isa 
factor of g(x), otherwise not. 


7.51 A Quick and Short Version of Long Division 


We give an alternate method for /ong division that is 
very short. Suppose we wish to divide 


X Ax — 3x - 7 by x - 3. Write the polynomial to х! 4x0 Зх —7 
Бе divided in the top line. Leave one line blank. Draw 
a line. Below the line, write the divisor three times (x-3) (х-3) (x-3) 


leaving blank space for a numerical coefficient as 
shown on the side. 

Asin the usual method, we calculate the first term 
of the quotient which is х? here. Multiply the first 
*(x—3y in the bottom line Бух” and write the product 
in the blank line. The term in x? is taken care of. То 


xv dex 3х -7 
(х? - 3x?) T (75 
Bites) (x-3) (х-3) 
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get the correct term in x?, we write 7x? in the middle Ee SE es ne 
line (so that together with-3x°, it gives 4х2 asinthe (х? — 3х2) + (7х7-21х) 
dividend). From 7х2, we get the second term 7xof x? (x – 3) + 7x(x- 3) (х-3) 
the quotient. Write + 7x before the second(x-3)in | @ 
the bottom line. Write the product (7x? — 21x) in the 
middle line completing the entry “(7x°’. 
Now adjust the x-term by writing ае 
(18 xinthe middle line. This gives us ће 3 2 2 À 
3 (x= 3x ) +, x -21х) + (18x 
next term 18 ofthe quotient. 222. 
! x (х- 3) + 7х(х -3) (x — 3) 
Multiply the last (x —3) in the bottom 4 ЭЛ) 
ani % ү T ті 2 ОН эш cub S 
EMO RH а a catu 4. C18y 254) + 47 
term by writing 47 inthe x line. This Ил Cr ARMIN PSU aT 
term 47 is the remainder. The final result SN a) et т Bab cn 
is shown on the right. 
Thus, the quotient is 3? + 7x + 18 (shown doubly underlined). Further, remainder 
is 47. 


EXERCISE 7.2 


Divide the first polynomial by the second. Write the quotient and the remainder. 


1, За + 5а+7,а+2 2. 1052-75-8,55-3 

3. 6p'+5p?+4,2p +1 4. 81-64 + 4q-1,4q +2 

5. 12x3— 8x? - 6x4 10, 3x=2 6. 16х* + 12x3 — 10x? + 8x + 20, 4x - 3 
7. 5у? – 6y? + 6y— 1, 5у– 1 8. 2-2-2,:41 

9. х-Х-5х,х-1 10: y* *y?, y? -2 


11. Verify the result Dividend = Divisor x Quotient + Remainder for all the questions 
above. 


What can be the possible degrees of the remainder when we divide 

12. х^+х' Бух+9? 13. хїї +x+1 by x-2? 

14. x*+ 10x? - 9 by x? + 4? 15. y! sy? -y -3by y? + 6? 
Find, whether or not the first polynomial is a factor of the second: 


16. x * 1,2x? 4 5x «4 17. 3x—1, 6x? +x=1 
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18. 4y+ 1, 8? 2у + 1 19. 2a-3,10a? – 9а – 5 
20. 4-2, 322 – 132+ 4 21. 4z?-— 5, 4z^ + 7z? + 15 
22. y -2, 3y? + Sy? + 5y € 2 
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Things to Remember 


Algebraic expressions in which the variables involved have only non-negative 
integral exponents are called polynomials. 


A polynomial that involves only one variable is called a polynomial in one variable. 


The highest exponent of the variable in various terms of a polynomial in one 
variable is called its degree. 


A constant is a polynomial of degree zero. 


The standard form of a polynomial in one variable is that in which the terms of the 
polynomial are written in the decreasing order of the exponents of the variable. 


The coefficient in the quotient of two monomials is equal to the quotient of their 
coefficients. 


The variable part in the quotient of two monomials is equal to the quotient of the 
variable parts in the given monomials. 


If on dividing a polynomial (dividend) by a polynomial (divisor), а zero remainder 
is obtained, then the divisor is a factor of the dividend. In such cases, quotient is 
also a factor of the dividend. Further, ) 


Dividend = Divisor x Quotient 
In general, 

Dividend = Divisor x Quotient + Remainder 
The degree of the remainder is always less than the degree of the divisor. 
Before performing long division, the divisor and the dividend must be written in 
the standard form. i 


While performing long division, like terms are written one below the other, leaving 
gaps wherever necessary. 
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СНАРТЕК 


EQUATIONS IN ONE VARIABLE 


* 


8.1 Introduction 


You are familiar with linear equations in one variable. Such an equation is of the form 
ax + b=c, where a, b and c are numbers, a #0 and x is the variable. A value of the 
variable that satisfies the equation is known as a solution or root of the equation. Recall 
that the equality sign of an equation does not change, if we 

® add the same number to both the sides of the equation. 

® subtract the same number from both the sides of the equation. 

® multiply or divide both sides of the equation by the same non-zero number. 

® transpose а term from one side of the equation to the other. 


You know that we can solve some real life problems by converting the same to linear 
equations and then solving these equations. This activity would be continued in this Chapter. 


In this Chapter, we shall also learn to solve equations of the type 
ах +b 

PEUT к, where а, b, c, d and k are numbers, and cx + d + 0, by 
reducing them to linear equations. We shall then solve some word problems by converting 
the same to equations of the above type. 
8.2 Equations of the Form <>- ад zi 

CX c 

Let us try to find two numbers, in the ratio 7 : 8, whose sum is 45. To find such numbers, 
let us suppose that the smaller of the two numbers is x. Since the sum of these numbers 
is 45, the second number must be 45 — x. Since the numbers are in the ratio 7: 8, we 
must have 
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This gives us an equation of the type 


ax +b 

cx +d 
Thus, in order to solve the above problem, we need to solve an equation of the type 
ax+b 


cxt d 
disguise. Let us illustrate this by means of some examples. 


34. o1 А 3х+8 
Fxample 1: Solve the equation 7——7 
Solution : Observe that if 2x +7 were not present in the denominator on the LHS, the 
given equation would have been a linear equation. So, we shall try to get rid of this 
expression. Recall that the literals stand for some numbers only. Thus x, and therefore, 


7 
= k, wherea=1,b=0,c=-1,d=45,andk= е 


= к. This equation does not appear to be linear but it is a linear equation in 


= 4. 


3x48 ; : 
2x+7,3x + 8апа Т also represent numbers. Hence, we may multiply both sides 


3x8 Д : ТЕЛДЕ д 
of the given equation i = 4 by 2x + 7 without affecting the equality sign. This 


4 +7 
gives 
3x+8 
erat х (2x +7) =4(2x+7) 
or 3x + 8=8x + 28 
or 3x 8x = 28-8 (Transposing 8x to LHS, 8 to RHS) 
or — 5x = 20 
or x=-4 
Check: When x = –4, 


Hence, the solution is correct. 


we 37?» 5 5x+2 12 
Example 2 : Solve the equation ae a 
Solution : As in the previous example, let us multiply both sides of the given equation by 
2x + 3. This gives 
5x +2 
2x +3 


or 5х+2= Q3) (1) 


12 
х (2x +3) = 7 X 2x + 3) 
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or 5х+2 = 7 х+ 57 

ог 5х = 2 х = 8. 2 | Transposing z x and2] 
Ho m 

ог 75577 

ог х= = х т | Multiplying both sides by | 

ог | 122 

Check : At x 2 2, 

LHS = SR 5х2+2_ 12 -RHS 


КВ О I 5:0 rat 077) 


Hence, the solution is correct. 


Remark : Just as we got rid of the denominator 2x + 3 on the LHS in the above 
example, we could get rid of the denominator 7 also on the RHS. If we do so, we shall 
nothave to work with fractions. Let us modify the above solution. Multiplying both sides 
of equation (1) by 7, we get 


20x +3 
freak abe еды 


(5x+2) x7 = 7 
or (5x +2) x 7 = 12(2x + 3) (2) 
or 35x +14 = 24x + 36 
or Піл #22 
or x=2,as before. 


We could have done even better. Instead of multiplying by 2x+3 and 7 in stages, 


we could have multiplied the two sides of the given equation by 7(2x 4- 3) all at once. 
This would have given 


5x 42 
2x+3 


or "(Sx + 2) = 12(2x + 3) (3) 
This is the same as equation (2). Thus, the solution of the equation becomes simpler. 


12 
x 7(2x +3) = "x (2x +3) 
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Now look at the given equation and equation (3) carefully : 


Given Equation Simplified Form of the Given Equation 
5х +2 12 
31408 pic 7 x (5x + 2) = 12 x (2x + 3) 
What do you notice? All we have done is to: 
G) multiply the numerator of the LHS by the Кен = E 
denominator of the RHS, | 
- : 5х+2 12 

(1) multiply the numerator of the RHS by the УШТ 5-8 


denominator of the LHS, 
(iii) equate the expressions obtained іп (i) and (1). | 7х (5x+ 2) = 12 x (2x + 3) 


For obvious reasons, we call this method of solution, the method of cross multiplication. 
Let us now illustrate the method of cross multiplication by examples. 


Example 3: Solve the equation =, = 5. 
Solution : Cross multiplying, we get 

| 7x G7) =4x Bx + 16) POS xA 
or Tx + 49 = 12x + 64 ie i Pad 
or 7x- 12x = 64 – 49 
or -5х-15 
ог хет 
Сһеск: А(х--3, 

LHS = 35416 = a СК = 7=RHS 


Hence, the solution is correct. 


= 2. 


d Ажен 
Exemple 4: Solve the equation 27 1 
^ 4x +1 
S : = 
olution : 82234 2 
ог = = : - i [treating the integer 2 as the rational number 3 
xn 
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Cross multiplying, we get 
1x (4x + 1) 22x (8x—- 4) 


or 4x+1=16x-8 
or 1+ 8=16x—4x (Transposing - 8 to LHS and 4x to RHS) 
ог 02-10% 
ie КЗ 
ог хэ12-2 
3 
Check: A x7 у, 
хүн 
da el Mu, OE уа od цал 
LHS= + au 3 ЗЕМЕН 
Sx -4 


Hence, the solution is correct. 


Example 5 : ; Find a positive value of x which satisfies the equation г si i = P у 
Solution : Letus write x* = y. Then the given equation becomes 

уы. Бус, 

у-1 4 
Cross multiplying, 

4(у +1) = 5(y -1) 
or 4у-4-5у-5 
ог 5-4-5у-4у (Collecting like terms on either side) 
ym 


Since y = x°, we have 
$2923 = (3 

Taking the positive value, we get 
253 


Let us examine if x = 3 satisfies the given equation. On checking, we find that 


x 23 satisfies the given equation. Hence, 3 is the required value of x. 
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EXERCISE 8.1 


Solve the following equations and check your solutions : 


SUC sped ap 4x+18 c 
12 Em =2 2: D. 2 
4x 9x 
3. тата 4. “хввгавүүд ed 
2-2 719 2У%3 2 
„литос бз чот 
2у==9.{\ 52-11 
T тат 8. 22417 742 
2yc4 ND XS АШСА 
dii ENS. 10: y314y 777 
22 2.-2 
[Hint MO 
2k-5 3 RD So 18015 
П. 212723 12. 7231772 
2 3 
3Х%! 5 2 ТОД 1 
13. => 14. MUTA 
І 3 Ox ie 
хэд T 
ds z 3 
4» 5 Ze am 37 
15. 2 т, 16. 4 " Эс 20 
* a shit ed 
17, Qx*3- x 7) 7 8 18 (y*)0-Qy*^ 1 
2 бх +11 ТЕДІ 3-5у 23 
19; Хээ (хэ 552010 20. (х%2)2х-3)-2х7%6 , 
à 5х +1 m AT. 
Find a positive value of variable x or y for which the given equation is satisfied : 
S, 2 mov МАД 
21 ч: i RON 2: 2942772 


8.3 Applications of Linear Equations 


Recall that many problems involve relations among some known and some unknown 
quantities or numbers. In the previous Class, you learnt how to convert such 
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problems into linear equations in some cases. The solutions of these equations provide 
solutions of the corresponding practical problems. The important steps in the solution of 
these word problems are listed below : 


1. Read the problem carefully and note down (i) what is given, and (ii) what is required. 
Denote the unknown quantity by a literal x, у, Z, u,v, w etc. 


won 


Translate the statements of the problem step by step into mathematical statements, to 
the extent possible. 


4. Look forthe quantities that are equal. Write the equations corresponding to these 
equality relations. 


5. Solve the equations written in Step 4 above. 


Check the solution by substituting the value of the unknown found in Step 5 above 
into the statements of the problem. 


Let us now illustrate the above procedure by examples. 


Example 6: The sum of three consecutive multiples of 7 is 777. Find these multiples. 


Solution : We use a variable to denote the quantity that is to be found. Here, we are 
required to find three numbers. But if one of these numbers, say the first one is known, 
then the other two can be obtained by adding 7 and 14 to it. (It is given that the numbers 
are consecutive multiples of 7.) 


Let us assume that the first number is x. Then the other two numbers are x + 7 and 
x+ 14. 


We are given that the sum of these three consecutive multiples is 777. Hence, 
x +(x + 7)%(х% 14) = 777 


or 3x + 21-777 
or 3x = 777-21 [Transposing 21] 
or 3x = 756 
or х=232 


Hence, the three consecutive multiples of 7 are : 
252, 259 and 266 
Note that 252 2 36 x 7, 259 237 x 7 and 266 238 x 7. 
Check : Sum of the three multiples obtained = 252 + 259 + 266 = 777. 
Hence, the solution is correct. 
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Remark : Sometimes it is more convenient to take the variable not as x, buta 
multiple of x. For example, it would have been better to assume above that the first 
number is 7x ( the xth multiple of 7). Then the next two numbers would have been 
7(x + D and 7(x + 2). The resulting equation would be 


Tx  T(x +1) +7( x + 2) = 777 


or х +(х+1)+(х + 2)=111 [Dividing both sides Бу 7] 
Or 3x 432111 
Or X36 


Hence, the three consecutive multiples are 
36x 7,37 x 7 and 38 x 7 
Ve. 252, 259 and 266. 


Example 7 : A fruit vendor buys some oranges at the rate of Rs 5 per orange. He also 
buys an equal number of bananas at the rate of Rs 2 per banana. He makes a 20% 
profit on oranges and a 15% profit on bananas, At the end of the day, all the fruit is sold 
out. His total profit is Rs 390. Find the number of oranges purchased. 
Solution 1: By reading the problem, we find that the following facts are given : 
(1) Price of an orange is Rs 5. 
(2) Price of a banana is Rs 2, 
(3) Number of bananas = Number of oranges. 
(4) Profit on oranges is 20 90. 
(5) Profit on bananas is 15 90, 
(6) All the fruit is sold out. 
(7) Total profit = Rs 390. 
We are required to find the number of oranges purchased. 
Il Since we are required to find the number of oranges purchased, let us suppose that 
the number of oranges purchased = x. 


ІШ. Now we look at the statements given in the problem and listed in Step I above one 
by one and try to translate them into mathematical statements. According to (3), and 


Step Il, 
Number of oranges = Number of bananas = x 


Price of oranges = Rs5 x x= Rs 5x (A) 
Price of bananas = Rs 2 x х = Rs 2x (B) 
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By (4), 
20 à 
Profit on oranges = Rs (5x x 100 ) [Using (A)] 
"RS (C) 
By (5), 
15 
Profit on bananas = Rs | 2X X 100 [Using (В)] 
Bi, 
By (7), 
Rs 390 = Total Profit = Profit on oranges + Profit on bananas 
3 
=Rsx+Rs (5) [Using (C) and (D)] 
=Rs Ё + 
Із; 
zRS 19 
13 
This gives 390 = 10 х (E) 


Solving the above linear equation, we get 
10 x 390 = 10/5 tE 


or 300 = x 

Hence, the numberof oranges purchased = 300 

IV. Now we check the solution. We may begin by checking that x = 300 satisfies 
equation (E). But this would only tell us that we have solved equation (E) correctly. It 


does not tell us that 300 oranges were actually purchased. To check this, we must 
verify the solution against the given problem. Let us do that. 
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If 300 oranges are purchased at Rs 5 each and sold at a profit of 20 96, the profit on 
oranges would be 


2 


0 
Rs г! i.e., Rs 300 (F) 


If 300 bananas (same number as oranges) are purchased at Rs 2 each and sold at a 
profit of 15 96, the total profit from bananas would be 


15 | 
300x2x— |1 
Rs | 100 | i.e., Rs 90 (G) 


From (F) and (G), the total profit of the vendor is 
Rs 300 + Rs 90, i.e., Rs 390 


This checks the solution. 

{ А 
Example 8: The sides (other than hypotenuse) Ж М 
of a right triangle are in the ratio 3:4. A rectangle 27 


is described on its hypotenuse, the hypotenuse 
being the longer side of the rectangle (Fig. 8.1). 


220 
у 

The breadth of the rectangle is four-fifth of its 

length. Find the shortest side of the right triangle, 

if the perimeter of the rectangle is 180 cm. 12 
Solution I ; Reading the problem carefully, we Ax b. Mie 

( Ч Ж 
pi 
И 
3x 


find that the following facts are given : 

(1) Thesides ofthe right triangle are in the ratio 
3:4. 

(2) Length of the rectangle = Hypotenuse of the 


2 Fig. 8.1 
right triangle. л 


4 
(3) Breadth of the rectangle = Fig (Length of the rectangle). 


(4) Perimeter of the rectangle = 180 ст. 
We are required to find the shortest side of the triangle. 


|| Sinceaside ofthe triangle is to be determined therefore, due to fact (1) above, it 
would be convenient to assume that the shortest side (in ст ) 15 3x. Then the other 
side (in cm) ofthe triangle will be 4x. 
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We now try to convert the information given in the problem [facts (1) to (4) above)] 
into mathematical statements. (1) has already been converted into 3x and 4x in 
Step П above. Consider (2) now. This tells us that the length ofthe rectangle is the 
same as the hypotenuse of the right triangle. Let us calculate the hypotenuse. 


By Pythagoras Theorem, 


Hypotenuse (іп cm) = Sum of squares of sides 
убх y + (4ху 


= \/25х° 
ZO 
Length of the rectangle (in cm) = 5x (A) 
From (3), we find that 
4 
Breadth of the rectangle (in cm) = 5 Х5х- 4x (B) 


Now let us convert (4) into a mathematical statement. Recall that 


Perimeter of a rectangle = 2 x (Length + Breadth) 


Therefore, (4) gives 


2 x (5x + 4x) = 180 (C): 
ТУ. We now solve the equation (С) which may be written as 
18 x = 180 
x0 


Hence, the shortest side of the triangle (in cm) = 3x = 3 x 10 — 30 


Check : We now check the solution against the given problem. The shortest side of the 
triangle is 30 cm. Therefore, sinee the sides are in the ratio 3 : 4, the other side is 
40 cm. This means that the 


Hypotenuse of the triangle = J(30* + 40° уст 42500 cm - 50cm 


Thus, the length of the rectangle = 50 cm and its breadth is i x 50 ст= 40cm 


The perimeter of the rectangle is now 2 x (50 + 40) cm, i.e., 180 cm. 
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Thus, the solution is correct. 


Example 9 : The difference between two positive integers is 50. The ratio of these integers 
is 1 : 3. Find these integers. 


Solution 1: We are given two relations between two integers. We have to find the values 
of the two integers. Let us denote the smaller of the two integers to be found by the 
unknown x. 


The first statement of the problem tells us that the difference between the two 
integers is 50. Therefore, the greater integer is x+ 50. Thus, the two integers are 
x and x + 50. 
We now read the next statement in the problem. It says that the ratio of the two 
integers is 1: 3. Translating this relation into a mathematical statement, we get 
LONE: 
3 x+50 di 
Since 1 is less than 3, we put the smaller integer x in the numerator on the RHS. 


No more information is given in the problem. So, we proceed to solve equation ( 1) 


above. By cross multiplication, 


1 х(х+ 50) =3 хх 


х+ 50 = 3х 
50:225 
X225 


The two integers were expressed as x and х+ 50. We have found x to be 25. 
Hence, the two integers are 25 and 25 + 50,i.e., 25 and 75. . 
Thus, the required integers are 25 and 75. 


. Let us now check the solution. The first statement in the problem tells us that the 


difference between the two integers is 50. We find that 75 – 25 = 50. So far, the 
solution is correct. The second statement in the problem says that the ratio of the 
two integers is 1 : 3. Now 25: 75 is the same as the ratio 1 : 3. Hence, the solution 
is correct. 


Remark : There would have been no harm in checking at the end of Step V that 
х=25 satisfies equation (1). But this check would not have been enough to tell us that we 
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have found the correct solution to the given problem. So we must check the solution 
against the given problem as in Step VI above. 


Alternate Solution : Since the numbers are in the ratio 1 : 3, we may assume that the two 
numbers are x and 3x. Since the difference between the two numbers is 50, we have 


3x-x250 [Observe that 3x is the bigger number.] 
or 2x='50 
or 2-23 


Hence, the two numbers аге 25 and 75. 


Example 10 : The sum of the digits of a two-digit number is 7. The number obtained by 
interchanging the digits exceeds the original number by 27. Find the number. 


Solution : We are given that the required number is a two-digit number. Therefore, to 
find this number, we have to determine its units digit and its tens digit. 

Suppose that the units digit is x. Since it is given that the sum of the digits of the 
number is 7, the tens digit must be (7 —x). Thus, the number in the expanded notation is 


(1-хух 10 +x, ie,70-9x . 0) 
[Recall that 25 22 x 10+5,81=8 x 10+ 1,36=3 x 104-6, etc. in the expanded notation.] 
Letus now interchange the digits of the given number. Then the units digit becomes (7 —x) 
and the tens digit becomes x. This new number, expressed in the expanded notation, is 
хх10-(7-х),іе., 9х+7 (2) 
It is given that the new number exceeds the given number by 27. Therefore, from (1) 
and (2), we get 
(9x + 7) – (70 – 9x) 2 27 


or 18x - 63 = 27 
ог 18 х= 90 (Transposing — 63) 
or x25 (Dividing by 18) 


Thus, units digit 2x-5, 
tens digit 27-x27-522 
Hence, the required number is 25. 


Check : Interchanging the digits, we get 52. Now 
52-25-27 
This checks the solution. 


Example 11 : A motorboat goes downstream in a river and covers the distance between 
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two coastal towns in five hours. It covers this distance upstream in six hours. If the speed 
of the stream is 2 km/h, find the speed of the boat in still water. 


Solution : Since we have to find the speed of the boat in still water, let us suppose that it 
is x km/h. This means that while going downstream, the speed of the boat will be (х+ 2) 
km/h because the current of water is pushing the boat at 2 km/h in addition to its own 
speed x km/h. While going upstream, the boat has to work against the current of water. 
Therefore, its speed upstream will be (x— 2) km/h. 


Itis given that while going downstream, the boat takes five hours to cover the distance 
between two coastal towns, say A and B. Now 


Speed of the boat downstream = (x+ 2) km/h 
Distance covered in 1 hour = (x + 2) km 
Distance covered in 5 hours 25 x (x + 2)km 
Hence, the distance between A and B is 5(x 2) km. (1) 
Speed of the boat upstream = (x —2) km/h 
Distance covered in 1 hour = (x— 2)km 
Distance covered in 6 hours = 6x (x-2)km 
Hence, the distance between A and B is 6(x —2) km also. (2) 
Since the distance between A and B is fixed, therefore, comparing (1) and (2), we get 
5(х 2) = 6(x- 2) 
Solving this linear equation, we get х = 22. Thus, the required speed of the boat 
is 22 km/h. 


EXERCISE 82 


1. Тһе difference between two positive integers is 36. The quotient, when one integer is 
divided by the other is 4. Find the two integers. 


The sum of two positive integers is 98. The integers are in the ratio 3 : 4. Find the integers. 
3. Тһе denominator of a rational number is greater than its numerator by 8. If the 
numerator is increased by 17 and the denominator is decreased by 1, the number 


3 . 
obtained is 2 . Find the rational number. 


4. One number is 3 times another number. If 15 is added to both the numbers, then one 
of the new numbers becomes twice that of the other new number. Find the numbers. 
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10. 


11. 
12. 


13. 


14. 


15. 


16. 


17. 
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The sum of two consecutive multiples of 5 is 55. Find these two multiples. 
The sum of three consecutive multiples of 6 is 666. Find these multiples. 
The sum of three consecutive multiples of 9 is 999. Find these multiples. 


The ages of Ruby and Reshma are in the ratio 5 : 7. Four years later, their ages will be 
in the ratio 3 : 4. Find their ages. 


Five years ago, Luckee was three times as old as Lovely. 10 years later, Luckee would 
be twice as old as Lovely. How old are they now? 
[Hint : First find how old they were five years ago.] 


The perimeter of a rectangle is 240 cm. If its length is decreased by 10 % and its 
breadth is increased by 20 96, we get the same perimeter. Find the length and the 
breadth of the rectangle. 

[Hint : If | and b denote respectively the length and the breadth, then b = 120 — [)] 


Sum of the digits of a two-digit number is 9. The number obtained by interchanging the 
digits exceeds the given number by 27. Find the given number. 


Sum of the digits of a two-digit number is 12. The given number exceeds the number 
obtained by interchanging the digits by 36. Find the given number. 


Each side of a triangle is increased by 10 cm. If the ratio of the perimeters of the new 
triangle and the given triangle is 5 : 4, find the perimeter of the given triangle. 
[Hint : If the sides аге a, b, c then the perimeter is a + b + c = x say.] 


Kanchan receives a certain amount of money on her retirement from her employer. 
She gives half of this money and an additional sum of Rs 10000 to her daughter. She 
also gives one-third of the money received and an additional sum of Rs 3000 to her son. 


If the daughter gets twice as much as the son, find the amount of money Kanchan 
received on her retirement. 


A motorboat covers a certain distance downstream in a river in five hours. It covers 
the same distance upstream in five hours and a half. The speed of water is 1.5 km/h. 
Find the speed of the boat in still water. 


A steamer, going downstream in a river, covers the distance between two towns in 20 
hours. Coming back upstream, it covers this distance in 25 hours. The speed of water 
is 4 km/h. Find the distance between the two towns. 

| Hint ; First find the speed of the steamer in still water.] 


A race-boat covers a distance of 66 km downstream in 110 minutes. It covers this 
distance upstream in 120 minutes. The speed of the boat in still water is 34.5 km/h. 
Find the speed of the stream. 
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Things to Remember 


ax+b 


In order to solve equations of the type Т = k,cx + d = 0 where a, b, c, d 


ext 


and к are numbers, we write them as ax + b = k (cx + d). This is called method 
of cross multiplication. 


То solve a word problem, denote the unknown by some variable and translate the 
statements given in the problem step by step into а mathematical statement. 
Form relevant equalities and solve the corresponding equations. 


— —— — As History Tells Us — — —— 


You are already familiar with contributions made by the Indian mathematicians 
like Aryabhata, Brahmagupta and Bhaskara to the field of Algebra. However, 
the roots of the subject that we call Algebra today may be traced to antiquity, 
which we may term as the first round. Here, we find number puzzles that can be 
solved with an algebraic flavour. Ahmes (1550 B.C.) was a scribe who put down 
the mathematical knowledge of that time on a papyrus. A problem given in this 


x 
papyrus is: Mass, its whole, its seventh, it makes 19. (x + 7? = 19 in our 


terminology). 


In the second round, algebra appears in a geometric form in Greek quarters. 
Now Greeks were proficient in Geometry but somehow, they had no algebra at all. 
They carried out modern algebraic operations with devious geometric processes. 
For example, the Book II of Euclid contains geometric version of several algebraic 
identities, All these are proved by dissecting geometric figures into suitable pieces. 
For example, the identity (a + Бу?= а? + 2ab + b’, proved by early Pythagoreans 


is stated by Euclid is as follows : 

If a straight line is divided into any two parts, the square on the whole 
line is equal to the sum of the squares on the two parts together with twice the 
rectangle contained by the two parts. 


In the third round, algebra appears in fanciful oriental problems relating to 
human affairs (of which some examples were given in Class VII) as also in real 
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life problems. Consider the following problems, the first from a Greek Anthology 
and the second from China. 


Y. Statue А : How heavy is the base on which I stand together with myself? 
Statue B : My base together with myself weighs the same number of talents. 
Statue A : I alone weigh twice as much as your base. 

Statue B : Y alone weigh three times as much as your base. 


(You may easily find the solution by assuming the total weight to be w and the 
weight of the base of the Statue B to be x.) 


II. If a cock is worth 5 sapeks; a hen 3 sapeks; and 3 chickens together, 
1 sapek, how many cocks, hens, and chickens, 100 in all, will together be 
worth 100 sapeks? 


(You may find the solution by trial and error ; remember sapek is a unit of money). 


In your higher classes, you will learn about several other types of Algebra. 


СНАРТЕК 


PARALLEL LINES 


9.1 Introduction 


You have learnt about parallel lines, transversals and some of their properties in earlier 
classes. You may recall the following facts : 


K 
2. 


Lines in a plane which do not intersect аге called parallel lines. 


A line which intersects two or more given lines in distinct points is called a 
transversal to the given lines. 


The perpendicular distance between two parallel lines is the same everywhere and is 
called the distance between the two parallel lines. 

If two parallel lines are intersected by a transversal, then 

(i) Each pair of corresponding angles are equal. 

(i) Each pair of alternate interior angles are equal. 

(iii) Interior angles on the same side of the transversal are supplementary. 

If two lines are intersected by a transversal, then they are parallel if any one of the 
following is true : 

(i) Any pair of corresponding angles are equal. 

Gi) Any pair of alternate interior angles are equal. 

(iii) Any pair of interior angles on the same side of the transversal are supplementary. 


In this Chapter, we shall learn some more properties relating to parallel lines and apply 


this knowledge in (i) dividing a line segment into a given number of equal segments (parts) 
and (ii) dividing a line segment in а given ratio. 
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92 Lines Parallel to the Same Line 


Suppose, we have a fixed line / ina plane. Let us consider two lines m and n in the 
plane, each parallel to / (Fig. 9.1). Thus, ml Гапа 7 II Z. What can you say about these two 
lines m and n? Are these two lines parallel or not? Let us examine. t 


Fig. 92 

Activity 1 : Draw a line Гоп a sheet of paper. Using ruler and set-square, draw two lines 
m and n, each parallel to /. Now draw a transversal t, intersecting /, 7m and n at A, B and 
C respectively, forming corresponding angles 1 and 2 at B and C (Fig. 9.2). 


Measure 21 and Z2 with the help of a protractor and find the difference Z.1— 22. 
Repeat the above activity by drawing two other figures involving the same type of parallel 
lines. For convenience, in each case, label the figure in the same way. Number the figures 
as 1, 2 and 3. Find 21, Z2 and difference Z1 — 22 for each case and record your 
observations in the form of a table as shown below : 


What do you observe? In each case, we observe that the difference Z 1 — / 2 is nearly 
zero. The non-zero difference may be due to inaccurate measurements. Thus, in each 
case, it appears that Z1 = Z2. 


As Z.] and Z2 are corresponding angles, it follows that in each case m ll n. 


Activity 2: As in the case of Activity 1, draw Р Q R 
any line Гоп a sheet of paper and draw two 
lines m and n, each parallel to /, using ruler 
and set-square. Now take three points P, Q A С 
and R on line п and from these points, draw 
perpendiculars PA, QB and RC, respectively 
to line m such that A, B and Clie on m Fig. 93 
(Fig. 9.3). Repeat the above activity by 
drawing two other figures involving the same type of parallel lines and perpendiculars. 
For convenience, in each case, label the figure in the same way and number the figures 
as 1,2 and 3. 

Now measure PA, QB and RC in each case and find the differences PA — QB, 
ОВ — RC and RC — PA. Record your observations in the form of a table as shown below : 


What do you observe? You will observe that, in each case, differences of 
perpendicular distances PA — ОВ, QB - RC and RC - PA are nearly zero. Here, again 
the non-zero difference may be due to inaccurate measurements. 


Thus, in each case, it appears that PA = ОВ = RC. In other words, perpendicular 
distances between the two lines m and n are equal everywhere. Thus, m l| n. 


The above two activities illustrate the following proposition : 
Two lines which are parallel to the same line are parallel to each other. 
In this case, we also say that the three lines are parallel to each other. 
Remark : We may restate the above property as follows : 


Two lines which are parallel to the same line cannot intersect. In other words, 
two intersecting lines cannot both be parallel to the same line. 
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9.3 Lines Perpendicular to the Same Line 

Suppose, we have a fixed line / in a plane. Let us consider two lines т and n perpendicular 
to Lat points P and Q respectively (Fig. 9.4). What can you say about the two lines т and 
п? Are these two lines parallel to each other or not? Let us examine. 


m n m n 
^ ^ ^ ^ 
| | | 
1 2 
TUNES 4 n b An ра АА INFE MY < pus IRU >! 

Жо? Р ТО > | Q 
v v v v 

Fig. 94 | Fig. 9.5 


Activity 3 : Draw any line / on a sheet of paper and take any two points P and Q on it. 
Using ruler and set-square, draw two lines perpendicular to / forming corresponding angles 
1 and 2 at P and О, respectively (Fig. 9.5). We note that Z1 = 90° = Z2. We also note 
that Z1 and Z2 are corresponding angles. As the above corresponding angles are equal, 
we have m ll n. 

This activity illustrates the following proposition : 

Two lines which are perpendicular to the same line are parallel to each other. 

We can also verify the above property by taking three points A, B and C on m, 
drawing perpendiculars AM, BN and CR respectively to n and then measuring AM, 
BN and CR as done in Activity 2 above. We will find that AM = BN = CR and, 
therefore, m ll n. 


Let us take some examples to illustrate these properties. f 
Example 1: In Fig 9.6, 11 m and m II n. If oe / 4 51 
Z1 z 70°, find Z2. ши цог / Ч T 
Solution: 11 mand m Il n (Given) Ж т 7 Эр yn 
Therefore, (Їл (Lines parallel to the same line) / 

Hence, 242= 41 = 70° / 


(Corresponding angles) Fig. 9.6 
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Example 2 : In Fig 9:7, m L ln L1 and 
transversal t forms Z 1 and < 2 with n and m 
respectively. If Z 1 = 80°, find Z 2. 
Solution : m L / and n LI (Given) 
Therefore, mln (Lines perpendicular to the 


same line) | 
Hence, Z2 = Z 1 = 80° (Alternate interior 
angles) 


Fig. 9.7 


EXERCISE 9.1 


1. In Fig. 9.8, AB II DC and EF ll AB. 
(i) Is EF Il DC also? Why? 
(ii) How many pairs of parallel line segments are there in the figure? Name 
each of them. 


р BN ЖИЙИ 2 
/ 
E/ — ots 14-27 51 ) 
/ puram 
/ 
/ сэн G 
/ “эм RON ЖЕ 
А yis: B B 
Fig. 9.8 Fig. 9.9 


2. InFig.9.9, line segments DE, EG and HI are each parallel to side AB of A ABC. How 
many pairs of parallel line segments are there in the figure? Name each of them. 

3. In Fig. 9.10, L ll m and / | n. ! USA 
(i) Is m ll n? Why? | 
(ii) Find the value of x. 
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4. InFig. 9.11, p Il q and q ll r. u 
If 21 = 120°, find Z2. 
5.  Eachangle of a quadrilateral ABCD is a right ———›р 
angle (Fig. 9.12), 2 
(i) Is AD ll BC ? Why? 
Gi) Is AB II DC ? Why? à \ >q 
D 1 
= —»r 
Fig. 9.11 
А 


Fig. 9.12 


6.  InFig.9.13, r Lpand r Lq. 
(i) Is p ll q 2 Why? 
(i) If 21 =65°, find Z2. 
7.  InFig.9.14, ll m, р mand p Ln. 
G) Is ml n ? Why? 
(1) Is Zll n ? Why? 


(iii) Isp L 12 Why? ^ Fig. 9.13 
1 
+ >т 
Se Ec 


Fig. 9.14 


8. In Fig. 9.15, AB, EF and DC are A 


each perpendicular to BC. How . к 
E : D 
many pairs of parallel line segments 
are there in the figure? Name each 
of them. 
B F e 
Fig. 9.15 


9. Write true (T) or false (F) for the following statements : 
(i) | Two lines parallel to the same line are parallel to each other. * 
(ii) Two lines parallel to the same line are perpendicular to each other. 
(ii) Two lines perpendicular to the same line are parallel to each other. 
(iv) Two lines perpendicular to the same line are perpendicular to each other. 
(v) Two lines parallel to the same line intersect each other. 
(vi) Two lines perpendicular to the same line intersect each other. 


9.4 Intercepts 


You are familiar with Fig. 9.16 from your t 
earlier classes. There are two lines / and m 
and a third line г intersects them іп two distinct — , 
points A and B respectively. What is this third 
line called? It is called a transversal. 

The above figure can also be described in 
aslightly different way. We say that two lines / B 
and т intersect a third line t in distinct points 
A and B. Thus, the two lines / and m cut off 
line segment AB on the line /. We give this line 
segment a special name — intercept. Thus : 

If a transversal t intersects two lines / and m in distinct points A and B, then the 
lines Гапа m are said to make an intercept AB on f. 

Observe that intercept AB is a line segment. However, the term “intercept is also 
used for the length of the intercept AB. 


Fig. 9.16 
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In the above description, we have not said 
anything about / and т being parallel or otherwise. 
However, if / and m are parallel and f is 
perpendicular to these, then the intercept AB is 
nothing but the distance between the parallel lines / 
and т. (Fig. 9.17). Recall the well known property, 
that the distance between two parallel lines is the 
same everywhere. In terms of intercepts, we may 
state this property as : 

Two parallel lines make equal intercepts on all 
transversals perpendicular to them. 

Now if l, m and n are three parallel lines 
(Fig. 9.18) anda transversal p intersects the same 
in three points A, B and C, respectively, then we 
say that the pairs of lines /, m and m, n make 
intercepts AB and BC, respectively on p. 

Similarly, if a tansversal q intersects l, mand 
ninthree points, E, FandG, respectively, then we 
say that the pairs of lines /, m and m, n make 
intercepts EF and FG, respectively on q. Now a 
natural question arises : Does there exist some 
relation among the above four intercepts AB, BC, 
EF and FG ? We shall try to obtain the answer to this 
question in the nexttwo sections through activities : 


9.5 Equal Intercepts Property 


Activity 4 : Draw any line p. On it, take three 
points A, B and C (in this order), such that 
AB - BC (Fig. 9.19). Through A, B and C 
respectively, draw three lines /, т and n parallel to 
each other. Thus, we have a transversal p 
intersecting three parallel lines /, m and n such that 
AB - BC. Now draw another transversal q 
intersecting lines, /, m and n at E, F and G 
respectively. 


t 
^ ^ 
SE C >I 
CIC os ПЧ eS UAA wa a 
< B D ^n 


—»1 


——»m 
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Measure EF and FG and find EF — FG. Repeat the above activity two more times. 
For convenience, use the same letters to label the figure in each case and number the 
figures as 1, 2 and 3. Record your observations in the form of a table as shown below : 


What do you observe? You will observe that in each case, EF — FG is nearly zero. 
Thus, in all cases, it appears that EF = FG. 

Note that we have taken three parallel lines /, m and n such that they make equal 
intercepts AB and BC on transversal p. Then we obtained that the same three parallel 
lines make equal intercepts EF and FG on any other transversal q. This activity illustrates 
the following proposition : 

If three parallel lines make equal intercepts Pp 4 
ой one transversal; then they make equal ! 
intercepts on any other transversal as well. 


TThe above property holds good even кт) | {| 
if the number of parallel lines is more than 
three and accordingly, the number of pe А тА 
intercepts more than two. For example, Б Р 
in Fig. 9.20, four parallel lines /,, l» /, 
and /, make three intercepts AB,BCand 1, < c » 
Tien j 


CD on p and three intercepts, EF, FG 
and GH on q such that AB = BC = CD. 


Since AB = BC, therefore, EF = FG. 
Also, since BC = CD, therefore, FG = GH. 
Hence, if AB = BC = CD, then EF = FG 
= GH. 

Thus, in general, we may say : 

If three or more parallel lines make equal intercepts on one transversal, then they make 


Fig. 9.20 


equal intercepts on any other transversal as well. 
This property is referred to as the Equal Intercepts Property. 
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9.6 Proportional Intercepts Property 

Activity 5 :Draw any line p and take 
three points A,B and C on it such that 
AB = x cm and BC = y cm, where x and y 
are certain numbers, say x» 5 and у = 2 
(Fig.9.21). Through А, B and C 
respectively, draw lines /, m and n parallel $ | 


to each other. Thus, we have a transversal 
p intersecting three parallel lines /, m and n 


АВ 51,5, 
such that АЁ „* [* this case | 


Now draw another transversal 4 д — . 
intersecting lines /, m and n at E, F and G 
respectively. Measure EF and FG and then 
find the value of y. EF — x.FG (in this case 
2EF - 5Р0). Fig. 921 

Repeat the above activity by taking two other values of x and y each. For 
convenience, use the same letters to label the figure in each case and number the 
figures as 1, 2 and 3. Record your observations in the form of a table as given below : 


«— 


What do you observe? You will observe that, in each case, y EF — x.FG is nearly 
zero. Thus, in all cases, it appears that y. EF. FG 20. In other words, 25 = =, which 


AB 
is the same as BC 


Note that we have taken three parallel lines /, m and n that make intercepts AB and 
BC ona transversal p in the ratio > (іп the present сазе 3) Then we found that the same 
three parallel lines make intercepts EF and FG on any other transversal q in the same ratio 
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If three parallel lines make intercepts on one transversal in a certain ratio, then they 
make intercepts in the same ratio on any other transversal. 


In other words, three parallel lines intersecting any two transversals make intercepts 
on them in the same ratio. 


As a matter of fact, this property, known as Proportional Intercepts Property holds 
good for more than three parallel lines also. Thus, we may say : 
Proportional Intercepts Property : 

Three oc more parallel lines intersecting any two transversals make imercepts on them 
in the same proportion. 4 

We now take some examples to illustrate these properties. 


Example 3: A and B are points not lying on a line / 
(Fig. 9.22). C is the mid-point of AB, AD 1.1, BF 1.1 
and CE 11. 

(0 IsADI CE? Why? 

6) Is ADIIBF? Why? 

(8) IsADI CEUBE? Why? 


(v) IsEthemid-pointofDF? Why? — D E F 


Solution: (i) АР L /and СЕ 1 1 (Given) 
Therefore, AD II CE. (Lines perpendicular to the same line ) 
(ii) AD 1 land BFL / (Given) 
Therefore, АР! BF (Lines perpendicular to the same line) 
(iii) As AD II CE and ADII BF, therefore AD II CE lI BF (Lines parallel to the same line) 
(iv) For three parallel lines AD, CE and BF, AB is a transversal such that 
AC = CB ( Cis the mid-point) 
Therefore, DE = EF (Equal Intercepts Property) 
ie, Eisthemid-point of DF. 


Example 4 : In Fig. 9.23, PAQ is a line parallel to 
side BC of A ABC. D is the mid-point of side AB 
and DE II BC. Is E the mid-point of side AC? 


Solution : PAQ II BC and DE II BC (Given) 
Therefore, PAQ, DE and BC are three lines parallel 5 = Ч 
to each other (Lines parallel to the same line) Fir. 
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AD = DB (D is mid-point of AB) 
Therefore, AE = EC (Equal Intercepts Property) 
ie. Eis the mid-point of side AC. 


Example 5 : In Fig. 9.24, AB II CD ПЕЕ 


and BP I| DQ Il FR. If AC 24 cm, CE- 6 R м 
cm and PQ = 2.4 cm, find QR. До УД ЧӨКҮ, 
8 2 25 2-0 сын, 
Solution: ——- — == (Given) Эс Жу / 
quan ee 5% олус 
егеюге, DE ©з 7 OR ! / ун "RS А 
(Proportional Intercepts Property) pas vd 7 BBC 
ЙАЛТ I OT re MM 
24cm 2 2 " Uo PIN 
Thus, OR F3 
Fig. 9.24 
3 Ч 4 
ог ОВ = 2 сш = 3.6 cm 
| 1222-22-11 
; ГАХ 
Example 6 : In Fig. 9.25, РАО Il DE Il BC. If / A зет 
= 3cm,DB = 6cmand EC = 8cm, ELI D 
find AE. / \ 
Solution : (1) = 2 > (Proportional Intercepts Property) tens \ 6cm 
i e AE = 3 cm A 
8 : 
or AE= `2 cm = 4cm Fig. 9.25 
EXERCISE 9.2 ome C 
1. InFig.9.26, AB I| DC, EF l| AB and is / 
the mid-point of AD. JOUETS 
(i) Is AB ЇЇ EF lI DC? Why? ji 1 
(i) Is F the mid-point of CB? Why? / 
2— FEN 
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ABC is an isosceles triangle with AB — AC (Fig. 9.27). Further, Il DE II BC and D is 


the mid-point of AB. % А сыр 
(i) Is E the mid-point of AC? Why? 
(ii) Is AADE also isosceles? Give reasons. S 
In Fig. 9.28, ГЇ DE І BC, m 1 EF ll AB and 
D is the mid-point of AB. р 
(i) Is E the mid-point of AC? Why? 
(ii) Is F the mid-point of BC? Why? / 
Pee А шаа B C 
Fig. 9.27 


Fig. 9.28 


In Fig. 9.29, AP II BQ II CR, PX Il QY 1 RZ and 
AB - BC. Is 


() PQ = ОБ ? Why? 
(i) ХҮ = YZ? Why? Fig. 9.29 
In Fig. 9.30, AD is a median of the AABC, E is A 
the mid-point of AD and / II DG ЇЇ BF Il т. 

(i) Is FG = GC ? Why? 

Gi) Is AF = FG ? Why? ) F 
(іі) If AC = 4.5 ст, find AF. 
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D is the mid-point of side BC of 
AABC and ray AX is drawn as 
shown in Fig. 9.31. BM, CN and DL. 


are perpendiculars to AX meeting 
AX at M, N and L, respectively. 


G) Is AX a transversal to lines BM, 
LD and NC? Why? 5 


(8) Is CB a transversal to lines BM, 
LD and NC? Why? 

(ш) Are the lines BM, LD and NC 
parallel to each other? Why? 

(iv) Is ML = LN? Why? Fig. 9.31 


In Fig. 9.32, 1! ED II CB. If AB = 12 ст, AC = 16 cm and EC = 4 cm, find AD. 


! 
Г Е 
с p т 
Fig. 9.32 Fig. 9.33 


In Fig. 9.33, AD lI EF II BC. If EB = 2AE and DF = 1.5 cm, find the length of FC. 


DA, CB and OM are each perpendicular С 
to line segment AB, where О is the point 3 

of intersection of АС and DB (Fig. 9.34). 

If OA = 2.4 cm, OC = 3.6 cm, find : 


Fig. 9.34 


10. A plot of land ABCD is subdivided into three plots с 
АОРО, РОК and RSBC as shown in Fig. 9.35. If 
CD = 30 m and DA ПРО URS !! СВ, find the 
lengths DP, PR and RC. 


11. /, т and n are three parallel lines intersected by а 
transversal p in points A, B and C respectively such 
that АВ # BC. q is another transversal which 
intersects /, m and n at D, E and F respectively. Is 
DE = БЕ? Why ? 
12. р, q and r are three parallel lines intersected by а 
transversal / in points A, B and C respectively such AmQ om s lm B 


that AE = 2. т is another transversal which Fig. 9.35 
2 

intersects р, q and rat О and R respectively. Is С” 5 ? Why? 

9.7 Dividing a Line Segment into Equal Parts 


In earlier classes, we have learnt how to divide a line segment into two equal parts 
using ruler and compasses. You may recall that using this technique, we were able to 
divide a line segment into, say, 4, 8, 16, etc. equal parts. Now we shall learn how to 
divide a line segment into any number of equal parts using ruler and compasses. We 
shall illustrate the process through an example. For this, you may recall the basic 
constructions learnt in Class VI. 
Example 7 : Divide a given line segment AB of length 8 cm into five equal parts. 
Solution : We go through the following steps for this construction : 
l. Draw AB=8em. 
2. Draw a ray AC such that АС is not in the same line as AB (Fig. 9.36). 
3. Оп гау AC, starting from point A, mark five equal line segments АС, С,С,,С.С,, 
C.C, and C,C, of any measurement with the help of compasses. 
4. юшС,В. 
5. Through the points C,, C, C, and C,, draw lines parallel to C,B intersecting AB at 
the points B,, B,, B, and B, respectively. 
Line segments AB, .B,B,,B,B,,B,B, and B, B are the required five equal parts of AB. 
Remark : You can easily see that AB, = B, B, = B,B, = B,B, = B,B by Equal Intercepts 
Property. 
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Alternate Method : 
1, Draw AB=8 cm. 
-Q. Draw a ray AC such that AC 
is not in the same line as AB. 


3. Draw a ray BD parallel to CA 
as shown in Fig. 9.37. 
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4. On AC, starting from A, mark five equal line segments AC,, С,С,,С.С,,С.С, and 
C,C, of any measurement. 

5. On BD, starting from B, mark five equal line segments ВО,, D,D, D,D, D,D, and 
D,D, of the same length as in Step 4. 

6. JoinC,D,,C,D,,C,D, and CD, to intersect AB at B,, В„ B, and B, respectively. 
Then, AB,, B,B,, B,B,, B,B, and B,B are the required five equal parts of AB. 


17977729235 
Remark : By joining AD, and С.В, you can easily see that АВ,-В,В,-В,В,- 
B,B, = BB. 


9.8 Dividing a Line Segment Internally in a Given Ratio 


Again we shall explain this construction through an example. 


Example 8: Divide a line segment AB of length 5 cm say, in the ratio 3 : 4 internally. 


Solution : We go through the followings steps СУ 
for this construction : с” 


1. Draw aline segment AB of length of 5 ст. 


2. Draw атау AC such that AC is not in the 
same line as AB (Fig. 9.38). 

3. Onray AC, mark seven (3 4) equal line 
segments АС, C,C,, C,C,, С,С,, CC; 


T be іздеу 
С.С, and С.С., using compasses. 
Join С.В. 


5. Starting from A and counting three line 
segments just drawn, we reach (5; Through А Р B 
this point C,, draw a line parallel to C; B Fig. 9.38 
intersecting AB ata point P. | j 
P divides internally the line segment АВ into two parts AP and PB, which are in 
the ratio of 3 : 4. We can check it by actually measuring the line segments AP and BP. 
аР. 


Remark : The fact that B. сс, E follows easily from the Proportional 


T 


Intercept Property. 
Alternate Method : 
l. Drawaline segment AB of length 5 cm. 
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Draw aray AC such that AC is not in the same line as AB. сл 
Draw агау BD parallel to СА as shown in Fig. 9.39. 

4. On AC, starting from A, mark seven (3 + 4) equal line 
segments АС, С,С,, C,C,, CC, CC, СУС, and С.С.. 


175105 2:99 17: 533549: 774757 
5. On BD, starting from B, mark seven (3 + 4) 
equal line segments ВО, D,D,, D,D,,D,D,, 


рр, D.D, and D,D, of the same length 
as in Step 4. 


6. Counting three line segments along AC, we 
get the point C,. Counting four line segments 
along BD, we get D, Join these points С, 
and D, intersecting AB at P. Then P is the 
required point which divides AB internally 
in the ratio 3 : 4. 


oot 


Remark : By joining AD, and С.В, you can 
АР | АС, H D,D} 
PB. СС О DB 


easily see that == 


ATE 
4 


Fig. 9.39 


EXERCISE 9.3 


1. Drawaline segment AB of length 7.5 cm and divide it into three equal parts. Measure 
the length of each part. 


2. Draw a line segment AB of length 8.5 cm and divide it into five equal parts. Measure 
the length of each part. 


3. Draw a line segment РО of length 6.6 cm. Divide it into six equal parts. 


4. Draw a line segment PQ of length 12 cm. Divide it internally in the ratio 3 : 5. Verify 
your construction by measurement. 


Draw a line segment MN of length 10 cm. Divide it internally in the ratio 2 : 3. 
Measure the smaller part. 
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Draw a line segment AB of length 5.6 cm. Locate a point P on AB such that A = 


Measure АР and PB and verify your construction. 


Draw a line segment MN of length 6 cm. Locate a point P on MN such that x - 


Verify your construction. 


AP 
PB and verify that PB = 


э ә = 


= 


ВЭ! 


Things to Remember 


Two lines which are parallel to the same line are parallel to each other. 
Two intersecting lines cannot both be parallel to the same line. 

Two lines which are perpendicular to the same line are parallel to each 
other. 

If a transversal t intersects two lines / and m in distinct points A and B, then 
the lines Г and m are said to make an intercept AB on t. 

Two parallel lines make equal intercepts on all transversals perpendicular to 
them. 

Equal Intercepts Property : If three or more parallel lines make equal 
intercepts on one transversal, then they make equal intercepts on any other 
transversal as well. 

Proportional Intercepts Property : Three or more parallel lines intersecting 
any two transversals make intercepts on them in the same proportion. 

We can divide a given line segment into a number of equal parts, using 
Equal Intercepts Property. 

We can divide a given line segment in a given ratio internally, using 
Proportional Intercepts Property. 
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Draw a line segment AB. Find a point P on AB such that АР: PB = 2 : 3. Measure AP, 


ШТИ ает дш ло лш E 
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SPECIAL TYPES OF QUADRILATERALS 


10.1 Introduction, 


In Class VII, you have learnt about a quadrilateral, its sides, angles, diagonals and an 
important property regarding the sum of the four angles of a quadrilateral. In this Chapter, 
we shall learn about some special types of quadrilaterals such as trapeziums (trapezia), 
parallelograms; rectangles ,rhombuses (rhombii) and squares. We shall also learn some of 
the properties of these quadrilaterals through activities. 


10.2 Trapezium and Parallelogram 


Look at the quadrilateral ABCD given in D Eu LC 
Fig: 10.1. In this quadrilateral, the opposite sides A 

AB and DC are parallel. It is called a trapezium. " 

Thus: 


A quadrilateral in which at least one pair of А " 
opposite sides are parallel is called a trapezium. 
Now look at the quadrilateral EFGH given 
in Fig. 10.2. It is a trapezium because EF ll HG. 
It is also a trapezium because EH Il FG. Thus, it is ГАЛ] 
a special trapezium in which opposite sides аге 
parallel. Such a trapezium is called a parallelogram. | 
Thus : A parallelogram is a quadrilateral in which | 
both the pairs of opposite sides are parallel. i MeN 4 


Fig. 102 
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Remark : You can easily see that every parallelogram is a trapezium but the converse is 
not true. In other words, not every trapezium is a parallelogram. For example, trapezium 
in Fig. 10.1 is nota parallelogram. 


10.3 Rhombus, Rectangle and Square 
Look at the parallelograms given in Fig. 10.3.In Fig 10.3 (i), ABCD isa parallelogram 


i x 
Г / 42 


© Gi) Gii) 
Fig. 10.3 
with a pair of adjacent sides AB and AD equal. Such a parallelogram is called 
arhombus. Thus : 


A parallelogram in which a pair of adjacent sides are equal is called a rhombus. 

In other words, a rhombus is a quadrilateral in which opposite sides are parallel, 
and a pair of adjacent sides equal. Note that parallelogram of Fig. 10.2 is not a rhombus. 
From properties of parallelogram we will see that all four sides of rhombus are equal. 

In Fig. 10.3 (ii), EFGH isa parallelogram with ZE=90°. Such a parallelogram is 
called a rectangle. Thus : 

A parallelogram with one angle а right angle is called a rectangle. 

In other words, rectangle is a quadrilateral in which opposite sides in both the pairs are 
parallel and one angle a right angle. From properties of a parallelogram we will see that all 
four angles are right angles. Note that parallelogram of Fig. 10.2 is not a rectangle. 

In Fig. 10.3 (iii), PORS isa parallelogram with a pair of adjacent sides РО and PS 
equal and Z P = 90°. Such a parallelogram is called a square. Thus: 

A parallelogram with a pair of adjacent sides equal and one angle a right 
angle is called a square. 

In other words, a square is à quadrilateral in which opposite sides in both the pairs are 
parallel, one angle is a right angle and two adjacent sides are equal. All four sides of a 
square are equal. Note that rhombus of Fig. 10.3 (i) is not a square and rectangle of 
Fig. 10.3 (ii) is also not a square. 
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From the above, we can easily see that : 

() Every rhombus is a parallelogram but the converse is not true. A 

(i) Every rectangle is a parallelogram but the converse is not true. 

(ii) Every square is a parallelogram but the converse is not true. 

(iv) Every square is a rhombus but the converse is not true. D ж 
(v) Every square is a rectangle but the converse is not true. j 
Remark :Look at Fig. 10.4. Here, ABCD is a quadrilateral 


with AD = AB and СО = СВ. Clearly, this figure is different 
from all of the special types of quadrilaterals described above. 


This figure is called a kite. 
С 
Fig. 10.4 
ЕХЕКСІЅЕ 10.1 

1. І Fig. 10.5, DE Il ВС. What type of quadrilateral A 

is BCED?. 
2. How does a trapezium differ from a parallelogram? 

ABCD is a parallelogram. What special name will 

you give it if the following additional facts are D 

known? 

0) AB = AD. 
B С 
(ii) Z DAB = 90°. 
(ш) AB = AD and Z DAB = 90°. Fig. 10.5 


4. ABCD is a trapezium in which AB |! DC. If Z A = Z В = 40°, what are the measures 
of the other two angles? 
5. The angles P, О, R and S of a quadrilateral PQRS are in the ratio of 1 : 3:7: 9. 
(i) Find the measure of each angle. 
(1) Is PQRS a trapezium? Why? 
(iii) Is PQRS a parallelogram? Why? 
6. Foreach of the following statements, state whether the statement is true (Т) or false (F) : 
(i) Every rectangle is a parallelogram. (ii) Every square is a rectangle. 
(iii) Every parallelogram is arhombus. (іу) Every square is a rhombus. 
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(v) Every rectangle is a square. (vi) Every parallelogram is a rectangle. 
(vii) Every square is a parallelogram. (viii) Every rhombus is a parallelogram. 
(ix) Every rhombus is a square. (x) Every parallelogram is a square. 


(xi) Every parallelogram is a trapezium. (xii) Every trapezium is a parallelogram. 


(xiii) Every square is a trapezium. (xiv) Every trapezium is a square. 


10.4 Properties of a Parallelogram 


We know that a parallelogram is a quadrilateral in which 
opposite sides are parallel. 


In Fig. 10.6, ABCD is a parallelogram because | 
AB II DC and AD Il BC. What more сап we say about the | | 
sides and angles of the parallelogram? Perhaps the opposite | | 
sides AB and DC are ofequallength,andsoalsoarethe | | 
opposite sides АР and BC. Also it appears that the opposite Ч, 14:41:54): i at рү B 
angles A and C are of equal measure and so also are the 
opposite angles B and D. Let us examine. 


Activity 1: Draw a pair of parallel lines. Draw another pair of parallel lines intersecting 
the firs: pair of parallel lines. Label the parallelogram so formed as ABCD. 


Draw two more parallelograms like this. Label each of these also as ABCD. Number 
these three parallelograms as 1,2 and 3. 


In each of these parallelograms, measure AB, BC,CD and DA. Write your observations 


inthe form of a table as shown below : 
First pair of opposite sides МСН EXT LT о, 


pposite pe 
an] nc Ав 0с 


What do you observe? You will observe that, in each case, the differences AB - DC 
and AD — BC are nearly zero. In other words, in appears that 


AB = DC and AD = ВС. 


Paralle- 
ogram 
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This activity illustrates the following proposition : 
Opposite sides of a parallelogram are equal. 
Activity 2 : Draw and number three parallelograms ABCD as in Activity 1 (Fig. 10.7). 
D С 


А 
Fig. 10.7 


In each of these parallelograms, measure ZA, ZC, ZB and ZD. Write your 
observations in the form of a table as shown below : 


What do you observe? You will observe that, in each case, the differences 
ZA~ZCand ZB- ZD are nearly zero. In other words, it appears that Z A = ZC and 
4B=4D; 

This activity illustrates the following proposition : о 5 


Opposite angles of a parallelogram are equal. 
Look at Fig. 10.8 in which the two diagonals 
AC and BD of parallelogram ABCD intersect 
each other at the point O. It appears that O is the 
mid -point of AC as well as of BD. Let us examine. 


Fig. 10.8 


Activity 3 : Draw a parallelogram ABCD as in Activity 1. Join AC and BD and let O be 
the point of intersection. Draw two more parallelograms. Label each of these parallelograms 
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as ABCD. In each parallelogram, join AC and BD and mark the point of intersection as 
О. Number the three parallelograms as 1,2 and 3. 

In each figure, measure OA, OC, OB and OD. Find the differences OA — OC and 
OB — OD. Write your observations in the form of a table as shown below : 


What do you observe? You will observe that, ineach case, OA — OC and OB - OD 
are nearly zero. Thus, in each case, it appears that 
OA = OC and OB = OD. 
This illustrates the following proposition : 


Diagonals of a parallelogram bisect each other. 
We now summarise the above observations : 


Ina parallelogram, | 

(i) opposite sides are equal, | 

(ii) opposite angles are equal, and Дин, 

(іі) diagonals bisect each other. «00р 

We now describe опе more activity to illustrate the above three properties ofa 

parallelogram. 
Activity 4 ; Take a cardboard sheet and draw a 
parallelogram ABCD on it. Join AC and BD to 
intersect at the point O. With the help ofa tracing 
paper, cut outa parallelogram congruent to the 
first parallelogram on another cardboard sheet. 
Label itas ABCD again. Letits diagonals AC and 
BD intersect at the point O. Now place the second HONTE P Be) 
parallelogram overthe firstby fixing a pin ornail 
at the point О so that both the parallelograms 
cover each other completely under the 
correspondence ABCD «» ABCD (Fig. 10.9). 


151111...) 
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Now let us rotate the upper parallelogram 
about the point O so that its vertex A comes to 
the position of vertex C of the other 
parallelogram (Fig. 10.10). What happens to 
the positions of vertices B, C and D of the 


rotating parallelogram? You will observe that me 
B comes to the position of vertex D of the other Be) j (D) 
parallelogram. Similarly, C comes to the Fig. 10:10 


position of vertex A and D comes to the position of vertex B of the other parallelogram. 


You can further note that in this position the two parallelograms cover each other completely. 
Thus, 


We may say that 
0) AB=CDand AD=BC, 
0) ZA = ZC and ZB = ZD, and 
ш) OA = OC and OB = OD. 
In other words, we have verified again that the 
() opposite sides of a parallelogram are equal, 
(1) opposite angles of a parallelogram are equal, and 
(ш) diagonals of a parallelogram bisect each other. 


Let us now take some examples to illustrate these results. 


а п : 3 
Example 1: OneSide of a parallelogram is 4.8 cm and the other side is — times this 


first side. Find the perimeter of the parallelogram. 


А р С 
Solution : Suppose ABCD is a parallelogram AN TED 
(Fig. 10.11). Side AD —4.8 cm. Since opposite sides / 
of a parallelogram are equal, therefore BC — 4.8 cm. / 
As given, side AB of the parallelogram / 
А B 
= i x4.8 cm = 7.2 cm Fig. 10.11 


"Therefore, the opposite side DC = 7.2 cm 
Hence, perimeter of the parallelogram = 4.8 cm + 7.2 cm + 4.8 cm + 7.2 cm 
= 24cm 
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Example 2 Two adjacent angles of a parallelogram are in the ratio of 1: 2. Find all the 


angles of the parallelogram. * b 


Solution :Suppose ABCD is the parallelogram, two 
of whose adjacent angles, B and C say, are in the ratio 
of 1:2 (Fig. 10.12). 


СВ + АС = 180° (Interior angles on the same 
side of the transversal) В Fig. 10.12 
Butitis given that 


ЖВ EU 
Let ZB =x. Therefore, ZC = 2x. 
Hence, x + 2x = 180° 


1 
Therefore, ZB=x= 3 х 180° = 60° 


2 
апа LC 255 S X190; = 120 
Hence, ZD = ZB = 60° and ZA = ZC = 120° (Opposite angles-of a parallelogram 
are equal) io elis: 


2 SAG) 


EXERCISE 10.2 
1. Lengths of two adjacent sides of a parallelogram are 4 cm and 3 cm. Find its perimeter. 
2. One angle of a parallelogram is of measure 70°. Find the measures of the remaining 
angles of the parallelogram. 
3. Two adjacent angles of a parallelogram are equal. Find the measure of each angle of 
the parallelogram. i 
4. The ratio of two sides of a parallelogram is 3 : 5 and its perimeter is 48 cm. Find the 


sides of the parallelogram. 
[Hint : Let two sides be 3x and 5x.] 


5. Two adjacent angles of a parallelogram are in the ratio of 2 : 3. Find all the angles of 
the parallelogram. 


6. Тһе perimeter of a parallelogram is 150 cm. One of its sides is greater than the other 
by 25 cm. Find the lengths of all the sides of the parallelogram. 
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PR is a diagonal of the parallelogram PQRS (Fig. 10.13). --Ж 
à) Is PS = RQ? Why? 2 d | 
(ii) Is SR = PQ? Why? du 

(іі) Is PR = RP? Why? 

(iv) Is A PSR A RQP? Why? 


The point of intersection of the diagonals of 
a quadrilateral divides one diagonal in the ratio 
2 : 3. Сап it be a parallelogram? Why? 


Diagonals of a parallelogram ABCD intersect at the 
point O (Fig. 10.14). XY is a line segment passing 
through O such that X lies on AD and Y lies on BC. 
Give reasons for each of the following statements: 


0) OB = ор. 

(i) Z OBY = Z ODX. 
ii) Z BOY = Z Рох. 
(iv) A BOY = А Рох. 729 


. Now state whether ог not XY is bisected at О. 


In Fig. 10.15, ABCD is a parallelogram, CE bisects Z C and AF bisects Z A. 
Give reasons for each of the following statements : 


(i) ZBAD=ZBCD. 


1 
di) 2ЕАВ-т Z BAD. 


2 

1 o 
(i) ZDCE= 5 ZBCD. pu 
(v) ZFAB = Z DCE. / 
(у) ZDCE-ZCEB. / 
(vi) Z СЕВ = Z FAB. a E B 
(vii) CE Il FA. Fig. 10.15 


(viii) AE Il FC. 
(ix) AECF is a parallelogram. 
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10.5 Properties of a Rhombus D шиС 


Recall that rhombus is a parallelogram having a pair of 
adjacent sides equal. In Fig. 10.16, ABCD is a rhombus, 
i.e., a parallelogram with AB = AD. 
Now from the properties of a parallelogram, we have : 
(i) AB « DC and AD - BC А В 
di) ZA=ZCandZB=ZD Fig. 10.16 
Since AB = AD, we can easily conclude from (i) above that AB = BC=CD=AD. In 
other words, all the sides of a rhombus are equal. 
Now let O be the point of intersection of the diagonals AC and BD of arhombus 
ABCD (Fig. 10.17). From the properties of a parallelogram, we know that 
OA = OC and OB = OD. 
What can we say about the angles made by the diagonals AC and BD at their point 
of intersection О? To answer this question, let us perform the following activity : 


B А BOY 
Fig. 10.17 Fig. 10.18 


Activity 5: Draw ZXAY. From its arms AX and AY, cut AD and AB respectively such 
that AD = AB. 

Through D, draw a line parallel to AB and through B, draw a line parallel to AD to 
intersect each other at C (Fig. 10.18). Clearly, we obtain a parallelogram ABCD with 
AB = AD, i.e., a rhombus ABCD. Join AC and BD to intersect each other at O. 

Draw two more rhombuses with different values of Z DAB and AB. Label the rhombuses 
so formed as ABCD. As before, label the point of intersection of the diagonals AC and 
BD as О. Number these rhombuses as 1, 2 and 3, 
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In each case, measure / ВОС and Z.COD and find the differences 90° – Z BOC 
and 90? — Z COD. Write your observations in the form of a table as given below : 


a 


What do you observe? You will observe that the differences 90? — Z BOC and 
90? — / COD, in each case, are nearly zero. Thus, it appears that 


ZBOG = ZCOD = 902 
Hence, Z DOA = Z BOA = 90° (By the property of vertically opposite angles) 
This activity illustrates the following proposition : 


Diagonals of arhombus bisect each other at right angles A 
Remark :Recall that quadrilateral ABCD in ЖА 
which AB = AD and ВС = DC is called a kite y т n К. 
(Fig. 10.19). Here you can observe that D € Eus P 


AC L BD, OB = OD but OA = OC. A / 


10.6 Properties of a Rectangle У, 
\ / 
Recall that a rectangle is а parallelogram опе of 1 / 
whose angles is a right angle. In Fig. 10.20, ABCD V 
is a rectangle, i.e., a parallelogram with ZA = 90°. С 
Fig. 10.19 


Since ABCD is a parallelogram, therefore 
AB = DC, AD = BC, 
ZA=ZCand 4В = 4р. Loo a c 
Now AB II DC and AD is a transversal to these | 
lines. 
Therefore, ZA + Z D = 180° (Interior angles on 
the same side of 
the transversal) 3: — Г В 
But ZA = 90° Fig. 10.20 
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Therefore, Z D = 90° D E 


Hence, ZB = 90? and ZC = 90° (ZB = LD 

and ZA = Z C). 

Hence, each angle of a rectangle is a right 

m. 2. 
Now, let us consider diagonals AC and BD 

(Fig. 10.21). They appear to be of the same length. A Fig. 10.21 3 

Let us examine. : 


Activity 6 :Draw aright angle Z XAY and from the arms AX and AY, cut AD = 3 cm say 
and AB = 5 cm say respectively. 

Through D and B respectively, draw 
lines parallel to AB and AD to intersect at 
C (Fig. 10.22). We obtain a rectangle 
ABCD. Join AC and BD. 

Draw two more rectangles with different 
lengths AB and AD. Label the rectangles 
so formed as ABCD and draw their 
diagonals AC and BD. Number these A 5 ст Bax | 
rectangles as 1,2 and 3. Fig. 10.22 77! 

Іп each case, measure AC and BD and find the difference AC — BD. Write your 
observations in the form of a table as given below: | 


What do you observe? You will observe that the difference AC — BD, in each case, 
is nearly zero. 
Thus, it appears that AC = BD. 
This activity illustrates the following proposition: 
Diagonals of a rectangle are equal. 
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10.7 Properties of a Square 


Recall that a parallelogram with a pair of adjacent sides р К 
equal and one angle a right angle is called a square. 

In Fig. 10.23, ABCD is a square, i.e., itis a parallelogram 

with AB = AD and ZA = 90°. ; 

Now ABCDisa parallelogram with AB = AD. , 
Therefore, ABCD is a rhombus. Я 


Hence, AB = ВС = DC = AD, Fig. 10.23 
AC L BD, OA = OC D 


and ОВ = OD (Fig. 10.24). 

Also, ABCD is a parallelogram with ZA = 90° 

Therefore, it is a rectangle. 

Hence, ZA = ZB = ZC = ZD = 90? and AC = BD. = 
| То summarise, in a square, 


6) all the sides are of equal length. 
(ii) each of the angles is a right angle. аги 
(іі) the diagonals are of equal length. 
(iv) the diagonals bisect each other at right angles. 


> 
192) 


We now take some examples to illustrate these properties. 


D 

Example 3: Lengths of the diagonals AC and BD of a rhombus 

are 6 cm and 8 cm respectively. Find the length of each side of 

the rhombus. 
Solution : Let the diagonals AC and BD oftherhombus А C 
bisect each other at O (Fig. 10.25). 

Now AC = 6 cm and BD = 8 cm. 

Therefore, OA = ° cm =3cm and 

B 


8 ы ; 
ОВ = 3 cm = 4cm (Diagonals bisect each other) Бір. 10.25 


Now ZAOB = 90° (Diagonals of a rhombus are at right angles) 
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Therefore, AB? = OA? + OB? (Pythagoras Theorem) 
= 32+ 42=9+16= 25 ^ 
or АВ = 425 =5 


i.e., length of each side of the rhombus is 5 cm. 


Example 4 : Diagonals AC and BD of a rectangle 
ABCD intersect each other ata point O (Fig. 10.26). 


If OA = 5 ст, find AC and BD. A B 
Solution : OA 25cm Fig. 10.26 
Therefore, 

AC =2 OA =2 x 5cm = 10 cm (Diagonals bisect each other) 
Also, AC = BD (Diagonals of a rectangle are equal) 


Therefore, BD = 10 cm 


EXERCISE 10.3 


1. Which of the following statements аге true for a rhombus? 
(i)  Ithas two pairs of parallel sides. 
(i) It has two pairs of equal angles. 
(ің) It has only two pairs of equal sides. 
(iv) Two of its angles are right angles. 
(V) Its diagonals bisect each other at right angle. 
(vi) Its diagonals are equal and perpendicular to each other. 
(vii) It has all its sides of equal length. 

2. Which of the following statements are true for a rectangle? 
G) It has two pairs of opposite sides of equal length. 
Gi) It has all its sides of equal length. 
(ii) Its diagonals are equal. 
(iv) Its diagonals bisect each other. 
(v) Its diagonals are perpendicular to each other. 
(уі) Its diagonals are equal and perpendicular to each other. 
(vii) Its diagonals are perpendicular and bisect each other. 
(viii) Its diagonals are equal and bisect each other. 
(ix). Its diagonals are equal, perpendicular and bisect each other. 
(x) АП of its angles are equal. 
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Repeat Question 2 above for a square in place of a rectangle. 


The diagonals of a parallelogram are not perpendicular to each other. Is it a rhombus? Why? 


AC is the diagonal of rectangle ABCD. 
(i) Is BC = DA ? Why? 
(ii) Is AB = CD ? Why? 
(ii) Is ZB = ZD ? Why? 


(iv) Is AABC = ACDA ? By which congruence condition? C 


ABCD is a rhombus and its diagonals 

intersect each other at O (Fig. 10.27). 

0) Is OB = OD? Why? 

(ii) Is BC = DC ? Why? 

(iii) Is A BOC = A DOC? By which congruence 
condition? 

(iv) Is ZBCO = ZDCO? Why? 

(у) Is A BAO = A DAO? By which congruence 
condition? 

(vi) Is ZBAO = ZDAO? Why? 

(vii) Does diagonal AC of the rhombus bisect 7A 
and ZC? Why? 

Diagonal AC of a rhombus ABCD is equal to one 


of its sides BC (Fig. 10.28). Find all the angles of 
the rhombus. 


` А quadrilateral shaped window frame has one 


diagonal longer than the other, Is the window frame 

of the shape of a rectangle? Why ? 

In Fig. 10.29, ABCD is a rectangle. BM and DN 

are perpendicular to AC from B and D respectively. 

(i) Is AB = CD ? Why? 

(i) Is ZBMA = ZDNC ? Why? 

(iii) Is “ВАМ = ZDCN ? Why? 

(iv) Is A ВМА = A DNC ? By which 
congruence condition? 

(у) Is BM = DN ? Why? 


Fig. 10.27 
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The diagonals of a quadrilateral are perpendicular to each other. Is such a quadrilateral 
always a rhombus? If your answer is No, draw a figure to justify your answer. 
Diagonals of a rhombus are equal. Is this rhombus also a square? 


Diagonals of a quadrilateral are equal. Is such a quadrilateral always a rectangle? If 
your answer is No, draw a figure to justify your answer. 


The diagonals of a quadrilateral are of lengths 10 cm and 24 ст. If the diagonals bisect 
each other at right angles, find the length of each side of the quadrilateral. What special 
name can you give to this quadrilateral? 


The length of each diagonal of a quadrilateral is 12 cm. The diagonals also bisect each 
other at right angles. What special name can you give to this quadrilateral ? 


Things to Remember 


A quadrilateral two of whose opposite sides are parallel is called a trapezium. 


A quadrilateral in which opposite sides are parallel is called a parallelogram. 


A parallelogram with a pair of adjacent sides equal is called a rhombus. In fact, 
all the sides of a rhombus are equal. 

A parallelogram with one angle a right angle is called a rectangle. In fact, all the 
angles of a rectangle are right angles. 


A parallelogram with a pair of adjacent sides equal and one angle a right angle is 
called a square. In fact, all the sides of a square are equal and all its angles are 
right angles. 

In a parallelogram, 

(i) opposite sides are equal, 

(ii) opposite angles are equal, and 

(ii) diagonals bisect each other. 

Diagonals of a rhombus bisect each other at right angles. 

Diagonals of a rectangle are equal and bisect each other. 


Diagonals of a square are equal and bisect each other at right angles. 


СНАРТЕК 


CONSTRUCTION OF QUADRILATERALS | 


11.1 Introduction 


In Class VII, you have learnt about quadrilaterals. In the previous chapter, you have 
learnt about some special types of quadrilaterals and their properties. In this Chapter, 
we shall learn to construct some quadrilaterals with given measurements. Recall that in | 
Class VII, you have learnt how to construct a triangle in the following simple cases : 


(i) When two of its sides and the included angle are given. 
(ii) When two of its angles and the included side are given. 
(iii) When all three of its sides are given. 
(iv) When the triangle is a right triangle and its hypotenuse and a side are given. 
Observe that, in each of the above cases, knowledge of three specified parts of | 
a triangle is sufficient to enable us to construct the triangle. Further, any two triangles 
constructed with the same measurements are congruent, i.e., exact copies of each 
other. In other words, given three suitable measures of a triangle, the triangle canbe | 
constructed uniquely. 


How many measures do we need to construct a quadrilateral uniquely? We may imagine | 
that, a knowledge of four specified parts of a quadrilateral should be sufficient to enable 
us to construct the quadrilateral uniquely. But this is not true. We explain it through an 
activity : 
Activity ; Take four cardboard strips of suitable lengths, 
with holes at the ends. Hinge the strips at the ends to 
form a quadrilateral as shown in Fig. 11.1. Now try 
to change the shape of the quadrilateral by pressing at 
two opposite corners (vertices). You will find that you 
can easily change the shape and get a different 
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quadrilateral. Thus, it is possible to have two different 

quadrilaterals with the same measures of the four sides. In other words, even if we are 

able to construct a quadrilateral with four given sides, it is not unique. 
Now take one more strip and join it to the quadrilateral made 

earlier, in the form of a diagonal as shown in Fig. 11.2. Now try 

to change the shape of the quadrilateral. What do you observe? 

Now you are unable to do so. This shows that, in the case ofa 

quadrilateral, it is necessary to have at least five parts (e.g. four 

sides and a diagonal as in this case) for constructing it uniquely. 

In what follows, we shall construct a quadrilateral in some simple 

cases. Of course, in each case, we shall need the measures of five specified parts of the 

quadrilateral. We shall explain these constructions through specific examples. 


Fig. 11.2 


11.2 Construction of a Quadrilateral when One Diagonal and Four Sides are Given 
Given : Four sides of a quadrilateral ABCD as АВ = 4 ст, BC=6cm,CD=5cm, 
AD = 5.5 cm and one diagonal AC = 8 cm. 
To construct : A quadrilateral with these four sides and one diagonal. 

We first draw a rough sketch of the quadrilateral ABCD and indicate the lengths of 
the four sides and the given diagonal [Fig. 11.3 (1)]. 


Fig. 11.3 (i) 


178 MATHEMATICS 


Steps of construction : 
1. Draw AC = 8cm [Fig. 11.3 101. 


A 8 ст C 


Fig. 11.3 (ii) 


2. With A as centre and AB (= 4 cm) as radius, draw an arc [Fig. 11.3 (111)]. 


TN 


8cm 
Fig. 11.3 (iii) 


3. With C as centre and BC (=6.cm) as radius, draw another arc to intersect the arc of 
Step 2 at B [Fig. 11.3 (iv)]. 


Ж 


Ca a 


8 cm С 
Fig. 11.3 (iv) 
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4, With A as centre and AD (-5.5 ст), as radius draw an arc so thatthe arc and B are 
on opposite sides of AC [Fig. 11.3 (v)]. М 


Fig. 11.3 (v) 


5. With C ascentre and CD (- 5 cm) as radius, draw another arc to intersect the arc of 


Step 4at D [Fig. 11.3 (vi)]. 
; В 


Ж 


р 
Fig. 11.3 (vi) 
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6. Join AB, BC, AD and CD [Fig. 11.3 (vii)]. 


‚В, 
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Fig. 11.3 (vii) 


Then, ABCD is the required quadrilateral. 


Remark : A rough sketch of the figure, with lengths of the sides and diagonal 
indicated, often suggests the steps to be followed. Obviously, the measurements must 
be such that the sum of any two sides of a triangle is greater than the third. For 
example, AB + BC > AC and AD + DC > AC must be true. (Why?) 


For example, if AB 25 cm, BC = 3.5 cm, CD = 5 ст, DA =3 cmand AC=8.5 cm, 
then the construction of quadrilateral ABCD is not possible. It is because of the fact 
that AD + CD (3 cm + 5 ст) < АС (8.5 ст). | 

EXERCISE 11.1 
1. Construct a quadrilateral ABCD in which АВ = 4.5 cm, BC =4 ст, CD = 6.5 ст, 
DA = 3 ст апа BD = 6.5 cm, 


2. Construct a quadrilateral PQRS in which PQ = 3 cm, QR = 5 cm, QS = 5 cm, 
PS = 4 cm and SR = 4 cm. 


3. Construct a rhombus with side 4.5 cm and one diagonal 6 cm. 


4. Construct a parallelogram ABCD in which AB = 3.5 cm, BC 24 cm and АС = 6.5 cm. 
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5. 15 it possible to construct a quadrilateral ABCD in which AB = 3 ст, BC = 4 em, 
CD = 5.5 cm, DA = 6 cm and BD = 9 cm? If not, give reason. 

6. Construct a quadrilateral ABCD in which AB = 5 cm, BC = 4 cm, AD = 3 cm, 
CD = 6 cm and BD =5 cm. 


11.3 Construction of a Quadrilateral when Three Sides and Both the Diagonals 


are Given D 
Given ; Three sides of a quadrilateral ABCD ав VAN | 
BC=4.5 cm, AD =5.5 ст, CD = 5 ст and the ХООрЖ 
two diagonals as AC = 5.5 cm and BD - 7 cm. . “2 { КА % 
To construct. A quadrilateral with these three ы х 
sides and two diagonals. E LUN N 
We first draw a rough sketch of quadrilateral d K ДП ҮТ; us e 

ABCD and indicate the lengths of the three given Ps 5 A 
sides and the two diagonals [Fig. 11.4 ©]. Жэ Ж 
Steps of construction : “хи? 
1. DrawCD-5em|[Fig. 11.4 (ii)]. В 

o 1 Fig. 11.4 @) 

Ci 3 5 ст үй D 

Fig. 11.4 (ii) 


2. With C as centre and CB (= 4.5 cm) as radius, draw an arc (Fig. 11.4 Gii)]. 


Fig. 11.4 (iii) 
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x 
Step 2 at B [Fig. 11.4 (iv)]. 
d 574 10 
5 5 ст В 
Fig. 11.4 (iv) 
4. 
as B [Fig. 11.4 (v)]. 
A 
BZAR m 
2 
С 5 ст ТЕ 


With D as centre and BD (= 7 cm) as radius, draw another arc to intersect the arc of 


\ 


| 


B7 - ! 


СУИНИ ЕУ р 


Fig. 11.4 (v) 


With C as centre and AC (= 5,5 cm) as radius, draw an arc on the same side of CD 


Fig. 11.4 (vi) 


4.5 cm \ 5.5 em 


С 5 cm р 


Fig. 11.4 (vii) 


With D as centre and AD (= 5.5 cm) as radius, draw another arc to intersect the arc 


of Step 4 at A [Fig. 11.4 (vi)]. 


Join DA, AB and BC [Fig. 11.4 (vii)]. 


Then, ABCD is the required quadrilateral. 
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Remarks 1: Making a rough sketch of the quadrilateral ABCD and indicating various 
lengths, we observe that complete measurements are known for drawing A ADC and 
A BDC and these have side CD as a common side. This suggests the steps of construction. 
Of course, the lengths must be such that CB + BD > CD and CA + AD > CD (Why?). 
2. It is not necessary to show the diagonals. The required figure is quadrilateral ABCD 
which consists of only four line segments AB, BC, CD and DA. 


EXERCISE 11.2 

1. Construct a quadrilateral ABCD in which AB = 4 cm, BC = 3 ст, AD = 2/5 cm, 
AC = 4.5 cm and BD = 4 cm. 

2. Construct a quadrilateral ABCD in which ВС = 7.5cm, AC = AD = 6 cm, 
CD = 5 cm and BD = 10 cm. 

3. Is it possible to construct a quadrilateral ABCD in which AB = 3cm, 
CD 23 сш, DA = 7.5 cm, AC = 8 ст and BD = 4 cm? If not, give reason. 

4. Construct a quadrilateral ABCD in which AB = 7 cm, AD = 6 cm, AC = 7cm, 
BD = 7.5 cm and BC = 4 em. 

5. Construct a quadrilateral ABCD in which AB 
AC = 4 cm and BD =5 cm. 

6. Construct a quadrilateral PQRS in which QR 
RS = 5 cm and QS = 10 cm. 


AD = 3cm, BC = 2.5 cm, 


ll 


7.5 cm, RP = PS = 6 cm, 


Ш 


11.4 Construction of a Quadrilateral when Two Adjacent Sides and Three Angles 
are Given 

Given : Two adjacent sides of a quadrilateral ABCD D 
as AB = 3.5 cm, BC =6.5 cm and its three angles as 
Z A=75°, ZB= 105° and 2С = 120°. 
To construct : A quadrilateral with these two adjacent 
sides and three angles. 

We first draw a rough sketch of the quadrilateral 
ABCD and indicate the measures of the two given 
adjacent sides and three given angles [Fig. 11.5 (01. 


35cm В 
Fig. 11.5 (1) 
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Steps of construction : 


1. Draw AB =3.5 ст [Fig. 11.5 (ii)]. узд em 
Fig 11.5 (ii) 
2. AtB, draw an angle XBA = 105? [Fig. 11.5 (iii)]. 
^ 
fx 
/ 
/ 
/ 
/ 
/ 
/ 
/ 
l 
/ 
» / 
Maru 2 ^ 
A 3.5 cm B ix 
Fig 11.5 (iii) S 
3. From ray BX, cut BC =6.5 cm [Fig. 11.5 (iv)]. Ё 
/ 
/ 
/ 
ls 
T 
КАШИ 105” / 
А 3.5 ст В 


Fig 11.5 (iv) 
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4. At C, draw an angle YCB = 120° [Fig. 11.5 (v)]. 


NY Ay 2 
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DA / 3 
си Х | N / х 
BS jae / № AR 
120%/С / 120°^/ с 
| | 


8 | | 
v / 
© | / 
o 75° 0° | 
О А 1087 
А 3.5 ст B A 3.5 ст B 
Fig. 11.5 (у) Fig. 11.5 (vi) 


5. At A, draw an angle ZAB = 75° and let rays CY and AZ intersect each other at D 


[Fig. 11.5 (vi)]. 
Then, ABCD is the required quadrilateral. 
ur angles of a quadrilateral is 360°. Hence, for 


Remark : We know that the sum of the fo 
possible construction of the quadrilateral, the sum of the three angles (ZA, ZB and ZC 


in this case) must be less than 360°. 

For example, construction О 
ZA = 75°, ZB = 150°, AB 2 6cm and ZC = 140° 
fact that ZA + 2В%2С(6157% 150° + 140° ) > 360°. 


f a quadrilateral ABCD in which BC = 9.5 cm, 
is not possible. It is because of the 
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EXERCISE 11.3 


1. Construct a quadrilateral ABCD in which АВ = 5.5 ст, BC = 4 cm, ZA = 60°, 
ZB = 105° and ZC = 105°. 


2. Construct a quadrilateral PQRS in which PQ = 3.5 ст, QR - 6.5 cm, ZP = 100°, 
ZR=110° and ZS = 75°. 
[Hint : ZQ = 360° — (100° + 110° + 75°)] 


3. Construct a quadrilateral ABCD in which AB = 6 cm, BC = 5 cm, ZA = 55°, 
ZB = 110? and ZD = 90°, 


4. Construct a quadrilateral ABCD in which BC = 5.5 ст, CD = 4 cm, ZA = 709, 
ZB = 110? and ZD = 85°, 


5. [sit possible to construct a quadrilateral ABCD in which AB = 5 ст, ВС = 7.5 ст, 
ZA = 80°, ZB = 140° and ZC = 145° ? If not, give reason. 


Construct a rectangle with sides 4.5 cm and 6 cm. 


7. Construct a parallelogram whose two sides and one angle are 4 cm, 5.5 cm and 70° 
respectively. 


11.5 Construction of a Quadrilateral when Three Sides and Two Included A ngles 
are Given 


Given : Three sides of a quadrilateral ABCD as AB = 3.5 СШ B@ 5.5 cm, 
CD =5 cm and two included angles as ZB = 125? and ZC = 80°. 


To construct : A quadrilateral with these three sides and two included angles. 


We first draw a rough sketch of quadrilateral Rei 
ABCD and indicate the measures of the three given / mi cm 
sides and the two included angles [Fig. 11.6 (i)]. / қ 
Steps of construction : go" 6 
І. Draw ВС=5.5ст [Fig. 11.6(ii)]. 

%----- ынан ээд —————9 / 

B 5.5 ст Ё е 

Fig. 11.6 (ii) р 
| 125° / 
егег то. 


Fig. 11.6 (i) 
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2. Draw Z ХВС= 125? [Fig. 11.6 (iii)]. 


a Ves 


Ч 5.5 cm E e 
Fig. 11.6 (iii) 


3. With B as centre and radius AB = 3.5 cm, draw an arc to intersect ray BX at A 
[Fig. 11.6 (iv)]. 


қ 
XX 
3.5m ^ 
us 
\. i х 
В. 5.5 ст С 
Fig. 11.6 (iv) 
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4. AtC,draw Z YCB = 80° [Fig. 11.6 (v)]. 


Fig. 11.6 (v) 
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.5. With C as centre and radius CD = 5 cm, draw an arc to intersect ray CY at D 


ig. 11.6 (vi)]. р ^ 
[Fig (i. . | Ly 
н р y 
\ 
\ 
қ \ 
xe \ 
A^ \5 ст 
NI | 
3.5cm y | 
| : 125 2 
LAB WR adt : M. uio Ра ЕА! 
B 5.5 ст С 
Fig. 11.6 (vi) 
6. Join AD [Fig. 11.6 (vii)]. ^ 
гү 
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Then, ABCD is the required quadrilateral. 


Remark : In addition to the above four cases, a quadrilateral can also be constructed 
when some other suitable five parts are given. For example, if four sides and an angle of 
a quadrilateral are given, then the quadrilateral сап be easily constructed. However, if 
four angles and a side of a quadrilateral are given, then the quadrilateral cannot be 
constructed uniquely. 
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EXERCISE 11.4 
1. Construct a quadrilateral ABCD in which AB = 4.5 cm, BC = 3.5 cm, CD = 5 ст, 
Z B=45° and ZC = 150°. 
2. Construct a quadrilateral PQRS in which PQ = 3.5 cm, QR = 2.5 cm, RS = 4 cm, 
“О =75З айй AR 120% 
3. Construct a quadrilateral ABCD in which АВ = BC 23 cm, AD = 5 cm, ZA =90° and 
2В721059 
4. Construct a quadrilateral PORS in which ZQ = 45°, Z R= 90°, QR = 5 ст, PQ=4cm 
and RS = 3 ст. 
5. Construct a quadrilateral ABCD in which AB = AD = 5 cm, CD = 5.5 cm, ZA = 90° 
and ZD = 120°. 
6. Construct a trapezium ABCD in which AB ll CD, AB = $ cm, BC = 6 cm, CD = 4 cm 
and ZB = 60°. [Hint : Find ZC by using the fact that AB Il CD.] 


Things to Remember 


1. То construct a quadrilateral uniquely, it is necessary to know at least five of its 
parts. 

2. Measurements of five parts of a quadrilateral are sufficient to construct it in the 
following cases : Е 
(i) Four sides and one diagonal. 

(ii) Three sides and both diagonals. 

(iii) Two adjacent sides and three angles. 
(iv) Three sides and two included angles. 
(v) Four sides and one angle. 

3. Measurements of five parts of a quadrilateral, in order to be sufficient for its 
construction, must also satisfy, wherever relevant, 

G) triangle inequality property, i.e., sum of two sides is greater than the 
third side. 
(ii) angle sum property of a quadrilateral. 

4. Itis possible to construct a quadrilateral with other sufficient measurements (other 
than the above five simple cases), where less than five parts but some other 
relations between the parts are given (e.g. quadrilateral being a parallelogram or 
a rectangle, etc.). 

5. [tis always convenient and helpful to draw a rough sketch of the quadrilateral 
and indicate the given measurements. wv” | 


——— 
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CIRCLES 


12.1 Introduction 


You are already familiar with circles and related concepts such as centre, radius, diameter, 
arc, semicircle, chord, segment of a circle, etc. from your earlier classes. In Class, VII, you 
have also learnt the following two properties of circles : 
1. Angle in a semicircle is a right angle. 
2. Angles in the same segment of a circle are equal. 

In this Chapter, we shall learn some more properties of circles. These properties are 
related to perpendiculars from the centre to a chord, angles subtended by chords and arcs 
at the centre ога point on the circle, and angles of a cyclic quadrilateral. 


12.2 Perpendicular from the Centre to a Chord Ж 

Activity 1 : Draw acircle with centre О. Also, draw a / \ 
chord AB. Draw OM AB such that M lies on AB о | 
(Fig. 12.1). Repeat this activity by drawing two more | | 
circles with different radii. For convenience, labelthe дл D А 
centre, chord and the perpendicular in each of these three M 


cases as O, AB and OM, respectively. In other words, 
label the figures similarly. Number the circles as 1,2 and 3. 


Fig. 12.1 
In each case, measure AM, BM, and find the difference AM - BM. Record your 
observations in the form of a table as given below : 
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What do you observe? You will observe that in each case, the difference АМ-ВМ 
is nearly zero. Thus, in all cases, it appears that AM = BM. 
Activity 2: Take a sheet of tracing paper and draw a circle with centre О on it. Also 
draw a chord AB of the circle [Fig. 12.2 (1)]. Now fold the circle over itself so that A 
falls on B. Press to form a crease along the line / [Fig. 12.2 (ii)]. Note that the line / 
passes through O anda part of chord AB falls along a part of itself so that the two parts 


completely cover each other. 1 li 
^ 
AM 
3, 
N 

Y | 1 ! \ 

\ О || | 10) 
9 | | d | 
| Ж ны y Қазтабан Dio su 
ТН) | 7 BIA) А Ч 7B 

A ecc ЧАШ ` i 

у а MUN 

eif Y v 

(i) (ii) (iii) 

Fig. 122 


Now unfold the paper and mark the point of intersection of AB and / as M 

[Fig. 12.2 (iii)]. Now since OM falls along itself and AM falls along BM, therefore, 
Z OMA = Z OMB = 90°, i.e., OM L AB. 

Further, in the folded position, since AM coincides with BM, therefore, AM = BM. 

Observe that in Fig 12.2(iii) ОА = OB; being radii of the same circle. You can use this 
to show that triangles OAM and OBM are congruent. Hence AM = BM. Thus: 

In a circle, perpendicular from the centre to a chord bisects the chord. 

Activity 3 : Draw a circle with centre О. Also я 
draw chord AB. Bisect AB at M and join О to M | 
(Fig. 12.3). Repeat this activity by drawing two more / 
circles with different radii. Label the figures similarly. | : 
Number the circles as 1, 2 and 3. 
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Measure / OMA and find the difference 90° — ZOMA in each case. Record your 
observations in the form of a table as given below : 


90°— LOMA 


What do you observe? You will observe that, in each case, difference 90°—/ OMA 
is nearly zero. Thus, in ай cases, it appears that LOMA =90°,i.e., OM L AB. 

Note that the above result can also be obtained by measuring ZOMB. 
Activity 4: Take a sheet of tracing paper and draw a circle with centre O on it . Draw 
a chord AB of the circle and locate its mid-point M [Fig. 12.4 (1)]. Join M and O. 


Now fold the sheet about line MO such that A falls on B and part of AB falls along the 
other part of АВ [Fig. 12.4 (11)]. 
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Now unfold the sheet [Fig. 12.4 (iii)]. What do you observe? Does LOMA fall along 

ZOMB ? You will observe that it does fall along ZOMB. Thus, 
ZOMA = ZOMB = 90° 
ie., OM 1 AB 
Observe that in figure 124 (iii) OA = OB. Hence the AOAB is isosceles and 

LA = ZB. Thus, AOMA = AOMB. Hence / ОМА = ZOMB is right angle. 

In a circle, the line joining the mid-point of a chord to the centre is perpendicular to 
the chord. 
Remark : You can easily see that the above proposition is the converse of the previous 
. proposition. 


12.3 Equal Chords and their Distances from the Centre 


In a circle, we may have any number of chords. Some chords are longer than others. 
Recall that a chord through the centre, i.e., a diameter is the longest chord of a circle. 
As we take a chord farther from the centre, it gets shorter. 

Suppose, we have two equal chords in a circle. What can we say about their distances 
from the centre? Are they at the same distance from the centre? On the other hand, 
suppose, we have two chords at the same distance from the centre. Are these chords 
equal? Let us perform some activities to answer these questions. ИЛ, 


Activity 5 : Draw a circle with centre О and draw Pr N 
two chords AB and CD such that AB = CD as shown D / N 
in Fig. 12.5. From O, draw OM 1 AB and ON L CD IN © 

such that M and N lie on AB and CD, respectively. | N аур dS " 
Repeat this activity by drawing two more circles with \ м / 


different centres and radii. Label the figures similarly. 
Number the circles as 1,2 and 3. 

In each case, measure OM and ON and find the 
difference OM—ON. Record your observations in the Fig. 12.5 
form of a table as given further. 
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What do you observe? You will observe that, in each case, difference OM — ON is 
nearly zero. Thus, in all cases, it appears that OM = ON. 


Activity 6: Take a sheet of tracing paper and draw a circle with centre O on it. Draw 

two equal chords AB and CD of the circle. From О, draw OM L AB and ON L CD 
such that M and N lie on AB and CD, respectively [Fig. 12.6 (1)]. Fold the sheet along 
a line passing through O such that A falls on C and B falls on D [Fig. 12.6 (ii)]. What 
happens to M? Does it fall on N? Yes, it does fall on N. Thus, OM = ON. 


қ 
р \ D(B) 

BÁ ар BA | Мм) 
\ | | 
NU 5 Doe е 
\ 5 | / \ ` | / 
\ м? | y 1 м“ 1 | / 

SIND Len SN 227 CA) 

Жэй ДЕДЫ N 

0) (ii) 
Fig. 12.6 


` The above two activities illustrate the following proposition: 


Equal chords of a circle are equidistant from the centre 


Activity 7 : Draw acircle with centre O and draw two equal line segments OM and ON 
such that OM and ON are less than the radius of the circle. Through M, draw a chord AB 
such that OM L AB and through М, draw a chord CD such that ON 1 CD (Fig. 12.7). 
Repeat this activity by drawing two more circles with different centres and radii. Label the 
figures similarly. Number the circles as 1,2 and 3. 
D 
| 
| 
| \ 


\ 
| 


ІМ 


/ 
| 


OX E 
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Now measure AB and CD and find the difference AB — CD in each case. Record 
your observations in the form of a table as given below. 


What do you observe? You will observe that, іп each case, AB — CD is nearly zero. 
Thus, in all cases, it appears that 


AB = Ср, i.e., the chords are equal. 


Activity 8 : Take a sheet of tracing paper and on it draw a circle with centre O. Now, 
draw two equal line segments OM and ON such that OM (= ON) is less than the radius 
of the circle. Through M and N, draw two chords AB and CD, respectively such that 
OM .L AB and ON 1. CD [Fig. 12.8 (1)]. ; 

Fold the sheet along a line passing through O such that M falls on N [Fig. 12.8 101. 
What do you observe? You will observe that A falls on C and B falls on D. Thus, 
АВ = Ср. 


D(B) 
j N(M) 
Ц 
S 
C(A) 
А ч 
0) (ii) 


Fig. 12.8 
The above two activities illustrate the following proposition : р 
Chords equidistant from the centre of a circle are equal. 


Remark : Note that this proposition is the converse of the previous proposition. 
We now take some examples to illustrate these propositions. 
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Example 1: In a circle of radius 10 cm, a chord is at a distance 6 cm from the centre. 
Find the length of the chord. 


Solution : Let AB bea chord of a circle of radius 
10 cm at a distance 6 cm from the centre O. 
Let OM 1 AB (Fig. 12.9). 
Thus, we have OA = 10 cm and ОМ = бст. 
Now from Pythagoras Theorem, 
OA? = АМ? + ОМ? 


ог АМ? = ОА? – OM? 
= (10? — 62) cm? = 64 cm? 
ог AM=8cm 
Now AB =2 AM (Perpendicular from the centre bisects the chord) 
18) AB =2 x 8 cm = 16 cm 


Thus, the length of the required chord is 16 cm. 


Example 2 : Sides of a triangle ABC are 
equidistant from the centre O of its circumcircle 
(Fig. 12.10). What type of triangle is A ABC? 


Solution : AB = BC (Equidistant chords from 
the centre are equal) 

Similarly, ВС-СА 

Thus, АВ-ВС-СА 

Непсе, AABC is an equilateral triangle. 


Example 3: АВ and CD are two equal chords 
of a circle with centre O (Fig. 12.11). When 
produced, AB and CD meet at S outside the 
circle. OM 1 AB and ON L CD, where М and 
N lie on AB and CD, respectively. Give reasons 
for the following statements : 

4 OM=ON 

(ii) AOMS = AONS 

(ii) MS = № 


Fig. 12.11 
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(ivy) АМ=СМ 

(у) AS =CS 

Solution: (i) OM = ON (Equal chords are equidistant from the centre О) 

(i) AOMS =A ONS (By RHS as ZOMS = ZONS = 90°, OS = OS and OM = ОМ) 
(ii) MS = М [Corresponding parts of congruent triangles (CPCT)] 

(i АМ = СҸ (MandNare mid-points of equal chords AB and CD) 

(м) AS =CS (AS=AM+MS and CS = CN + NS) 


EXERCISE 12.1 


1. AB is a chord of a circle of radius 5 cm with centre О (Fig. 12.12). If OM L AB and 
АВ = 8 cm, find the length OM. 


2. AB is a chord of the circle with centre O and radius 13 cm (Fig. 12.13). If OM 1 AB 
and OM = 5 ст, find the length of the chord AB. 


Fig. 12.12 Fig. 12.13 

3. A chord of a circle of radius 7.5 cm with centre O is of length 9 cm. Find its distance 
from the centre. 

4. Inacircle of radius 13 cm, a chord is drawn at a distance of 12 cm from the centre. 
Find the length of the chord. 

5. А chord of a circle is of length 6 cm and is at a distance of 4 cm from the centre. Find 
the radius of the circle. - : 

6. А, В and C are three points of a circle whose centre is not indicated. How will you 


locate the centre? 
[Hint : If M is the mid-point of AB and O is the centre, then OM 1 АВ.) 
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Two circles with centres А and B 
intersect each other at P and Q and M 
is the mid-point of PQ (Fig. 12.14). Give 
reasons for the following statements : 

0) АМ ІРО. 

(i) BM ІРО 

(ii) А, M and B are collinear. 


АВ and BC are two equal chords of a circe “OQ < 
with centre О (Fig.12.15). OM 1 AB and 


ON L BC such that M and N lie on AB and Fig, 14H 
BC, respectively. O and B are joined. Give perche. 
reasons for the following statements : gc Be iver ek 
/ М. \ 

() OM=ON PURUS N 
(4) A OMB = A ONB | FON | 
(ii) ВО bisects ZABC. BK о | 

aC 

Fig. 12.15 


Fig. 12.16 


AB and CD are two equal chords of a circle with centre O intersecting each other at 
the point S (Fig.12.16). OM L AB and ON 1 CD such that M and N lie on AB and CD, 
respectively. OS is joined. Give reasons for the following statements : 

0 ОМ = ОМ. 

(ii) A OMS =A ONS. 

(iii) М5 = NS. 

(іу) AS =CS. 

(у) BS = 05. 


„өч ът] сыңгы 


рр 
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10. Chords AB and CD of a circle with centre О pii UR 
intersect at the point S (Fig. 12.17). OM 1 CD nu ОР 
and ОМ 1 AB. OM and ON meet АВ and CD, y / à 
respectively at M and N. Give reasons for the / / 1 
following statements, if ZOSM = ZOSN : | M5 740 
G) AOSM = AOSN ee К] | 
(ii) ОМ = ОМ ЭХ SENA к 23 
Gii) АВ -CD x pA 
Dix o 
Fig. 12.17 


11. State whether the following statements are true (T) or false (F) : 
(i) Perpendicular from the centre of a circle to a chord bisects the chord. 
(ii) Chords of a circle equidistant from the centre may be unequal. 
(ii) In a circle, the line joining the centre to the mid-point of a chord is perpendicular 
to the chord. 
(iv) No three collinear points can lie on a circle. 


12.4 Angles Subtended by Equal Chords at the Centre 


In Fig. 12.18, AB is a chord of a circle with centre О. ZAOB is the angle subtended by 
chord AB at the centre O. We may be interested in knowing whether there exists any 
relationship between the length of AB and the angle subtended by it at the centre. Letus 
examine. 


о 
AX ————— >B 
ЭЖ 
Fig. 12.18 Fig. 12.19 


Activity 9 : Draw a circle with centre О and draw two equal chords AB and CD. Join 
OA, OB, OC and OD (Fig. 12.19). 
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Repeat the above activity by drawing two more circles with different centres and 
different radii. Label the figures similarly. Number the circles as 1,2 and 3. Measure 
ZAOB and / СОО and find the difference / АОВ ~ Z COD in each case. Record your 

- observations in the form of a table as given below : 


What do you observe? You will observe that, in each case, ZAOB — ZCOD is 
nearly zero. Thus, in all cases, it appears that ZAOB = ZCOD. 


Using the SSS property we see that AOAB = ЛОС, This shows that : 
. Equal chords of a circle subtend equal angles at the centre 


Activity 10 : Draw acircle with centre O. Draw 
four radii OA, OB, OC and OD of this circle in 
such a way that / АОВ = Z COD. Join AB and 
CD (Fig. 12.20). 

Repeat this activity by drawing two more 
circles with different centres and different radii. 
Label the figures similarly. Number the circles as 
1,2 and 3. 


Measure AB and CD and find the difference 
AB- CD in each case. Record your observations 
in the form of a table as given below : 


Fig. 12.20 


What do you observe? You will observe that in each case, the difference AB — CD is 
nearly zero. Thus, in all cases, it appears that AB 2 CD. 


Using the SAS property we see that AOAB = AOCD. This shows that: 
Chords of a circle which subtend equal angles at the centre are equal. 
Remark : Note that this proposition is the converse of the previous proposition. 


——M 
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12.5 AnglesSubtended by an Arc at the Centre and at any Point on the Remaining 


Part of the Circle MET ED 
Look at Fig. 12.21 (i), AXB is an arc of a circle with Ж í Ж 
centre О, ZAOB is the angle subtended by arc АХВ at / SF ^ 
the centre and ZACB is the angle subtended by it at any oy, | 
point on the remaining part of the circle. Note that in PR ] 
Fig. 12.21(ii), AXB is a semicircle and the angle AOB JA a P. 
subtended by it at the centre is a straight angle, while in Же p { 
Fig. 12.21(111), АХВ is a major arc and ће angle АОВ Қар аа ланд) гај В 


subtended by it at О is a reflex angle. 


(2 
иа СИЕХ 
Ж 
d о 
А 5277 В 
Ж 
DAT E 222 
X 


X 
(1) (11) 
Fig. 12.21 
We may be interested in knowing whether there exists any relationship between 
ZAOB and ZACB. Let us examine. 


` Activity 11: Draw a circle with centre О. Take an arc АХВ and mark a point C on the 


remaining part of the circle. Join OA, OB, CA and CB (Fig. 12.22). 


Fig. 12.22 
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Repeat this activity by drawing two more circles with different centres and different 
radii. Label the figures similarly. Number the circles as 1,2 and 3. 

Measure 2 АОВ and / АСВ and find the difference ZAOB ~ 2/ АСВ in each case. 
Record your observations in the form of a table as given below: 


What do you observe? You will observe that, in each case, difference / АОВ —27 ACB 


is nearly zero. Thus, in all cases, it appears that отара 08 
ZAOB =2/ АСВ. \ 
Activity 12: Take a sheet of tracing paper and \ 
draw a circle with centre О on it. Take an arc 0 | 
AXB say, and mark a point C on the remaining PS | 
part of the circle. Join AC and BC to obtain js -/ 
ZACB and join OA and OB to obtain / АОВ : ZB 
[Fig. 12.23 (1)]. isse eee 
; X 
Fig. 12.23 (i) 


Now fold the sheet along a line OM passing through O such that A falls on B 
[Fig. 12.23 (ii)]. In this case, Ч AOM will fall on Z BOM, i.e., Z AOM = Z BOM. (This 


means / AOM = Z BOM =+ = АОВ). Now make a trace copy of Z AOM (or Z BOM) 


and place it on ZACB after PLANE 

the circle. What do you observe? You s 

will observe that ZAOM covers Бы 

2.АСВ [Fig. 12.23 (11). 

Thu, 2АСВ- 2 АОМ (= 2 ВОМ) 5 > E 

іе, АСВ = ; Z АОВ TN 
ef 


or 4. AOB - 2 2 ACB 


The above two activities suggestthe M Жы, 
following proposition : v X 
(ii) (iii) 
Fig. 12.23 
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Angle subtended by an arc at the centre is double the angle subtended by 
it at any point on the remaining part of the circle. 


Remarks 1 : ZAOB subtended by an arc AXB at the centre O of the circle is called the 
central angle of the arc AXB and arc AXB is called the intercepted arc corresponding 
to the central angle AOB. 

2. Inthe case of a semicircle, «АСВ = 90°. 


We now take some examples to illustrate these propositions. 


Example 4 : In Fig. 12.24, ABCD is a square D 
inscribed in a circle with centre O. 


Find ZAOB, ZBOC, ZCOD and ZDOA. 
Solution : AB = BC = CD = DA (Sides of a square 


are equal) 
Therefore, “АОВ = ZBOC = ZCOD 
= ZDOA 
(Equal chords subtend equal angles at the centre) 
Hence, ZAOB = ZBOC = ZCOD Fig. 12.24 
= ZDOA 
1 оор 
=1* 360° = 90 с 


: Example 5 : A ABC is inscribed ina circle with centre O 
(Fig.12.25). Further, ZAOB = 120° and ZBOC = 150°. 
Find: (i) ВАС (1) ZACB (іп) ZABC 


Solution : 0) ZBAC- i ZBOC OS K 
(Angle subtended at the centre is double the angle 
ata point on the remaining part) 
1 B 
= —x150° = 75° 
2 Fig. 12.25 


1 
(i) Similarly, ZACB = 2 ZAOB 


311205 — 60; 


Le 

TY) 

(iii) ZABC = 180° — (75° + 60°) (Sum of the three angles of a triangle is 180°) 
= 45° 
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EXERCISE 12.2 


1. An equilateral triangle ABC is inscribed in a circle with centre O (Fig.12.26). Find 


ZBOC, ZCOA and ZAOB? 


2. In Fig.12.27, a pentagon 
(five sided closed figure) 
ABCDE is inscribed in 
a circle with centre O. 
(i) Is AB = AE? Why? 
(ii) Is AE = DE? Why? 
Gii) Is AB = DE? Why? 
(iv) Is DE = CD? Why? 
(у) Is BC = DE? Why? 
(vi) Is BC = DC? Why? 
(vii) Is AB = BC? Why? 


Fig. 12.27 


3. In Fig.12.28, point О is the centre of the circle. Find the value of x in each case. 
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In Fig.12.29, О is the centre of the circle and ZABC = 45°. 
0) Find ZAOC. 
(1) Is OA 1 OC? 


Fig. 12.29 Fig. 12.30 


In Fig.12.30, AC is a diameter of the circle with centre О. If ZAOB = 130°, find 
0) ZBOC. 
(i) ZBDC. 


In a circle with centre О, AB is a chord and 

OM 1 AB and meets the circle at C 
(Fig.12.31) . If Z AOC = 80°, find 

(i) ZABC. C 
(ii) ZMCB. 


In Fig. 12.32, AB is a diameter of a circle with centre ON 
If ZBOC = 30° and ZCOD = 50°, find | 
(i) “ВАС. 
(ii) “САР. 
(ш) ZAOD. 
(іу) АВР. (0) 


Fig. 12.31 


ume 


Fig. 12.32 
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8. ABCD is a trapezium (with AB !! DC) inscribed in a circle with centre О 
(Fig. 12.33). Diagonal AC is joined and also OA, OB, OC and OD are joined. 


(i) Is Z BAC = Z DCA? Why? 


1 
(i) Is Z ВАС = ^ Z BOC? Why? 


1 

(ii) Is Z DCA = 2 DOA? Why? 
(v) Is Z BOC = Z DOA? Why? 
(v) Is BC = AD? Why? 


9. Іп Fig. 12.34, ZAOB = 90° and ZBOC = 110°, 
where О is the centre of the circle. Find : 
à) АОС. Fig. 12.33 
Gi) ZABC. 


<< 
09 


Fig. 12.34 


10. P is a point on the minor arc AB of a circle 
with centre О (Fig. 12.35). If ZAOB = 120° 
and ZAOP = 75°, find : 

(i) ZARB. 
(1) ZAQP. 
(ш) ZARP. 
(iv) ZBRP. 


A 


Fig. 12.35 
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12.6 A Cyclic Quadrilateral and its Angles 


In Fig. 12.36, ABCD is a quadrilateral inscribed in 
a circle. It is called a cyclic quadrilateral. In other 
words, a quadrilateral all the four vertices of which 
lie on a circle is called a cyclic quadrilateral. The 
four vertices A, B, C and D are said to be concyclic 
points. 

We know that the four angles A, B, C and D of 
a quadrilateral ABCD are related in the sense that 
their sum is 360°. In view of the fact that quadrilateral 
ABCD is cyclic also, there may exist some other 
relations also between its angles. Let us examine some 
such relations. 


Fig. 12.36 


Activity 13 : Draw a circle with centre O and 
inscribe a quadrilateral ABCD in it (Fig.12.37). 
Repeat the same activity by drawing two more circles 
with different centres and different radii. Label the 
two figures similarly. Number the quadrilateral as 
1,2 and 3. 

In each case, measure ZA, Z B, ZC and 2D 
and find the sums ZA + ZC and АВ + Z D. 
Record your observations in the form of a table as 
given below. 1 


5 


What do you observe? You will observe that, in each case, the sum ZA + ZC is 
nearly equal to 180°. A similar observation is made about the sum Z B + Z D. Thus, in all 
cases, it would appear that 

ZA+ZC=180° and ZB + 4р = 180°. 
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Activity 14: Take a cardboard sheet and draw a circle on it. In this circle, inscribe 
a quadrilateral ABCD [Fig. 12.38 (1)]. 


| 
With the help of a tracing paper and 1 
scissors, cut оп a separate sheet of (i) 
cardboard, four angles 1, 2, 3 and 4 
respectively equal to angles A, B, C and D 
of the quadrilateral ABCD [Fig. 12.38 (ii)]. 


Now draw a line PQ and place 
&1 and Z3 with vertex of each angle lying 
at P and one arm of Z1 lying along ray PQ 323 1 
and other arm coinciding with one arm of hene о 
Z3 without any overlapping [Fig. 12.38 (11)]. ' (iii) 
What do you observe about the other arm 
of Z3? You will observe that the other arm 
of Z3 lies along the line QP (ray opposite 
the ray PQ). Thus, Z1 + Z3 = 180°, i.e., 


ZA + ZC = 180° 
Similarly, by taking angles 2 and 4, it can be Я 
seen that гүйх: 5 
22+ 24-180 [Fig.12.38 (iv)], -- LM SML балл 
ie., ZB + ZD = 180° 


(iv) 
Fig. 12.38 
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The above two activities illustrate the following proposition about opposite angles 


of a cyclic quadrilateral. 


Opposite angles of a cyclic quadrilateral are supplementary. 


Remark : From the above, it follows that sums 
of the angles in pairs of opposite angles of a cyclic 
quadrilateral are equal. For example, in the 
cyclic quadrilateral ABCD of Fig.12.39, 
ZA* ZC2 ZB * ZD. 


Let us take some examples to illustrate this 
proposition. 


Example 6 : Side AB of a cyclic quadrilateral 
ABCD is produced to a point E (Fig.12.39). If 
ZADC = 120°, find 


Fig. 12.39 


Solution : (i) ZABC + ZADC = 180° (Opposite angles of acyclic quadrilateral) 


(1) ZABC. 

(ii) ZCBE. 
ie; “АВС + 120? = 180° 
or ZABC = 60° 


(ii) ZABC + ZCBE = 180° (Linear pair) 
ie, 60° + ZCBE = 180° 
or “СВЕ = 180° – 60° = 120° 


Remark : Note that an exterior angle of a cyclic 
quadrilateral is equal to the interior opposite angle. 


Example 7 : In Fig.12.40, ZFDE = 85? and 
ZC = 70°. Find (i) ZA, (ii) ZD and 
(iii) ZB of the quadrilateral ABCD. 
Solution (i) : ZC =70° (Given) 

Therefore, ZA + 70° = 180° (Opposite 


angles of a cyclic 
quadrilateral) 


Fig. 12.40 
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or ДА = 180 — 70° = 110° 
(4) ZADC = ZFDE = 85° (Vertically opposite angles) 
(1) ZB + ZADC = 180° (Opposite angles of a cyclic quadrilateral) 
les Z B + 85° = 180° 
ог ZB =180°—85° =95° 
EXERCISE 12.3 


1. ABCD is a cyclic quadrilateral in which ZA = 70° and ZB = 75° (Fig. 12.41). Find 
ZC and ZD of the quadrilateral. 


Fig. 1241 Fig. 12.42 


2. "Two circles intersect at P and Q. APQD and PQCB аге quadrilaterals inscribed in the 
two circles as shown in Fig.12.42. If ZA = 95° and ZD = 65°, find the the values of : 


(i) x (i) y di) 2 (vt (уи (iv 
3. InFig.1243, ZADE = 110°. Find: 


4) ZADC pales Se 
(ii) ZABC ‘ie 
Ж 2 ыг 
oe 5 
Y Ц 
M 
ое a UN М 
\ — / 
& ~- 
"d G 


Fig. 12.43 


4. 
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In Fig.12.44, ZSPR = 70°, ZRSQ = 40? and 
Z SRP = 30° Find: 

(i) ZPSQ 

(i) 2 PQR 

(1) Z QRS 


ABCD is a cyclic trapezium (trapezium with 
all the four vertices lying on a circle) with 
AB Il DC (Fig.12.45). Give reasons for the 
following statements : 
(б) ZA+ZD= 180°. 
(ii) ZB + ZD = 180°. 
(ш) Z A= ZB. 


Fig. 12.45 


ABCD is a parallelogram inscribed in a circle. 
@) Is ZA = ZC? Why? 

(ii) Is ZA + ZC = 180°? Why? 

(iii) Is ZA = ZC = 90°? Why? 

(iv) Is ZB = ZD = 90°? Why? 

(v) Is ABCD a rectangle? Why? 

AABC is inscribed in a circle and P, О and К 
are points on the circle as shown in Fig. 12.46. 
Find: 

(i) ZP+ < ВАС 

(i) Z Q+ Z ABC 

(ш) 2 R + 2 ACB Fig. 12.46 
(iv) “Рк Q+ ZR+ Z ВАС + Z ABC + 2 ACB 

(у) ZP+ZQ+ZR 


212 MATHEMATICS 


8. ABCD .is a quadrilateral inscribed in a circle 
(Fig. 12.47). Diagonals AC and BD are joined. 
If ZBAC = 55? and ZBCA = 45°, find 
б) Z BDC. і 
(1) Z ADC. 


лн 


А E ча 
B 


Fig. 12.47 


Things to Remember 


. Ina circle, perpendicular from the centre to a chord bisects the chord. 
In a circle, the line joining the mid-point of a chord to the centre is 
perpendicular to the chord. 
Equal chords of a circle are equidistant from the centre. 

. Chords equidistant from the centre are equal. 

. Equal chords of a circle subtend equal angles at the centre. 

. Chords of a circle which subtend equal angles at the centre are equal. 


. Angle subtended by an arc at the centre is double the angle subtended by it 
on the remaining part of the circle. 


. The angle subtended by an arc at the centre is called the central angle of 
the arc and the arc is called the intercepted arc corresponding to the 
central angle. 

A quadrilateral all four of whose vertices lie on a circle is called a cyclic 
quadrilateral and the four vertices are called concyclic points. 


. Opposite angles of a cyclic quadrilateral are supplementary. 


СНАРТЕК 


13.1 Introduction 


Recall that a figure lying in a plane is called a plane figure. A plane figure made up of 
lines or curves or both, is said to be a closed curve if it has no free ends. It is called 
simple if it does not cross itself. It is called rectilinear if itis made up of line segments 
only. A part of the plane enclosed by a simple closed figure is called a plane region. 
The magnitude of a plane region is called its area. 


You already know how to find the areas of rectilinear figures like a square anda 
rectangle. In this Chapter, we shall learn to find the areas of some more rectilinear 
figures namely a parallelogram, a triangle and a trapezium. We shall also learn how to 
find the area of a non-rectilinear figure called circle with which you are familiar. A circle, 
| as you know, is one of the most important human discoveries. It has far reaching 
consequences in our daily life. We shall find a very interesting property of the circle that 
connects its diameter and its circumference. 


13.2 Parallelogram : A Review 


Recall that a parallelogram is a simple closed DAR А ДОН! ЕМС 
rectilinear figure consisting of four line / | 7 
| 


segments, called its sides, with opposite sides / 
being parallel. Fig. 13.1 shows a parallelogram TA | 
ABCD. АВ and DC form one pair of opposite 2 КТ) 
sides of this parallelogram and AB | ОС. А TE P B F 
Similarly, AD II BC. Fig. 13.1 

Let us consider the side AB as the base. Generally, the base is drawn horizontally 
and lower than the other side parallel to it. Consider any line segment with one end 
point P on the base and one end point О on the side opposite to the base. If PQ is 
perpendicular to AB, then PQ is the shortest distance, or simply the distance between 
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the parallel lines AB and DC. We say that the length PQ is the height of the 
parallelogram corresponding to the base AB. It is usual to show the height by 
drawing the perpendicular to the base from one of the upper vertices. Thus, when 
AB is taken as the base, the height may be shown by the line segment DE or CF 
(Fig.13.1). However, any side of the parallelogram may be taken as its base. 

Note that if you take a side from the other DW (0 
pair of parallel sides as the base, then the height 
of the parallelogram will change. Thus, if BC is 
taken as the base of the parallelogram in Fig. 13.1, / 
thentheheightis given by AN or DM (Fig. 13.2). / < “М 


In the rest of the Chapter, we shall use the 15 5 
word base for the base of the parallelogram as 
well as for the length of its base. Also, we shall | 
use the word altitude for the line segment ^N 
showing the height of the parallelogram. Thus, Fig. 13.2 


in Fig. 13.1, DE апа CF are two altitudes when either AB or DC is considered as the 
base. As usual, we shall use AB, etc. for the line segment AB as well as its length. We 
shall generally drop the word corresponding in reference to height and base. 


13.3: Area of a Parallelogram 


We shall now describe a paper cutting activity that will help us in finding the area of a 
given parallelogram. 


Activity 1: Draw a parallelogram ABCD on a sheet of thick paper. Consider AB as the 
base. Draw an altitude BF. Then BF 1 DC so that both of the angles РЕВ and ВЕС are 
right angles [Fig. 13.3 (i)]. Separate the triangle ВСЕ by cutting along BC, CF and FB 
[Fig. 13.3(11)]. Pick up the triangular piece and place it to the left of the other piece as 
shown in Fig. 13.3 (iii). Now slide the triangular piece towards the other piece till BC 
coincides with AD [Fig. 13.3 (iv)]. 


D ІШЕ UG D FF C 
/ ЕЕ” 7% | | 


| 
M TS 


| 

| 
TOW" эрү 8 "em oe ied : Jy 
; " A 
Fig. 13.3 (i) Fig. 13.3 (ii) pB 
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The new piece has been obtained from the parallelogram by cutting and pasting without 
overlaps or gaps. Hence the areas of the two pieces are equal. Now the final piece in 


(C) 
Бе a F 
F CD ЖЕК | | 
| | | 
| | | 
| / | ЖЫЛА ИО ЕТ! 
d ЦЭ? 2923 А B 
BA B (B) 
Fig. 13.3 (iii) Fig. 13.3 (iv) 


Fig.13.3 (iv) is clearly a rectangle with sides AB and BE. Now 
Area of the rectangle = Length x Breadth 
= AB x BF 
= Base of the parallelogram ABCD x its height 
Hence the area of the parallelogram = AB x BF 
= Base x Height 
| as AB is the base of the given parallelogram 
| and BF is its altitude or height. D PURI С 
| Repeat this activity with several other / Wa 
| parallelograms and verify that the area of the y 7 


| parallelogram in each case is equal to the / Y, 
product of its base and height. / ОУ 
ud 


Activity 2: Draw а parallelogram ABCD. д Q B 

| Make a trace copy of the parallelogram and Fig.13.4 (4) 

trace it on a stiff paper (or an old greeting | 

card). Take a point P on DC. Draw РО Еа 6 
perpendicular to AB [Fig. 13.4 (i)]. Then РО И | / 
is the height of the given parallelogram. уд | | 


Cut out the parallelogram from the paper/ » 
card and also cut along PQ. Thisdividesthe /| 
given parallelogram into two quadrilaterals H елшіл в 
AQPD and Q’BCP’ [Fig. 13.4 (ii)]. Take the 2 Fig.134 Gi) 
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(D) 
P EA 
P C D P | 
2 1 | 7 1 
ыбы / ыда ы each) ar a Q' B Q 
Q BA Q (A) 
Fig. 13.4 (iii) Fig. 13.4 (iv) 


right hand piece Q’BCP’ and place it to the left of the other piece AQPD [Fig.13.4 (iii)]. 
Slide the left piece towards the right piece so that BC coincides with AD [Fig.13.4(iv)]. 
By the properties of parallel lines, 1+ 2- 180°. 
Thus, in Fig. 13.4 (iv), land 2 makea linear pair. 
Hence ОВО (or Q’AQ), i.e. Q’Q isa straight line. 

This gives us a rectangle whose base AB and height PQ are respectively equal to the 
base and height of the given parallelogram. 

Since there has been no overlapping, and there have been no gaps, the area of the 
given parallelogram is the same as that of this rectangle. But we know that the area of 
a rectangle is equal to the product of its length (base) and breadth (height). Hence, 
the area of the given parallelogram is equal to the product of its base and its height. 
This leads to the same conclusion as in Activity 1 above. 


This result may be proved by logical arguments also. So we have the following 
formulas : 


I, Areaofaparallelogram = Base x Height, 
) Атеа 
Il. Base ofaparallelogram = — 
Height 
Area 


Ш. Height of a parallelogram = 
ase 


Example 1 : Find the area of a parallelogram whose base is 20 cm and the 
corresponding height 5 cm. 
Solution : The formula for the area of a parallelogram is 
Area = Base x Height 
Here, base = 20 cm and height = 5 cm. Hence the required area = 20 x 5cm? = 100 ст. 
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Example 2: Find the area of a rhombus whose side is 6.5 cm and whose altitude is 4 cm. 


Solution : Recall that a rhombus is a parallelogram, whose all sides are equal. 
Therefore, the formula for the area of a rhombus is the same as that for the area of a 
parallelogram. Hence the area of the rhombus is given by 


Area = Base x Height 
Here, base = side = 6.5 ст and height = length of the altitude =4 cm. 
Hence the area of the parallelogram = 6.5 x 4 cm? = 26 cm’. 


. Example 3: Find the base of a parallelogram whose area is 400 cm? and whose height 
is8cm. 


Solution : We know that 
Area 
Base = Height 
Here; area = 400 cm? and height = 8 cm. 


Hence base = T cm = 50cm 


EXERCISE 13.1 
1. Find the area of a parallelogram whose base is 12 cm, the corresponding height being 
7 cm. 
2. Find the area of a parallelogram whose base is 12 dm, the corresponding height being 
5 dm. ) 
3. Find the area of a parallelogram whose base is 28.5 cm, the corresponding altitude 
being 10 cm. 


4. Find the area, in square metres, of the parallelogram whose base and altitude are as under: 
(i) base = 12 dm, altitude = 100 dm 
(i) base = 124 cm, altitude = 10 dm 
(iii) base = 9 т, altitude = 90 ст 
(iv) Баѕе = 15 cm, altitude = 9 cm 


Find the area of a rhombus whose side is 6 cm and whose altitude is 4 cm. 
Find the area of a rhombus whose side is 6.5 cm and whose altitude is 40 dm. 


Find the altitude of a parallelogram one of whose sides is 6.5 cm, the area being 
26 cm’. 


8. Find the altitude ofa parallelogram one of whose sides is 10 cm, the area being 0.5 mê. 
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9. Find the base of a parallelogram whose area is 390 cm? and height is 26 cm. 
10. Find the base of a parallelogram whose area is 560 m? and altitude is 1400 cm. 
11. Find the altitude of a rhombus whose area is 420 cm? and perimeter is 140 cm. 


12. Two sides of a parallelogram are 20 cm and 25 cm. If the altitude corresponding to the 
sides of length 25 cm is 10 cm, find the altitude corresponding to the other pair of sides. 
[Hint : Find the area first.] 


13. The base and the corresponding altitude of a parallelogram are 10 cm and 12 cm, 
respectively. If the other altitude is 8 cm, find the length of the other pair of parallel sides. 


14. A floral design on the floor of a building consists of 2800 tiles. Each tile is in the shape 
of a parallelogram of altitude 3 cm and base 5 cm. Find the cost of polishing the design 
at the rate of 50 paise рег dm". 


13.4 Area of a Triangle AT Wr D 


We shall now describe a paper cutting x DN 
activity that will help us in finding the area / 
ofagiven triangle. / A. 
Activity 3 : Draw a triangle ABC. Let AL p i» 
be the altitude corresponding to the base В ў ТЕС 
BC (Fig.13.5). Through A and С, draw lines 
parallel to BC and BA respectively, meeting 
in the point D. 

Since BA ll CD and AD II BC, therefore, ABCD is a parallelogram. Also, AL is an 
altitutde corresponding to the base BC. Hence 


Area of parallelogram ABCD = BC x AL (1) 


Now cut along the line segments AC, CD and DA. This removes A CDA from 


the parallelogram ABCD. The parallelogram now reduces to A ABC with which 
we started. 


i 


Fig. 13.5 


Place ACDA over A ABC in such a manner that C falls on A, A falls on C, and D 
is on the same side of AC as B. You will find that D actually falls on B. This is not 
surprising in view of the following facts : 


1. Alternate angles ВАС and ACD are equal (BA Il CD and АС cuts them.). This 
means CD falls along AB. 
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2. AB=DC. This means D falls on B. 


It becomes clear now that CDA exactly covers . This means that the areas 
of the two triangles are equal. Since the parallelogram consists of these two triangles only, 
we have 


Area of parallelogram ABCD = Area of A CDA + Area of A ABC 


= 2 x (Area of A ABC) 
(Area of A ABC = Area of A CDA) 


1 
or АтеаоЁ AABC= 2 (Area of parallelogram ABCD) 


(BC x AL) [From (1)] 


(b xh), where b is the base and h the height or altitude 


of A ABC 
Hence, we have the following formulas : 


1 1 
I.  Areaofatriangle = = (Base) х (Altitude) = 2 (Base) x (Height) 


2xArea 2хАгеа 
Height ^ Altitude 
2x Area 
Base 
Remark : Observe that the area of a triangle is half the area of a parallelogram on the 
same base and height. 5 


IL Base of atriangle = 


ПІ. Height (Altitude) of a triangle = 


Example 4: Find the area of a triangle whose base is 24 cm and height is 14 cm. 


Solution : Area A of a triangle is given by 
Ф 
A=- (bxh). 
2 (bxh) 
Here, b = 24 cm and h = 14 cm. Therefore, 


А-д (24% 14)enf = 168 cm? 
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Example 5 : Find the height of a triangle whose base is 80 cm and area is 0.08 m?. | 


Solution : We first convert the area into cm? as the base is given in cm. (We could have 
converted the base into m but then we would have to work with decimals.) Now, 

1 m? = 10000 cm? 
Therefore, 0.08 m?- 0.08 x 10000 cm? = 800 cm? 
Using Formula III above, А 
2xArea 2х 800 


Base | 80 


Height of the triangle — cm = 20cm 


Example 6 : Find the area of a rhombus, the lengths of whose diagonals are 80 cm and 
60 ст. 


Solution : Recall that a rhombus is a parallelogram AVS 
and its diagonals bisect each other at right angles. / Ч 
Let us сай the vertices of the rhombus A, B, C / . (сақ 
and D. Call the point of intersection of the / 
diagonals О (Fig. 13.6). Then we may think of D 
the rhombus as consisting of the four right triangles N / 
OBC, OCD, ODA and OAB. s Ue Ma 
Observe that if we take one leg of the right р: 
angle in the triangle OBC as the base, then the N 
other leg is the altitude. Therefore, the area of this ^ 
triangle is Fig. 13.6 


5 ОВх OC = 1 30x 40 om? = 600 om? С 


Note that the other three triangles are equal 

in area to this triangle. Hence the area of the / \ 
given rhombus is j N 
4 x 600 cm? i.e., 2400 cm? ias <a 
Example 7 : Find the area of an equilateral triangle А 
of sides 20 cm each. 
Solution : Consider an equilateral triangle yf [^ 
ABC such thatAB=BC=CA=20(incm), ^ 10cm Doom 
DrawCD AB, meeting AB in D (Fig. 13.7). 
Then D is the mid-point of АВ. 


/ 


/ 


Fig. 13.7 
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AD - DB = 10 (in cm) 


Since DBC is a right triangle; therefore, by 
Pythagoras Theorem, 


or 
or 


or 


BC? = DB? + DC? 
20? = 102+ DC? 
DC? = 400 — 100 
рс = 4300 -,/3х100- 10/3 


1 
Now, areaof ААВС= 2 Base x Height 


Pu out. 


= 2х20х 10-/3 ст? 


-10043cm? 


EXERCISE 13.2 
Find the area of a triangle with base 18 cm and the corresponding height 7 cm. 
Find the area of a triangle whose base is 120 dm, height being 75 dm. 
Find the area of a triangle whose base is 24 cm and whose altitude is 1.5 dm. 


Find the area, in square metres, of the triangle whose base and altitude is as under : 
(i) base = 12 dm, altitude = 10 dm 

(i) base = 62 cm, altitude = 50 cm 

Gii) base = 8 m, altitude = 80 cm 

(iv) base = 1500 cm, altitude = 90 dm 


Find the height of a triangle whose base is 60 cm and whose area is 600 cm’. 
Find the height of a triangle whose area is 65 сп? апа whose base is 13 cm. 
Find the altitude of a triangle whose base is 6.5 cm and area is 26 cn: 

Find the base of a triangle whose altitude is 10 cm and area is 0.5 т. 

Find the base of a triangle whose area is 3.9 m^ and whose height is 260 cm. 
Find the area of an equilateral triangle of sides 30 cm each. 


Find the area of an equilateral triangle of sides 8 dm each. 
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12. Find the area of an isosceles right triangle of equal sides 40 cm each. 


13. Find the area of a tile in the shape of a rhombus whose diagonals have lengths : 
(1) 24cm and 10 cm (її) 50 cm and 100 cm (ій) 20 cm and 28 cm 


14. A field is in the form of a right triangle with hypotenuse 50 m and one side 40 m. Find 
the area of the field. 


15. A field is in the form of-a triangle. If its area is 2 ha and the length of its base is 200 m, 
then find its altitude. . 
1 Hint: 1 ha 10000 m?] 


16. The length of one of the diagonals of a field 


in the form of a quadrilateral is le "o in е / 
42 m. The perpendicular distances of the other Їр Т v 
two vertices from this diagonal are12 m and ЇР —— 

9 m (Fig. 13.8). Find the area of the field. Fig. 13.8 


17. Area of a A ABC is P square units. 
G) Dis the mid-point of AB. Find the areas of triangles ADC and DBC, and show 
that the two are equal. 
[Hint: If h is the height of A ABC corresponding to the base AB, then 


ШІ кы 
2 


(ii) Points E and Е divide AB into three equal parts. Find the areas of trian gles AEC, 
EFC and FBC, and show that the three are equal. 
(ii) State how to divide A ABC into n triangles with equal areas. 


13,5 Area of a Trapezium 


Recall that a trapezium is a quadrilateral 
that has two of its sides parallel toeach м 
other. Fig.13.9 shows a trapezium ABCD. |. 
The sides AB and DC are parallel. Any 
one of these parallel sides may be taken 
as the base of the trapezium. The distance aci 
between these sides (bases) is the height A 000 
or the altitude of the trapezium. In Fig. 13.9 
Fig.13.9, CL and AM are two altitudes. 

Let us draw the diagonal АС, This divides the trapezium into the two triangles ABC 


and ACD. Let us denote the two bases AB and DC by b, and b, respectively. Let us 
denote the height by Л. 
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Area of trapezium ABCD = Area of A ABC + Area of A ACD 
E 5 ABxCL+ 5 DC x AM 
= L; ANN xh 
2^4 2-5 
E 5 hx (b, b) 


Hence, the area of a trapezium is half the product of the height and the sum of the 
two bases. Denoting the area by A, we have the following formula : 


: : l : : 
Area of atrapezium A= = hx (Р, + b,), where his the height and b, b, are the two bases. 


Example 8 : The parallel sides of a trapezium are 20 m and 15 m long. The distance 
between these sides is 10 m. Find the area of the trapezium. 


Solution : The area of a trapezium is given by IS TOM 
І / 
A= Zhx (b, + b. / Пот 
Here, b, 220 m, b, = 15 m and h = 10 m. шин 
2 20m 
= 5 10x (20+ 15) п = 75 т Еів. 13.10 


Example 9: The area of a trapezium of height 7 cm is 140 cm". If one of the parallel 
sides is 25 cm, find the other side. ТМ? 

1 
Solution : We know that А = 5 hx (b, * b;). 


Here, A = 140 cm?, h = 7cm and b, = 25 cm. Substituting these values in the above 
formula, 


b, | 
140ст? = i х 7 cm x (25 cm + b,) 5222 М үн DA 
or 40 cm = 25 сп b, / Д ur iod 
ШАБЫН ES ONE aper MN E 
or b, = 15 ст b, (25 cm) 


of other side is 15 cm. 
Hence, the length FAM. 
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Do it with your friends 1: I. Take a match box. Take out some matchsticks and remove 
the phosphoric material from the ends. Buy a metre length of cycle valve tube from a cycle 
repair shop. Cut itinto small pieces of length 1.5 cm or so. Now take a piece of tubing 
and two match sticks. Push one stick into the tubing from one end and the other from the 
other end so that the sticks touch each other inside the tubing (Fig. 13.12). This is 


how you join two sticks. Now take five sticks and four pieces of tubing. Join these as 
shown in Fig. 13.13. 


| PNTGARIBOUCA уңайда, 
Fig. 13.12 
AL—— i MN — X8 —— QN — — В 
Fig. 13.13 


Take another piece of tubing. Push the ends A and B above into the tubing from 
the two ends to form a five-sided figure (a pentagon) |Fig. 13.14 (1)]. Now apply a 
little pressure on the joint A-B to turn the figure into a trapezium [Fig. 13.14 (ii)]. 
Define the length of a stick as a unit. (You may give this unit any fancy name you like.) 
Find the area of this trapezium in terms of the unit defined by you. 


"eM > / 4 
Эв” бу 3 
АВ АВ 
(i) (ii) 
Fig. 13.14 
Il. Make a triangle by taking 3 sticks (Fig.13.15). Is А 
this triangle equilateral? Make triangles with 6 or 9 JN 
sticks. Are these triangles equilateral ? Find the areas 2 N 
of these triangles. — 


Fig. 13.15 
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Do it with your friends 2 : Two trapezia, two right triangles and one parallelogram are 
shown in Fig. 13.16. Make trace copies of these figures. 

With the help of the trace copies, cut out the pieces from a piece of cardboard (or an old 
greeting card). | 


к 


Ш. 


@ | (i) (ii) 
| мн 
| 2111 
i d SMS 
Gv) (v) 
Fig. 13.16 
Find the area of each figure. 


Place the pieces, without overlapping and without leaving gaps, so that the letter 
“Т” (Capital) is formed. If you cannot assemble the pieces into a ‘T’, look at Fig. 
13.28 at the end of the Chapter. 


Тгу to make other figures from the pieces. 


EXERCISE 13.3 
Find the area of a trapezium with base 15 cm and height 8 cm if the side parallel to the 
given base is 9 cm long. 
Find the area of a trapezium whose parallel sides are of length 16 dm and 22 dm and 
whose height is 12 dm. 
Find the area of a trapezium whose bases are 24 cm and 16.4 cm and whose altitude is 
1.5 dm. 
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11. 


12 


13. 
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Find the area, in square metres, of the trapezium whose bases and altitude are as under : 
(i) bases = 12 dm and 20 dm, altitude = 10 dm 

(ii) bases = 28 cm and 3 dm, altitude = 25 cm 

Gii) bases = 8m and 60 dm, altitude = 40 dm 

(iv) bases = 150 cm and 30 dm, altitude = 9 dm 


Find the height of a trapezium, the sum of the lengths of whose bases is 60 cm and 
whose area is 600 cm? . 


Find the altitude of a trapezium, the sum of the lengths of whose bases is 6.5 cm and 
whose area is 26 cm? . 


Find the height of a trapezium whose area is 65 cm? and whose bases аге 13 cm and 26 cm. 


Find the sum of the lengths of the bases of a trapezium whose altitude is 11 cm and 
whose area is 0.55 m°. 


Find the sum of the lengths of the bases of a trapezium whose area is 4.2 m? and 
whose height is 280 cm. 


The area of a trapezium is 105 сп? апа its height is 7 cm. If one of the parallel sides 
is longer than the other by 6 cm, find the two parallel sides. 


The area of a trapezium is 180 cm^and its height is 12 cm. If one of the parallel sides 
is double that of the other, find the two parallel sides. 

In Fig.13.17, AB II DC and DA is ТОИ 

perpendicular to AB. Further, DC iN. 

= 7 сш, CB = 10 cm and AB = X 

13 em. Find the area of the \10 ст 
quadrilateral ABCD. 

[Hint : Draw the perpendicular Бү) ын) тө ERR NC В 
from С to AB meeting it in M. Find А 13 em 

CM from the triangle CMB.] Fig. 13.17 

The parallel sides DC and AB of a 

trapezium are 12 cm and 36 cm D 12ст C 
respectively (Fig.13.18). Its non- ЖЕРРИ 

parallel sides are each equal to 15 cm. 15 ст Eum 


Find the area of the trapezium. 

[Hint : Through C, draw a line — _ PAAS 

parallel to DA meeting AB in M. ^«- M — 36cm >B 
Find the altitude of the isosceles 

triangle CMB.] Fig. 13.18 
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13.6 Circumference of a Circle 


A silversmith has to make 100 silver bangles of a given size. For this purpose, he has to 
buy the required length of silver wire. In order to decide how much wire is needed, he has 
to know the circular length of a bangle. You know how to measure straight lengths by using 
any one of the standard measures like cm, dm, m or km. But have you any clue as to how 
to measure the length around a circle as in case of the bangle above? A circular shape 
occurs so often in daily life that the problem of measuring the length around a circle is an 
important problem. As you know, we call the lengths around rectilinear figures their respective 
perimeters. In the same way, we could call the length around a circle its perimeter. However, 
it is usual to call the perimeter of a circle by a special name circumference. 


The length around a circle or the perimeter of a circle is known as its circumference. 


We shall now try to find out how to measure the circumference of a circle. Later, 
we shall obtain a formula that gives us an approximate value of the circumference of 
a given circle. If we could find a way to find the length of arcs, we could find the 
circumference also. 


You know thatas the angle subtended by acircular 
arc at the centre of the circle increases, the length of the 
arc also increases. You may feel that this fact may help 
us in finding the circumference of a circle. But look at 
Fig. 13.19. Itshows two circles having the same centre. 
The arc AB of the smaller circle subtends an angle of 
45° at the centre. The arc PQ of the bigger circle also 
subtends an angle of 45°at the centre. But obviously, the 
twoarcs are not equal. Thus, simply knowing the angle 
at the centre cannot help us in measuring the arc, and 
hence, the circumference of a circle. 


Fig. 13.19 


То get a feeling of what can really help us in measuring the circumference, we shall 
carry out some measuring activities. 


Activity 4 : Take a circle. As remarked earlier, we cannot measure it like a straight length. 
Make a trace copy of the circle on a thick sheet of paper, or on a piece of cardboard. Cut 
along the circle so that you have a disc. Mark a point P on the rim of the disc. Note that 
the rim is really the circle, and the length around the rim is the circumference of this circle. 
Now draw a line on a sheet of paper. Mark a point Qon it [Fig.13.20 (1). Hold the 
disc vertically and place it over the line in such a manner that point P lies on point Q 
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[Fig.13.20 (10), Gently roll the disc along the line, without slipping, in the clockwise direction 
(Fig. 13.20 (1831. Go on rolling until point P falls on the line again.[Fig. 13.20 (iv)]. 


Since there has been no slipping, the distance around the rim of the disc is the same as the 
distance QP or PQ. Hence, the length of QP or PQ is the circumference of the given circle. 


ТҚ 


(i) (ii) (ii) 


(v) 
Fig. 13.20 
You could also find the circumference by winding a thread around the rim ofthe disc 
exactly once and then measuring the length of the thread used. Bottle caps, cylindrical 
boxes, necks of bottles and wooden discs may be convenient for this purpose. 


13.7 Relation between Diameter and Circumference 


You must have realized that the above method of 
finding the circumference of a circle is rather 
tedious. We shall now carry out another activity 
that will help us in evolving a formula to calculate 
the circumference directly by its radius or diameter. 
Givena circle with centre known, a chord through 
the centre (with extremities on the circle), gives 
а diameter of the circle. If the centre is not 
known, you could find the diameter as the largest 
chord. You could perhaps slide a ruler across the 
circle and go on noting the lengths of the various 
chords [Fig. 13.21 (1)]. A more precise method 
would be to make a trace copy of the circle and Fig. 13.21 (i) 
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fold it over itself to produce a semi-circle. The LC 

straight distance between the two ends of this Á EN 

semi circle is the diameter [Fig. .13. 21 (1)]. | ; \ 
Diameter A 


Fig. 13.21 (ü) 


Activity 5: Take four discs of different sizes. Name these discs P, О,К and S. Measure 
the diameter (d) and the circumference (c) of each disc as described above. Calculate the 


© 
ratio — correct to two decimal places, and fill it in the table below : 


d 
Circumference (c) 


c 
You will find that the values of d in the last column differ only slightly from each 


с 
other, if at all. Now add ай the four values of d Divide by 4 to get the average value 


с 
of d The average value is likely to be near 3.1. In fact, it can be proved that: 


158 
L  Theratio | F | of the circumference (c) of a circle to its diameter(d) is the same, 
с 
that is, constant for all circles. 


Il. The constant ratio of the cireumference ofa circle to its diameter is written as л. 
It has the approximate value 3.14 correct to two decimal places. 


13.8 The Number л 


We have just observed that the circumference ofacircle is in a constant ratio to its diameter. 
We have denoted this constant ratio by the Greek letter л (pi). We read it as pie in 
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the word apple-pie. Thus, if c and d denote respectively the circumference and the 


с . . 
diameter of a circle, then P Thus, we have the following relations : 
Circumference = л х diameter , i.e., c 2 nd (1) 
Circumference =r х2 xradius = 2x xradius,ie.c-2mr. (Ш) 


From I and II, we also get the relations : 


с с 
=— 2 теш”. ( 
а гі, and r= n IID 


Recall that 3.14 is an approximate value of n. You might feel that it will be a better idea 
to find the exact value of л instead of using the value correct to two decimal places. 
Unfortunately, it does not work. You may calculate the value of r upto trillions of decimal 
places, but it would still be an approximate value. Not surprising! Mathematicians have 
proved that x is not a rational number. Therefore, it cannot be written as a terminating 
(finite) or a non-terminating repeating decimal. 

The above fact about л has given rise to some interesting activities. All the world 
over, people have tried to beat others in calculating the value of x to more and more 
places. In September 1999, Dr. Kanada of the University of Tokyo calculated 
206,158,430,000 decimal digits of л. In September 2002, he and his team broke their 
own world record, calculating 1.2411 trillion digits (over six times more than before) of 
т. This activity may appear to be useless to some people, but calculating m to as many 
digits as possible in a given period of time using the same method is used as a test to 
compare the power of different computers. One hundred and eighty decimal digits (digits 
after the decimal point) in the value of x are given below : 


1415926535 8979323846 2643383279 5028841971 
6939937510 5820974944 5923078164 0628620899 
8628034825 3421170679 8214808651 3282306647 
0938446095 5058223172 5359408128 4811174502 
8410270193 8521105559 


From here, the value of t correct to 3, 4, 5 and 6 places of decimals are respectively : 
3.142, 3.1416, 3.14159 and 3.141593 
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Early mathematicians used different approximations for the value of t. Babylonians 


; 22 
used a very rough estimate 3, for the value of л. Early Greeks used the value P 


Archimedes (around 250 B.C.) proved that the value of x lies between 3 and 3 ig. 


71 
62832 
20000 
comes out correct to four decimal places. Earlier values were all less accurate. 


The Indian mathematician Aryabhata (476 — 550) gave the value of 7 as which 


22 
For ease of computations, we shall use the value т of x unless stated otherwise. 


Example 10 : Find the circumference of a circle whose diameter is 35 cm. 


Solution : We know that с = Та. 


22 
Here, d = 35 cm. Therefore, taking л = Y 


22 
212 UE. 35cm 110 cm 
Hence, the circumference of the circle is 110 cm. 


Example 11: Find the circumference of a cycle wheel whose radius is 3.7 dm. 
(Use л = 3.14.) 
Solution : We know that c = 27 r. 
Here, r = 3.7 dm. Taking T = 3.14, 
c 22x3.14 x 37 dm = 23.236 dm 


Hence, the circumference of the cycle wheel is 23.236 dm. 


Example 12: Find the diameter of a circular puddle whose circumference is 220 cm. 


; 22. 
Solution : We know that d — 5 Here, c = 220 cm. Taking л = Wi 


а 2——cm m = 70cm 


22 
7 
Hence, the diameter of the puddle is 70 cm. 


220 220х 7 
22 
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Example 13: We have arope just sufficient to encircle a circular region of radius 100 m. 
Show that with à rope only 7 m longer than the given rope, we can encircle a circular 
region of radius 101 m. 


Solution : Let us first find the rope required to encircle the circle of radius 100 m. The 
formula c = 27 r gives the length of the required rope as 2л x 100 m. This means we 
have 200 тг m long rope with us. 


Similarly, the rope required to encircle the circle of radius 101 m is 27:х 101 m or 
202 m m. 


The difference in the lengths is 


2025 m-200& m=2 mm or 4 m which is less than 7 m. 


Thus, with а 7 m longer rope than the previous rope, we can encircle the bigger circle. 


EXERCISE 13.4 


Unless specified, use x = 3.14 only if the values are given as decimal number. 
1. Find the circumference of a circle, whose diameter is 
(8) 14cm (1) 11 dm (ш) 20m 
2. Find the circumference of a circle whose radius is 
0) 2.5cm (1) 1.50dm (ш) 0.25 m 
3. Find the diameter of a circle whose circumference is 
(i) 12.56cm (ii) 88dm (ш) 15.70m 
4. Find the radius of a circle whose circumference is 
(i) 6.28cm (и) 2200dm (ш) 308m 
5. The diameter of a coin is 2 cm. Find its circumference. 


6. The circumference of a dinner plate is 75.36 cm. Find its radius. 


7. Two circles having the same centre have radii 350 m and 490 m. What is the difference 
in their circumferences ? 


8. Тһе diameter of a cycle wheel is 70 cm. Find how many times the wheel will revolve 
in order to cover a distance of 110 m. 


9. А water sprinkler in a lawn sprays water as far as 7 m in all directions. Find the length 
of the outer edge of wet grass. 


10. 


11. 


12. 
13. 


14. 


15. 


16. 


17. 
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An ox in a kolhu (an oil pressing apparatus) is tethered to a rope 3 m long. How much 
distance does it cover in 14 rounds? 


A circular piece of thin wire is converted into a square of side 6.25 cm. If there is no 
loss or gain in its length, find the radius of the circular wire. 


The ratio of the radii of two wheels is 3 : 4. What is the ratio of their circumferences? 


A piece of thin wire in the form of an equilateral triangle of side 31.4 dm is bent into 
aring with no loss in wire. Find the diameter of the ring. 


A well of diameter 150 cm has a stone parapet around it. If the length of the outer 
edge of the parapet is 660 cm, then find the width of the parapet. 


A circular pond has a 90 cm wide footpath along its edge. A man walks around the 
outer edge of the footpath with 66 cm long steps. In 400 steps, he makes a full round. 
What is the radius of the pond? 

[Hint : Radius of the pond = Radius of the outer edge of the path — Width of the path.] 


The moon is about 384000 km from the earth-and its path around the earth is nearly 
circular. Find the circumference of the path described by the moon in one complete 
revolution about the earth. [Use m = 3.14.] 


Consider the number 113355 formed by the first three odd numbers 1, 3 and 5. Form 


355 Ї 
another number TB by putting the first three digits (113) of this number in the 


denominator and the remaining three digits in the numerator. Express this number 
as a decimal. What does this decimal representation have to do with т ? 


13.9 Area of a Circle 


As you know, the circle is not a rectilinear figure. However, itis plane, closed, simple 
and bounded. So it encloses a plane region. The magnitude of the region enclosed by a 
circle is called the area of the circle. We shall now carry out an activity that will help us 
in finding a formula for the area of a given circle. 


Activity 4: Draw acircle with radius r on a tracing paper. Cut along the circle to get a 
circular disc. Fold one half of the disc over itself [Fig. 13.22 (1)] so that each part coincides 
with the other. Press along the diameter (that forms the straight side of the semi circular 
figure so obtained) to get a crease. Fold again to get a quarter circle [Fig. 13.22 (ii)]. Press 
along the bounding radii to get creases. Open out the disc. Cut along the creases to 
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separate out the four quarters [Fig. 13.22 (111)]. Place these four quarters as shown in 
Fig. 13.22 (iv). The area of the circle is the total area covered by this figure. 


(iv) 
Fig. 13.22 


Note that : 
(0) AD and BC are line segments each equal to the radius of the given circle. 


Gi) The length of the curvilinear part between A and B is equal to half of the 
circumference, and therefore, equal to лғ. Similarly, the curvilinear part between 
D and Cis also equal to тг, The curvilinear length betv/een P and D is half of a 


1 
quarter circumference. Therefore, it is 4 th of the circumference. 
(1) Z PAD = 45" and ZRAD = 45°. 
Again start with a circle of the same radius 
and fold it into a quarter as before. Fold the quarter 
to get an eighth part of the circle. Press to get a 


crease [Fig.13.23 (i)]. Open out the disc. Cut 


along the creases to separate out the eight parts. Fig. 13.23 (i) 


Place these eight parts as shown in 
Fig. 13.23 (ii). The area of the circle 
is the total area covered by this 


figure. 


Fig. 13.23 (ii) 


Note that : 
(i) | ADand BC are line segments each equal to the radius of the given circle. 
(ii) The length of the curvilinear part between A and B is equal to half of the 
circumference, and therefore, equal to лг. Similarly, the curvilinear part between 
D and C is also equal to mr. The curvilinear length between P and D has 


1 
reduced to 16 th of the circumference. Thus, D is closer to P now. Similarly B 


is closer to Q in this case. This means that the line segments DC and AB are 
coming closer to the curvilinear length (777) between them. 


1 1 
(ii) ZPAD =22 = and ZRAD= 677. Thus, Z PADis decreasing and Z RAD 


is increasing. 


Again start with a circle of the same 
radius and fold it into 16th parts. Press 
to get a crease. Cut out the 16 parts and 
place these 16 parts as shown in 
Fig. 13.24. The area of the circle is the 
total area covered by this figure. 


Fig. 13.24 


Note that : 
G) AD and BC are line segments each equal to the radius of the given circle. 


Gi) Dis closer to P now than in the previous case. Similarly, B is closer to Q than 
before. This means lengths DC and AB are coming closer to 7 r. 


(ш) ZPAD =1 142 and Z RAD =78 2. Thus, ZPAD is decreasing and ZRAD 
is increasing. i 
We may repeat the above procedure to divide the circle into more and 
more parts and place the parts side by side to get a figure such that : 


G) Two ofthe sides (AD and BC) are equal to the radius of the circle. 
(ii) AB and DC differ very little from ғ. 


MATHEMATICS 
(ii) Angle PAD is so small that it may be treated as zero. Angle / RAD is so close 


to 90? that it may be treated as a 90? angle. 


Consequently, the figure obtained by placing the parts of the given circle side by side 
almost coincides with the rectangle ABCD whose length and breadth are equal to tr and 
r respectively. Hence, 


Area of the given circle = Total area of the parts 
= Area of rectangle ABCD 
2nzrxrz-zar 
We have the following formula for the area A of a circle with radius r : 
А =a r?or area of a circle = л (radius)? 


From here, we also have 


‚= [A orradius = AT 
T T 


Remark : When we use the above formulae to calculate the area A or the radius r, we 


22 
substitute an approximate value of л like 3.14 or 7: For all practical purposes, an 


approximate value works very well. Also, we shall generally omit the word approximate 
and just use the phrase area of the circle. 


Example 14: Find the area of a circle with radius equal to 1.20 cm. [Take x = 3.14.] 


Solution : We know that 


Area of a circle = 7 7°. 
Неге, r= 1.20 cm. Taking n = 3.14, 
Area of the circle = 3.14 x (1.20 cm? 
= 4.52 cm’ correct to 2 decimal places 
Thus, the required area of the circle is 4.52 cm?. 


Example 15 : Find the radius of a circle whose area is equal to 5544 cm’. 


Solution : We know that radius of a circle = 4 Ага i 
T 


22 
Here, area = 5544 cm’. Taking л = PE 


—— 
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Radius of the circle (in cm) 2 эн = T : -4252х7 


= у/6х6х7х7=42 


Thus, the radius of the circle is 42 cm. 


Example 16: A circular rug of diameter 1.4 m is spotted in the centre with a 20 cm 
striped border (Fig 13.25). Find the area of the striped portion of the rug to the nearest 
cm’. 


Solution : Radius of the rug = Half of the diameter of the ug 70 cm 


=51, 4т= 0.7 т үш 220 қ ES Spas 

= 70 ст 2 

Radius of the spotted portion = 
= Radius of the rug — Width of the striped border 

= 70 ст – 20 ст = 50 ст 


22 
Now, area of the rug = ли? = — х 70x 70 cm? = 15400 cm’, Fig. 13.25 


5000 


area of the spotted portion = nri i x50x50cm?- : cm? 
= 7857 ст? (to the nearest cm?) 
Hence, the area of the striped border (to the nearest cm?) 
= Area of the rug — Area of the spotted portion 
= 15400 cm? — 7857 cm? 
= 7543 cm? 


Example 17: Find the area of a circle whose circumference is 880 cm. 


Solution : We know that the circumference c is given by the relation'c = 2лғ, where r 


is the radius. 
Here, c = 880 cm. 


22 { 22 
so that 880 = 2nr = 2x Xr Taking л = 3 
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or 


Hence, the radius of the given circle is 140 cm. 
Now, area A of the circle with radius r is given by 


А = nr? 


22 
сл 140? cm? 
= 22x 140 x 20 cm? 


22х140х20 
заа ал ТАСУ HÈ 2 
E 10000 m? [As Im? = 10000 ст?] 
616 i 
100 


- 6.16 т? 
Thus, the area of the given circle is 6.16 m?. 


Remark : We generally express the answer in 
the same units as given in the problem. However, 
if the figures are large, then the answer may be 
converted into higher units. 
Doit with your friends 3 : Draw any right triangle 
ABC, right angled at A. Draw semi-circles on 
the sides AB, BC and CA (Fig. 13.26). 
(i) Find the sum of the areas of the semi-circle 
on the legs AB and AC. 
(ii) Епа the area of the semicircle on the 
hypotenuse. 
(іі) What relation do you find in (i) and (ii)? Fig. 13.26 
Repeat this activity with other right triangles. 
(iv) State your observation like Pythagoras Theorem. 
(v) Repeatthe activities (i) to (iv) above, taking equilateral triangles in place of semicircles. 
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EXERCISE 13.5 


Find the area of a circle whose radius is : 

() 21cm (ii) 49dm (ii) 217 cm 
Find the area of a circle whose diameter is : 

0) 20cm (1) 9.8dm (ii) 200 cm 
Find the radius of a circle whose area is : 

0) 154 сп? (її) 616dm? (іі) 12474 cm? 
Find the radius of the circle whose area is : 


0) 1386cm? (i) LM dme (іш) 13150 = cm? 
Using the value 3.14 of 1, find the diameter of the circle whose area is : 
(i) 314cm? (ii) 78504028 (ш) 4710 cm? 


Find the area of a circular plate with diameter 10 cm. 
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An ox is tied to a pole with a 10 m long rope. The ox moves keeping the rope tight. Find 


the area of the ground swept by the rope. 


A crater falls near a village creating a circular pit of diameter 200 m. Find the affected 


area of land. 


A horse is tied to a pole fixed at one corner of a 30 m x 30 m square field of grass, 


by means of a 10 m long rope (Fig 13.27). [Take m= 3.14.1 
(i) Find the area of that part of the field in which the horse can graze. 


(ii) Find the increase in the grazing area if the rope were 20 m long instead of being 


10 m long. 


Fig. 13.27 
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12. 


13. 


14. 


15. 
16. 


MATHEMATICS 


What will be the area in part (i) of the above question if the pole were fixed on a side, 
somewhere near the middle ? 


Find the area of a circle whose circumference is the same as the perimeter of a square 


of side 11 m. 


Which has greater area, a square of perimeter 88 cm or a circle with circumference 
88 cm? 


From a rectangular metal sheet of sides 30 cm and 40 cm, a circular sheet as big as 
possible, is cut off. Find the area of the remaining sheet. 


A well of diameter 150 cm has a 30 cm wide parapet running around it. Find the area 
of the parapet. 
The areas of two circles are in the ratio 25 : 36. Find the ratio of their circumferences. 


The radius of a circle is doubled. What is the ratio of the area of the new circle to the 
area of the given circle? 


Fig. 13.28 


. number for all the circles. 


A 
. Radius of a circle = V Area +7 or r= E 
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Things to Remember 


The magnitude of a plane region is called its area. 
Area of a parallelogram = Base x Altitude (height) or A = b x h. 


1 1 
Area of a triangle = 5 Base x Altitude (height) or А b b Л. 


1 
Area of a trapezium = 2 (Sum of bases) х Altitude (height) or 
1 
А-5 (b, +b,) xh. 
The perimeter of a circle is called its circumference. 


с 
The ratio 7. of the circumference (c) of a circle to its diameter (d) is a constant 


с 
The constant ratio И of the circumference of a circle to its diameter is denoted 


G 
by the Greek letter 7t. Thus, ji = л. The approximate value of л is 3.14 correct 


to two decimal places. 
The number 7 is not a rational number. An often-used rational approximation 


to m is 2 
om Scu 


Circumference of a circle = 2m х (radius) or c = 2лг. 


. Circumference of a circle = 7t x (diameter) or С = nd. 


Area of a circle = X x (radius)? or A = ur. 


СНАРТЕК 


SURFACE AREAS 


14.1 Introduction 


You are already familiar with the concept of surface area from your earlier classes. In 
Class VII, you have learnt about the surface areas of two simple three dimensional figures 
(solid figures), viz. cuboids and cubes. Recall that the surface area of a cuboid of length /, 
breadth b and height Л units is 2 ( [b + bh + hl ) square units and that of a cube of length 
(edge) / units is 67 square units. In this Chapter, we shall be concerned with surface areas 
of three familiar solid figures — the cylinder, the cone and the sphere. As the surface of 
these solids is generally curved, it creates certain difficulties when we want to find the 
surface areas of these solids. We shall get over these difficulties by finding an equivalent 
plane region which enables us to find the area of these curved surfaces. 

The formulas for surface areas of these solids are very useful because we come 
across cylinders, cones and spheres in our everyday life almost at every step. These 
formulas involve the use of number 7. In this Chapter also, we shall take the value of л 


22 
а$ 3 unless mentioned otherwise. 


14.2 Right Circular Cylinder 


A tin can, a road roller (or a garden 
roller), round pillars, cables, water 
pipes, etc. (Fig. 14.1) are some of 
the objects from daily life which 
suggest or bring to our mind the 
concept of a right circular cylinder, 
which is a geometric figure. 


Fig. 14.1 
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Outline of à right circular cylinderis given in Fig. 14.2. It will help us to describe 


A rightcircular cylinder has two plane ends. Each plane С о 
end is circular in shape, i.e., each end is a circular COCA UNS 
region. These two circular regions are congruent and 
parallel to each other. Each of these ends is called 
a base of the cylinder. The line segment ОО” joining the h 
centres of. the two plane ends is called the axis of the 
cylinder. Note that ОО” is perpendicular to every line 
segment lying in each of these plane ends passing through : | 
О or О. In other words, it is perpendicular to these qi Ó 9s, 2 
circular ends (bases). For this reason, we name this solid 
figure as a Right Circular Cylinder. 

There is à curved (not flat) surface which joins the two ends and we call it the lateral 
surface of the right circular cylinder. Observe that for each point P on the circle of the 
lower end (base), there is a point P" on the circle of the upper end such that PP’ is parallel 
to OO’. As P goes around the lower circle, the line segment PP’ generates (or produces) 
the entire lateral (or curved) surface of the cylinder. The radius r of the circle (base) айа 
the length ^ ofthe line segment OO" are the two lengths that determine the size of the 


cylinder. his called the height of the cylinder. Note that PP’ = ОО”. 


Fig. 14.2 


Remark : The above description of a right circular cylinder brings to our mind two 
distinct but related figures : the hollow cylinder and the solid cylinder. In fact, by a right 
circular cylinder we mean a hollow right circular cylinder. It is the figure formed in space by 
just the lateral surface of the cylinder. The part of the space enclosed by a right circular 
cylinder is called its interior. A right circular cylinder along with its interior is called а right 
circular cylindrical region, which is generally referred to as a solid right circular cylinder. 
In common usage, the word right circular cylinder is used for both, the hollow right circular 
cylinder and the solid right circular cylinder. In practice, it should not cause any problem, 
for the context in which it is used, will make the meaning clear. 

Further, unless stated otherwise, we shall often use the word ‘cylinder’ to mean ‘right 
circular cylinder". 


14.3 Surface Area of a Right Circular Cylinder 


Let us now try to determine the surface area of a cylinder. For this, we perform the 
following activity : : 
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Activity 1: Letus consider a right circular cylinder of height h. Let the radius of the base 
Бе r [Fig. 14.3 (i)]. Thus, each of the ends of the cylinder is a circle of radius ғ Note 
that each circular edge has length 27r and area of each plane end is л. 


(P) 2лғ v 


(i) (ii) 
Fig. 14.3 


Now let us consider the lateral (curved) surface. Does it have an area? If yes, how to 
determine it? If the curved surface could be somehow made flat, i.e., a plane region 
[Fig. 14.3 (11)], then there would be no difficulty in determining the curved surface area. 
We proceed as follows : 

We take a rectangular strip of paper of width h so that we can wrap it around the 
given cylinder of height ^ to just cover it. 

Mark a generating line segment PP’ on the curved surface, Place the edge of the 
paper strip along PP" and hold it fast. Now wrap the strip around the cylinder till you reach 
PP’ again. At this stage, cut off the strip along PP’. Now remove the cut off strip and 
spread it [Fig. 14.3 (ii)]. What do you observe? Of what shape is this cut off strip? It is 
arectangle. What is the breadth of this rectangle? Clearly, it is л. What is the length of 
this rectangle? Note that the length of the rectangle has gone around the circular end of 
the cylinder just once, Also, the radius of the circular end is r. Thus, length of the 
rectangle is equal to the circumference of the circle with radius r. That is, the length of 
the rectangle is 27r. 

Therefore, the area of the rectangle = 2mr x h =2nrh 
As can be seen easily : 
Area of the curved surface = Area of the rectangle of length 27r and breadth Л 
= 2nrh 
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Thus, for a cylinder of base radius ғ and height / : 
Curved surface area = 2rrh 
Area of each end = лг? 
and total surface area = 2 лг + Tu? + л = 2nrh + 2nr? = 2nr (h + r) 
Note that total surface area is for a solid cylinder. 
Remark : These formulas can also be verified by taking a piece of paper and folding it in 


the form of a cylinder. 
We now take some examples to illustrate the use of these formulas. 


Example 1 : Find the curved surface area of a right circular cylinder of base radius 3cm 
and height 5 cm. (Take x = 3.14.) 


Solution : Curved surface area of a cylinder =2 nrh 
=2x3.14x3x5cm’ 
= 94.2 cm? 


Example 2: The curved surface area of a right circular cylinder of height 14 cm is 
88 cm?. Find the radius of the base of the cylinder. 


Solution : Curved surface area = 2 лг 


22 
Therefore, 88-2х 4 xrx 14 
te BB т, 
i5 "= 2х22х14 


zl 
Thus, the radius of the base is 1 cm. 


Example 3 : It is required to make a closed cylindrical tank of height 1 m and base 
diameter 140 cm from a metal sheet. How many square metres of the metal sheet are 
required for the same? 


Solution : Here, diameter = 140 cm 
70 7 


di bu 2010 zem m 
Radius г = vi noy em = 100 0 


Height h = 1 т 
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Total surface area of the tank = 2 zr (h +r) 


ТЕЗІ) 10 
2х22х]7 г, 
оле Ino 7-494 

100 Кт 


Thus, the area of the metal sheet required is 7.48 m2. 
Hence, 7.48 square metres of metal sheet are required. 


Example 4 : Inner and outer radii of a metallic pipe are 3 cm and 3.5 cm respectively, 
(Fig.14.4). If the length of the pipe is 56 cm, find its total surface area. (Use x = 3.14.) 


Fig. 144 


Solution : Inner curved surface area of the pipe = 2x rh = 2 x 3 x 56 cm? (1) 
Outer curved surface area of the pipe = 2л x 3.5 x 56 cm? (2) 
Area of the two ends = 2л [(3.5? — (3?] cm? = 21 х 6.5 x 0.5 cm? (3) 
Total surface area = (2л x 3 x 56) + (2m x 3.5 x 56) + (2л x 6.5 x 0.5)] cm? 

[From (1), (2) and (3)] 
= л (336 + 392 + 6.5) ст? 
= л (734.5) cm? 
= 3.14 x 734.5 cm? 
= 2306.33 ст? 


„лл 


10. 


п. 


12. 
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EXERCISE 14.1 


A right circular cylinder has base radius 8 cm and height 35 cm. Find the curved 
surface area of the cylinder. 


The circumference of the base of a right circular cylinder is 176 cm. If the height of 
the cylinder is 1 m, find the lateral surface area of the cylinder. 


A closed circular cylinder has diameter 10 cm and height 15 cm. Find the total surface 
area of the cylinder. (Use л = 3.14.) 


The radius of the base of a closed right circular cylinder is 21 cm and its height is 1 m. 
Find the total surface area of the cylinder. 


The diameter of a roller is 84 ст and its length is 120 cm. It takes 500 complete 
revolutions to move once over to level a playground. Find the area of the 
playground іп m°. 

[Hint : Area levelled by the roller in 1 revolution = curved surface area of the roller.] 
A cylindrical pillar is 50 cm in diameter and 3.5 m in height. Find the cost of white- 
washing the curved surface of the pillar at the rate of Rs 12.50 per m. 


Curved surface area of a right circular cylinder of height 35 cm is 121 cm’. Find the 
radius of its base. 


Curved surface area of a right circular cylinder is 4.4 m°. If the radius of the base of 
the cylinder is 0.7 m, find its height. 


A metal pipe is 77 cm long. The inner diameter of a cross-section is 4 cm, the outer 
diameter being 4.8 cm. Find its 

(i) inner curved surface area. 

(ii) outer curved surface area. 

(iii) total surface area. 


The inner diameter of a circular well is 3.5 m. It is 10 m deep. Find its 


(i) inner curved surface area. 
(ii) the cost of plastering the inner curved surface at the rate of Rs 40 per т>. 


The outer diameter of a pipe is 1 m and itis 21 m long. Find : 

(i) its outer curved surface area. 

(ii) the cost of painting the outer surface of the pipe at the rate of Rs 25 per т>. 

A cylindrical vessel open at the top has a base diameter 21 cm and height 14 cm. Find 
the cost of tin-plating its inner part at the rate of Rs 5 per 100 cm’. 
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14.4 Right Circular Cone 


An icecream cone, a joker's cap, a conical vessel, a conical tent, etc. (Fig. 14.5) are 
some of the objects from daily life which suggest or bring to our mind the concept of a 
right circular cone, which is a geometric figure. 


Fig. 14.5 

In Fig. 14.6, outline of a right circular cone is 
given. It will help us to describe a right circular cone in 
geometric terms already known to us as follows : 

A right circular cone has a plane end which is 
circular in shape, i.e., the plane end of a right circular 
cone is a circular region. This end is called the base 
of the cone. Its radius r is called the radius of the 
base of the cone or simply the base radius. Fig. 14.6 

There is also a corner, which is a point (O in Fig. 14.6) of the cone farthest from the 
base. It is called the vertex of the cone. Connecting the vertex and the circular edge of the 
base, there is a curved surface. This is also referred to as the lateral surface of the cone. 

If O is the vertex, and Oʻ is the centre of the base, then ОО” is called the axis of 
the cone and the length of the line segment OO is called the height of the cone. Observe 
that OO’ is perpendicular to the base. For this reason, we name this solid asa right 
circular cone. 

Asin the case of a cylinder, here also the radius ғ of the base and the height л of 
the cone determine the size of the cone. 

You can also observe that for each point P on the circular edge of the base, the line 
segment OP lies on the curved surface of the cone. The length / of each of such line 
segments is called the slant height of the cone. 
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Note that AOO Pis a right triangle, right angled at O“ (Fig. 14.6). 
Therefore, we have 
Р= 2+ № (By Pythagoras Theorem) 


or l=4 +? 


Remark : As in the case of a cylinder, the above description of a cone brings to our 
mind, two distinct but related figures — the hollow cone and the solid cone. The hollow 
cone is just the lateral surface of the cone, while the solid cone contains the interior of the 
cone also in addition to the lateral surface. 

Further, unless stated otherwise, we shall often use the word ‘cone’ to mean a ‘right 
circular cone’. 


14.5 Surface Area of a Right Circular Cone 
Let us now try to determine the surface area of a cone. For this, we perform the 
following activity : 
Activity 2: Take a right circular cone of base radius rand height h [Fig. 14.7 (0. 
Clearly, the length of the circular edge is 27r and the area of the base = л (A 

Now letus consider the lateral (curved) surface. Does it have an area? How to determine 


it? If somehow, the curved surface could be made flat, i.e., a plane region, then there will 
be no difficulty in determining the curved surface area. For this, we proceed as follows : 
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Fig. 14.7 


Let P be a point оп the circular edge of the cone. Let OP = /. Now draw а circle 
of radius / with centre О” on a sheet of paper [Fig. 14.7 (ii)]. Cut out the sheet along the 
circle. Thus, we obtain a circular sheet (disc) of paper of radius / and centre О”. Cut this 


disc along the radius P'O”. 


Now we place the radius О”Р” of the disc along OP with О” at О, P’ at P and Wrap 
the disc around the cone, keeping O” fixed at О and Р fixed at P. When we come back 
to OP, we cut off the remaining part of the disc. Thus, we obtain a part or portion of 
acircular region of radius l [Fig. 14.7 (iii)] which exactly covers the curved surface of the 
cone. Note that the length of the arc of this portion is equal to the circular edge of the 


cone, i.e., 2 r. 


Now, we apply the unitary method to determine the curved surface area as follows : 
When length of the arc is 27 ( = circumference of the disc), area = 70/7 


> 


17 
When length of the arc is 2x r, area = 228 2nr 2nrl 
m 


Thus, the area of the portion of the circular disc of radius / which exactly covers 


the curved surface of the cone = m rl. Hence, 
Area of the curved surface of the cone = nrl 


Further, total surface area = area of the curved surface + area of the base 


= пг + лг? 
=лғ(1+ р) 
Note that total surface area is for a solid cone. 
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Remark : The above formulas can also be verified by taking a part of a circular region 
made of paper [Fig. 14.7 (11)| and folding itin the form of cone. 
Now we take some examples to illustrate the use of these formulae. 


Example 5: Diameter of the base of a cone is 10.5 cm and its slant height is 10 cm. Find , 
the curved surface area of the cone. 


Solution : Diameter of the base = 10.5 cm 


10.5 
Therefore, base radius r= T3 cm 
slant height / = 10 cm (Given) 
Hence, curved surface area — 7 rl 
222 10514 2 22 105 10 2 
7 2 7 
= 165 ст? 


Example 6: The height of a cone is 16 cm and the radius of its base is 12 cm. Find the 
curved surface area and the total surface area of the cone. (Use т = 3.14.) 
Solution : Here, Л = 16 cm and г= 12 cm. Let the slant height of the cone be /. 

Then, from P = г? + h’, we have 


l=Jr +k 
= 412? +16 ст = 20 ст 


Hence, curved surface area = л rl 23.14 x 12 x 20 cm? 
i = 753.6 сш? 
Total surfacearea = m rl mr 
= 753.6 cm? + 3.14 x 144 ст? 
= 753.6 cm? + 452.16 cm? = 1205.76 ст? 


Example 7 : Curved surface area of a cone is 308 cm? and its slant height is 14 cm. 
Find (1) radius of the base, and (ii) total surface area of the cone. 


Solution : (i) We have т r l = 308 


4 Зоухла-з0в 
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308x7 ui 
г” 22x ИЙ 
Thus, radius of the base is 7 cm. 


or 


22 
(ii) Total surface area 2 n rl + л? = (308 + 7" 49) cm? = (308 + 154) cm? 


= 462 cm? 


Example 8: The radius of the base of a conical tent is 12 m. The tent is 9 m high. Find 
the cost of the canvas required to make the tent, if one square metre of canvas costs Rs 
120. (Take т = 3.14.) 


Solution : Let the slant height of the cone be /. Then, from P=r+h’,we have 


124144481 m=15m 
Therefore, curved surface area of the tent = л rl =3.14 x 12x 15 т> 
= 565.2? 
Hence, the canvas required to make the tent is 565.2 т. 
Cost of the canvas at Rs 120 per m? = Rs 120 x 565.2 = Rs 67824 


EXERCISE 14.2 


1. Find the curved surface area of a right circular cone whose slant height is 10 cm and 
base radius 7 cm. 


2. Тһе diameter of a right circular cone is 14 cm and its slant height is 9 cm. Find its 
(i) curved surface area. (ii) total surface area 


3. Find the curved surface area of a cone, if its slant height is 60 cm and the radius of its 
base is 25 cm. (Take л = 3.14.) 


4. Find the total surface area of a cone, if its slant height is 24 dm and diameter of its 
base is 14 dm. 


5. The radius of the base of a cone is 9 cm and its height is 12 cm. Find the curved 
surface area of the cone. 
[Hint : First find the slant height.] 


6. А сопіса! tent is 10 m high and the radius of its base is 24 m. Find 
(i) slant height of the tent. 
(ii) cost of the canvas required to make the tent, if the cost of 1m? canvas is Rs 90. 
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7. The curved surface area of a right circular cone is 528 ст, If the slant height of th 
cone is 21 cm, find the 
(1) radius of the base. (il) total surface area of the cone. 


8. What length of tarpaulin 3 m wide will be required to make a conical tent of height 8 n 
and base radius 6 m? (Use л = 3.14.) 


9. The slant height and the base diameter of a conical tomb are 25 m and 14 m, respectively 
Find the cost of white washing its curved surface at the rate of Rs 210 per 100 m?. 


10. Anopen metallic conical tank is 4 m deep and its circular top has diameter 6 m. Find the 
area of the metallic sheet required to make the tank. (Use x — 3.14.) 


11. A joker's cap is in the form of a right circular cone of base radius 7 cm and height 
24 cm. Find the area of the sheet required to make 10 such caps. 


12. Curved surface area of an icecream cone of slant height 12 cm is 113.04 ст. Find the 
base radius of the cone. (Use л = 3.14.) 
14.6 Sphere 


A ball, a cricket ball, a marble, etc. (Fig. 14.8) are some of the objects from daily life 
which suggest or bring to our mind the concept of a sphere, which is a geometric figure. 


Fig. 14.8 Fig. 14.9 


In Fig. 14.9, an outline of a sphere is given. It will help us to describe the sphere in 
‘geometric terms, already known to us. A sphere is a figure formed by all those points in 
space which are at the same distance from a fixed point. The fixed point (in this figure point 
O) is called the centre of the sphere and the ‘same distance’ is called the radius of the 
sphere. A line segment passing through the centre of ‘the sphere and having its end points 
on the sphere is called a diameter of the sphere. As in the case of a circle, the length of a 
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diameter is also called the diameter of the sphere. It is clear that the diameter d and the 
radius г of the sphere are related by the relation d = 2r. 


The radius r of a sphere completely determines the size of the sphere. 


Fig. 14.10 Fig. 14.11 


A section of a sphere by a plane is a circle (Fig. 14.10). The plane through the centre 
gives the largest circular section of the sphere. The radius of this largest section is the same 
as that of the sphere. The circular section gets smaller and smaller as we move away from 
the centre. 

A plane through the centre divides the sphere into two equal parts. Each part is called 
a hemisphere (Fig. 14.11). 


Remark : The above description of a sphere brings to our mind two distinct but related 
figures the hollow sphere and the solid sphere. By the term sphere, we mean a hollow 
sphere. It is just the figure in space formed by all those points which are at a given distance 
( = radius) from the centre. Observe that the centre of the sphere is not a point of the 
sphere. A solid sphere is a spherical region in space. It includes the sphere together with its 
interior, (1.6... the region enclosed by it). 


14.7 Surface Area of a Sphere 
Letus now try to determine the surface area of a sphere. For this, we perform some activities. 


Activity 3: Consider a sphere of centre О and radius r. Let a plane through О divide the 
sphere into two hemispheres [Fig. 14.12 (i)]. 

Let us consider the curved surface of the upper hemisphere. Does it have an area? If 
the curved surface, somehow, could be made flat, i.e., a plane region, then there would be 
no difficulty. We could do it easily for a cylinder and for a cone by wrapping a sheet of 
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paper around each. However, this is not possible here. We, therefore, adopt a different 
procedure here as given below : 

Take a long string. Starting from the uppermost point of the hemisphere, wrap it along 
the hemisphere, in the form of a spiral [Fig. 14.12 (ii)]. Continue till the entire hemisphere 
is covered (A light coating of gum on the surface of the hemisphere may be helpful in 
keeping the string in place.) Now unwrap and measure the length of the string. 


«сэв Мах... 


(ш) 
Fig. 14.12 


On a sheet of paper, draw a circle of radius r (i.e., of the same radius as that of the 
sphere). Recall that the area of this circle is л ^. Like above, repeat the process of wrapping 
for the circle [Fig. 14.12 (iii)] with a similar string. You may start at the centre and spiral 
around it. Now, unwrap and measure the length of the string used to cover the circle. What 
do you observe? You will observe that the length of the string needed to cover the hemisphere 
isnearly twice the length of the string needed to cover the circular region. The slight difference 
is due to small gaps in wrapping and covering. As thickness of the string is the same in both 
cases, therefore, surface area of the hemisphere = 2 x (area of the circle) = 272. 


Hence, the surface area of the sphere = 2 x (area of one hemisphere) 
=2x2nr=4nr 
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Activity 4 : Take a sphere of radius ғ. From a sheet of paper, cut out four circular discs 
each of radius r. Clearly, the area of each disc is л г. 

Now cut the four circular discs into thin strips and try to cover the surface of the 
sphere with the same. Try placing the strips as closely as possible, leaving no gaps as far as 
possible. You may cut some strips into smaller pieces if needed. What do you observe? 
You will observe that you would be able to cover the entire surface of the sphere once 
with the help of the strips of these fourcircular discs. Hardly any unused pieces will be left. 

Thus, we may again say that 

The surface area of a sphere = 4r 7°, where ris the radius of the sphere. 

Note that, in the case of sphere, the curved surface area and the total surface area is 
the same, namely 4r 7?, where r is its radius. What about the curved surface area and 
the total surface area of a hemisphere? Clearly, curved surface area of a hemisphere of 
radius г = 27 7° and its total surface area = 2л 7? + л г (area of the base) = Зл г. 
Note that the total surface area is for a solid hemisphere. 


Wenow take some examples to illustrate the use of these formulas. 
Example 9: Diameter of a sphere is 10 cm. Find its surface area. (Take m = 3.14.) 


I 
Solution : Radius ofthe sphere — DA diameter 


1 
"S 10 cm = 5 cm 


Therefore, its surface area = 47 r? 
=4x 3.14 x 5? ст? 
„= 314 ст? 
Example 10 : The surface of a solid hemisphere with its circular base is to be painted. If 


the radius of the hemisphere is 28 cm, find the cost of. painting the surface at the rate of 
Rs 3 per 100 ст. 


Solution : Surface area of the hemisphere = Зл 7? 


22 
73x77 x28 x 28 ст? 


= 7392 cm? 
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Therefore, cost of painting the surface at the rate of Rs 3 per 100 cm? 


3 
E 92 
PNIS t 


=Rs 221.76 


Example 11: Assuming the Earth to be a sphere of radius 6370 km, find 


(i) surface area of the Earth. $ 
(ii) area of the land, if three-fourths of the Earth's surface is covered by water. 


Solution : (i) Surface area of the Earth = 4л 7? 


22 
-4х 57 х 6370 х 6370 km? 
= 510109600 km? 


1-3 1 д 
(11) 1 of the Earth's surface is covered with water. 


1 
Therefore, area of the land = 3 x (surface area of the Earth) 


1 
ma x 510109600 km? 
= 127527400 km? 


EXERCISE 14.3 
Find the surface area of a sphere whose diameter is 
(i) 14cm (1) 21cm (іі) 3.5 т 
Find the surface area of a sphere whose radius is 
(i) 10.5cm (ii) 5.6m (іі) 14 ст 


The radius of a spherical balloon increases from 7 cm to 14 cm as air is being pumped 
into it. Find the ratio of surface areas of the balloon in the two cases. 


A hemispherical bowl made of brass has inner diameter 10.5 cm. Find the cost of tin- 
plating it on the inside at the rate of Rs 16 per 100 cm’. 


The dome of a building is in the form of a hemisphere. Its radius is 6.3 m. Find the cost 
of painting it at the rate of. Rs 12 per m. 


Find the radius of a sphere whose surface area is 154 cm”. 
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The diameter of the Moon is approximately one fourth the diameter of the Earth. Find 
the ratio of their surface areas. 


Radius of a shotput is 7 cm. Find its surface area. 
A hemispherical bowl is made of steel, 0.25 cm thick. The inner radius of the bowl is 
5 cm. Find the outer curved surface area of the bowl. 
А right circular cylinder just encloses a sphere 

of radius r (Fig. 14.13). Find 


(i) surface area of the sphere. 
(ii) curved surface area of the cylinder. 
(iii) ratio of the areas obtained in (i) and (ii). 


Things to Remember 


[Throughout r, h and 1 have the usual meaning.) 
Each plane end of a right circular cylinder is called its base. 
The line segment joining the centres of the two circular ends of a cylinder is 


called the axis of the cylinder. The length of the axis is called the height of the 
cylinder. 


3. Тһе curved surface which joins the two bases of a right circular cylinder is 


called its lateral surface. 


4. Lateral or curved surface area of a right circular cylinder = 27 rh. 


Total surface area of a right circular cylinder = 2n ri 2x r? = 2x r (h + r). 


The plane end of a right circular cone is called its base. The only corner of the 
cone is called the vertex of the cone. 


The line segment joining the vertex of the cone to the centre of its base is 
called the axis of the cone. The length of the axis is called the height of the 
cone, 


The length of the line segment joining the vertex of the cone toa point on the 
circular edge is called its slant height. Further, / = 47? + А2. 


The curved surface connecting the vertex to the circular edge of the right 
circular cone is called its lateral surface. 
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. Lateral or curved surface area of a cone = л rl. 


Total surface area of a cone = x rl + mr? = mr (l + r). 


. A sphere with centre О and radius г is the figure (їп space) consisting of all 


the points (in space) which are at a distance r from O. 


. Surface area of a sphere of radius ғ is 4r. 


Lateral or curved surface area of a hemisphere of radius ris 27:77. 


Total surface area of a hemisphere of radius ris 2x r^4 x r?°, i.e., 3r r°. 
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15.1 Introduction 


We know that a solid occupies some region in space and the magnitude ofthis region is 
called the volume of the solid. One of the standard units of volume is cubic centimetre 
(cu cm) oracentimetre cube (cm?) . The unit 1 cubic centimetre is the volume of a cube of 
side 1 cm. The volume ofa cube of side a cmis.a cm x acm xa cm, i.e., acm? (or? cu cm). 

Some other standard units of volume are mm? , dm’, m? and km?. The capacity of 
acontainer with volume 1000 cm? is 1 litre or 1 /. 

We also know that the volume V of a cuboid of sides / cm, b cm and / cm is given by 

V=1xbx hcm? | 
In this Chapter, we shall study volumes of some other familiar solids, viz., the cylinder, 


22 
the cone and the sphere. As in Chapter 14, we shall take the value оЁ as PE unless 
stated otherwise. 
15.2 Volume of a Right Circular Cylinder 


We have studied this solid in the previous chapter where we considered its surface area. 
We now consider its volume. Let r be the base radius and Л the height of the cylinder. 


Let us first consider a cuboid with length, 
breadth and height equal to a, b and c units, 
respectively. We know that the volume of the Я | 
cuboid is a x b x c unit". We also know that AA VI 
the lateral surface area of the cuboid (in square ; 
units) is 2 (a Xc + b x c). The surface area сап | 
be expressed as 2 (a + b) хс. Also, 2 (a + b) | 
is the perimeter of the base. How аге the a 
two related? Fig. 15.1 


Lateral surface area of a cuboid = Perimeter of the base x Height. 
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Now consider its volume. We know that the volume is a x bx c and ax b is the 
area of its base. Hence, 


Volume of the cuboid = (a x b) x c = Area of the base x Height. 

Thus, for a cuboid : 
Lateral Surface Area = Perimeter of the Base x Height 
Volume = Area of the base x Height 

Also, for a cylinder, 

Lateral (curved) surface area = 2л = Perimeter of the Base x Hei ght 
It is, therefore, natural to expect that 

Volume of the cylinder = Area of the base x Height = zt h 

This result is true, but formal proof of this result is out of the scope of this book. 
However, we may verify this result by an experiment. 


Activity 1: Take a cylindrical vessel. Measure its radius г and height ^ in cm and enter 


22 
these in the table below. Compute the value zu?h by taking л= 7 OF 3.14. 


Put this value in the corresponding column of the table. Now fill up the vessel with 
water. The volume of the water in this case is equal to the volume V of the cylinder 
(cylindrical vessel). Measure the volume of this water using a measuring flask. This volume 
will be in the unit ml. Using the relation 1 ml = 1 cm, convert this measure in cm? and write 
it in the next column. In the final column, write the difference V — rh. Repeat this 
experiment with at least two more cylindrical vessels of different radii and heights. 


What do we observe? We observe that the entries in the column headed by 
V — mr hare nearly zero. Thus, we can say that V— zr ^h =0,i.e., 


V =лг?Л = (Area of the base) x Height 
Let us illustrate the use of this formula by taking some examples. 
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Example 1 : The diameter of the base of aright circular cylinder is 7 cm. If its height 
is 40 cm, find its volume. 


Solution : Since the diameter of the base is 7 cm, its radius r = 2 cm. Also, //2 40 em, 


22 А 
and T = A Therefore, the volume of the cylinder is given by 
IM mne СА TS cm? = 1540 ст? 
TZIZ 


Example 2 : A metallic cylindrical pipe has thickness 0.5 cm and outside diameter 4.5 ст. 
If 1 cm?of the metal has mass 8 g, find the mass of a 77 cm long pipe. 


Solution : We first find the volume of the metallic part of the cylindrical pipe. This is the 
difference of the volume of two solid cylinders one of diameter 4.5 cm and the other of 
diameter (4.5 — 1.0 ) cm or 3.5 cm. 


1 
For outer cylinder, radius = 2 х4.5, and height = 77 cm 


Vol о, 3 = 242 45) à 1 
olume = 77 TOE cm? = x 2 cm (1) 


2 " ) 4.5 3:9 
For inner cylinder, radius = TO 0.5 |cm = S cm, and height = 77 cm 


9554.84; LA 3:53 
Volume = 22083070 cm? = 242 x (=) cm? (2) 
22 2 

The required volume of the pipe = Volume of the outer cylinder Volume of the 

inner cylinder 
45) (3.5) 
= 242 x EE "ux cm? [From (1) and (2)] 
- as (58,38 (4315) cm? 
25.2 23092 


* 2242x4 x 0.5 cm? = 484 ст? 


ч - вээ m: Ра — 
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Mass of the pipe = 484 x 8 g [Since 1 ст? of the metal has mass 8 g] 
= 3872 g 
= 3.872 kg 


Example 3: A 11 cm x4 ст rectangular piece of paper is folded and taped without 
overlapping to make acylinder of height 4 cm (Fig. 15.2). Find the volume of the cylinder 
so formed. 


Solution : Note that the longer edges of the piece of paper become the circular edges of 
the cylinder. Hence, the circumference of each circular edge of the cylinder is 11 cm. Let 
r be the radius of each circular edge and h, the height of the cylinder. 


4cm! | 


(ii) (iii) 
Fig. 15.2 
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Then 2mr-licm 


11 11х7 7 
— cm= —— m= — ст 


T ст = 
2n 2x22 4 


227 AN ANTI 
Volume of the cylinder = nr? h = 3 n" Ээ? cm? = 38.5 cm? 


‘Example 4: A cylindrical bucket, 14 cm in radius, is filled with water to some height. 
If a rectangular solid of size 28 cm x 11 cm x 10 cm is immersed in the water, find the 
height by which water rises in the bucket. 


Solution : If A cmis the rise in water level, then the volume of the cylindrical column of 
height A = ће volume of the rectangular solid, 


22 
ie., prb) A ET =28x 11x 10 
28x 11х10х7 
3j [1 22х14х14 . 


Hence, the water level rises by 5 cm. 
EXERCISE 15.1 


1. Findthe volume of a right circular cylinder, if the radius (7) of the base and the height 


(A) are : 
(ле с 15 сш (i) r=10.5cm, h=2cm 
(1) r=2.8m, h=15m (iv) r=3.5m,h=1m 


2. The circumference of the base of a cylindrical vessel is 132 cm and its height is 25 cm. 
How many litres of water can it hold? 


3. The inner diameter of a wooden cylindrical pipe is 24 cm and its outer diameter is 28 cm. 
The length of the pipe is 35 cm. Find the mass of the pipe, if 1 сіп” of wood has mass 3 g. 


4. Тһе thickness of a metallic tube is 1 cm and its outer radius is 11 cm. Find the mass of 
such a 1 metre long tube, if the density of the metal is 7.5 g per cm’. 


5. Тһе rain falls 10 cm on a particular day. The rain water that falls on a roof 70 m long 
and 44 m wide was collected in a cylindrical tank of radius 14 m. Find 
(i) volume of the water that fell on the roof, 
(ii) rise of water level in the tank due to rain water. 


. Consider aright circular cone of radius rand height Na 
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6. A circular well of radius 3.5 m is dug 20 m deep, and the earth so dug is spread out on 
a rectangular plot of length 14 m and breadth 11m. Find 
G) volume of the earth dug out, 
(ii) area of the rectangular plot, 
(iii) height of the platform formed by spreading the earth on the rectangular plot. 


7. А soft drink is available in two packs: a tin can with a rectangular base of length 
5 cm and width 4 cm and having a height of 15 cm, and a plastic cylinder with circular 
base of diameter 7 cm and height 10 cm. Which container has greater capacity and 
by how much? 


8. f the lateral surface of a cylinder of height 5 cm is 94.2 cm, then find 
(i) radius of the base, 5 
(ii) volume of the cylinder. (Take т = 3.14.) 


9. It costs Rs 2200 to paint the inner curved surface of a cylindrical vessel 10 т deep. If 
it is painted at the rate of. Rs 20 per square metre, find 
() inner curved surface of the vessel, 
(i) radius of the base, 
(üi) capacity of the vessel. 


10. The capacity of a closed cylindrical vessel of height 1 m is 15.4 1. How many square | 
metres of metal sheet would be needed to make it? 


15.3 Volume of a Right Circular Cone 


h. If 1 denotes its slant height, then we know that 1 

the area of the curved surface of this cone is 

given by h X 
512011 141) \ 


1 
ог 5% x (circumference of the base) 
x (slant height) St oe e 


To find the volume V ofa right circular cone, 


NES Fig. 15. 
we perform some activities. ig. 15.3 


Activity 2: Take aright circular conical vessel of radius, say z; and height л. Take another 
vessel which is a right circular cylinder of the same radius and same height h. Now fill 
the conical vessel with water to the brim and pour this water into the cylindrical vessel. The 
cylindrical vessel will not be full. In fact you can observe that the height of the water 
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column is even less than half the height of the vessel. So you may pour more water in it. 
Fill the conical vessel with water to the brim again and transfer the water to the cylindrical 
vessel. You may observe that the vessel is still not full. Once again fill the conical vessel and 
pour the water in the cylinder. Now the cylindrical vessel will be just full. 

This experiment suggests that the volume of the cylindrical vessel is three times the 


1 
volume of the conical vessel or the volume of the cone = 2" (volume of the cylinder). 


In other words, the volume V of aright circular cone of base radius rand height / is given by 


1 
Үс 3 (Volume of cylinder of base radius r and height л) 


1. 
203503 


1 . 
3 (Area of Base) х Height 


Here also, we shall not attempt to give a proof of this relation. However, like cylinder, 
we may verify the relation by taking cones of different radii and heights. 


Activity 3: Take a conical vessel and measure its radius г and height Л in centimetres. 


1 22 
Now compute the value 3 T. rh, by taking t= 3 or3.14. Put this value in the appropriate 
column of the table below : ^ 


Now fill up this vessel with water to the brim and measure the volume V of this 
water in cm’ using a measuring flask. Put this value in the next column. Now compute 


1 
V- 3 T Ph and enter it in the last column of the table. Repeat this experiment with at 


least two more conical vessels of different radii and heights. 
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What do we observe in the last column? The entries are nearly zero. Thus, we conclude 


1 
that V — 3 xr?h =0 Infact, we have the following formula : 


Y j Ї 
Volume V of a cone => zr*h 
2 


Example 5: Find the volume of a right circular cone of height 2.04 m and base radius 
14 cm. 


Solution : Here,r = 14 cm and h = 2.04 m = 204 cm. 


1 
Volume of the cone is given by V — ach E ххх 14х204 ст? 
= 41888 ст? 


Remark А conical vessel of the above dimensions will hold 41.888 of liquid. 


Example 6 : The height and the slant height of a cone are 21 cm and 28 cm, respectively. 
Find: (i) the area of the base of the cone (ii) the volume of the cone. 


Solution : G) If ris the radius of the base of the cone, then we know that r^ = P. 
where / is the height and / is the slant height of the cone. 
pz28 -2]? 
= (28 + 21) 28 -21) 
| (49) (7) 


ог r=7N7 


22 2 
Therefore, the area of the base A of the cone = ла 7 x (47 ) cm? 


22 й 
s a MP LE = 1078 ст? 


(ii) The volume У = xr?h = — x (area of the base) x height 


x 1078 x 21 cm? = 7546 cm? 


268 MATHEMATICS 


Example 7 : The volume of a conical tent is 1232 m? and the area of its base is 154 m". 
Find the length of the canvas required to build the tent, if the canvas is 2 m in width. 


Solution : The area of the canvas required to build the tent is equal to the curved surface 
area of the tent, i.e., t]. We are given that 


1 
Volume of the conical tent = 3 nzr?h = 1232 m?, and 


Area of the base = mr? = 154 m? (1) 


1 
zs 154 x h z 1232 


or yop -24m (2) 

154 | 
Also, from (1) r= D m-Tm (3) 
Therefore, г-к? = 24? +72 т = 25 т [From (2) and (3)] 
and лғ 1x25 п? = 550 пу? 


Surface area 550 
Length of th / теа ур. 
ength of the canvas require Ыйса 2 m = 275m 


EXERCISE 15.2 
1. Find the volume of the right circular cone with 
0) rz6cm and h = 7 ст (i) r-23.5cmand Az 12 cm 


2. Find the capacity of a conical vessel with 
0) r=7cmand/=25 cm (i) h-212cmand/- 13 cm. 


3. Тһе height of a cone is 15 cm. If its volume is 1570 i find the area of the base. 
(Take л = 3.14.) 


4. A metallic solid cone is melted and cast into the form of a circular cylinder of the same 
base as that of the cone. If the height of the cylinder is 7 cm, what was the height of 
the cone? 


5. If the volume of a right circular cone of height 9 cm is 48 л cm’, find the diameter of 
its base. 
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A conical pit of top diameter 3.5 m is 12 m deep. What is its capacity in kilolitres? 


7. The volume of a right circular cone is 9856 cm. If the diameter of the base is 28 cm, find 
(i) height of the cone, 
(ii) slant height of the cone, 
(iii) curved surface area of the cone. 


8. А conical tent is 9 m high with base diameter 24 m. Find the 
number of persons it can accommodate if each person requires 
(i) 2m? space on the ground, 
(1) 15 n? space to breathe, | 
(ii) 2 m? space on the ground and 15 m? space to breathe. 


9. А right triangle ABC with its sides 5 cm, 12 cm and TR gem 
13 cm is revolved about the side 12 cm. Find the 


Н s 4 12cm 
volume of the solid so obtained (Fig. 15.4). | \ 

10. If the triangle ABC in Question 9 above is revolved ЛД x 
about the side 5 cm, then find the volume of the solid so | M 
obtained. Find also the ratio of the volumes of the two 2. ра! A 
solids obtained. ХОГ I TLIO 20007 

15.4 Volume of a Sphere Fig. 15.4 


We are all familiar with the solid called sphere. We also know that the surface area of 
a sphere of radius r is 477°. But we did not give any formal proof of this. In a similar 
manner, without giving any proof, we say that the volume V ofa sphere of radius ris given 
by the formula: 

4 


Volume V of a sphere — 
However, we can experimentally verify this result. 
Activity 4: Take a solid ball (sphere) and measure its radius r using a suitable measuring 


4 
device. Compute the value 3 лғ” and enter it in the table below : 
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Now take a bucket large enough to hold the ball. Take another vessel large enough to 
keep the bucket so that the water overflown from the bucket may be collected. Keep the 
bucket in the vessel and fill it up to the brim with water. Now take the ball and put it gently 
into the bucket. Since the bucket is full to the brim, the water displaced by the ball will 
overflow in the large vessel. Remove the bucket (with ball) from the vessel. The volume of 
the water in the vessel is equal to the volume of the ball. Measure this volume V, using 


4 
а measuring flask, in cm? and enter it in the table. Enter the value V — = 7 r° іп ће last 
column of the table. Repeat the experiment with at least two more balls of different radii. 


What do we observe? We observe that the entries in the last column are nearly zero. 
Thus, in all the cases, it appears that 


МОЛ L0 DR 
288702 me 


Activity 5 ; Take a hemispherical bowl and determine its radius ғ in cm using some 
suitable measuring device. Enter this value in the table below : 


Hemispherical bowl 


Compute the value Заг and enter it in the next column. Now fill the bowl with water 


upto the brim and then pour this water in a measuring flask to determine its volume V in 
ст?. Enter this value in the column headed by V. In the next column enter the value 


2 
V- 3 nr. Repeat the above experiment with at least two more hemispherical bowls with 
different radii. 
What do we observe? We observe that the values in the column V — i xr? are nearly 


zero. Thus, we may say that 
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2 

У- пг =0 or V= Ld 
3 3 


2 
In other words, the volume of the water in the hemispherical bowl of radius r is 3 nr. It 


means that the volume of the sphere of radius r which is twice the volume of the hemispherical 


4 . 2 3 4 3 
bowl of same radius is 2 x 3 19 Or 3 nr. 


Remark : Another activity that may help us to obtain the formula for the volume of 
a hemisphere may be performed as follows : 


Take a hemispherical bowl of radius r. Take also a conical vessel of base radius r and 
height r. Now fill up the conical vessel with water upto the brim and pour this water in the 
hemispherical bowl. The bowl will not be full. We fill the conical vessel upto the brim once 
again and pour the water in the bowl. We now observe that the bowl is full to the brim. , 
From this, we get that 


Capacity of the bowl = 2 times the capacity of the conical vessel 


1 : : 
Since the capacity of the conical vessel is 3 лэ” (the height of the conical vessel is г), 


therefore, the capacity of the hemispherical bowl of radiusris2 x i тг? ог ал r^. This 
is the same result as we have obtained through Activity 5. 
Example 8 :Find the volume of a spherical ball of radius 2.1 cm. 
Solutíon :Here r 22.1 cm 
Volume V = тл? 


= d Es OE. 2.1 cm? 
355 ST 


= 38.808 cm? 


Example 9 :The capacity of a hemispherical tank is 155.232 1. Find its radius. 


Solution :Suppose that the radius of the tank is г cm. Then its volume 
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M zT cm? Ч 
3 | 
Also, 155.232 1 = 155.232 х 1000 cn? = 155232 ст? 
Зар 51153232. 


155232х3х7 
112521 
= 3528 x 3 x7 
SAX IAT 
[s т=2х3х7=42 
Thus, the required radius is 42 cim. 


or 


Example 10 : A copper wire 36 m long with diameter 2 mm is melted to form a sphere. 
Find 


(i) volume of the wire, 
(i) volume of the sphere, 
(Ш) the radius of the sphere. 


1 
Solution : (1) The radius of the wire = 2 x2mmz-z 1 mm = 0.1 cm and 
the length of the wire = 36 m = 3600 cm. 
Volume of the wire = л x (0.1)? x 3600 cm? 


= 36 mcm? 
(ii) Volume of the sphere = Volume of the wire 
= 36 T cm? 
: (ш) Let the radius of the sphere be r cm. Then, 
348 = 36% 
3 
у Е 36х3 
ey 1 
ог v9 


Hence, the required radius is 3 cm. 


Example 11 : A hemispherical bowl of steel is of 
thickness 0.3 cm (Fig. 15.5). If the inner radius of the 
bowlis 7 cm, find the volume of the steel used in making 
the bowl. 


Solution : The bowl may be looked upon as the portion 
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trapped in between two hemispheres of radii 7 cm and 
7.3 cm. Now 


2 
Volume of the inner hemisphere = u^ пх T cn? 


2 
Volume of the outer hemisphere 23 x T x (7.3) cm? 


2 2 
Volume of the steel used = E XTX (7.3) 3 XTX r | cm? 


2122 
се; mum EE cm? 


= 96.42 ст? 


EXERCISE 15.3 


Find the volume of a sphere. whose radius is 
0) 7 cm (ii) 3.5 dm (ш) 0.63 т. 


Find the volume of the water that a spherical solid ball of following diameter will 


replace: 
G) 28cm Gi) 021m (ш) 3.5 dm 


Express the volumes in Question 2 above in terms of litres. 

How many litres of milk can a hemispherical bowl of diameter 10.5 cm hold? 

The diameter of a metallic ball is 4.2 cm. What is the mass of the ball, if the density of 
the metal is 8.9 g per cm? ? 
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The diameter of the Moon is approximately one fourth the diameter of the Earth. What 
fraction is the volume of the Moon of the volume of the Earth? 


A hemispherical tank is made up of an iron sheet 1 cm thick. If the inner radius is 1 m, 
then find the volume of the iron used to make the tank. 


Find the volume of a sphere whose surface area is 154 cm’. 


A dome of a building is in the form of a hemisphere. From inside, it was white washed 
at the cost of Rs 498.96. If the rate of white wash is Rs 2.00 per square metre, find 
(i) inside surface area of the dome, 

Gi) the volume of the air inside the dome. 


27 solid iron spheres each of radius r and surface area S are melted to form a sphere 
with surface area 57. Find the 
(i) radius ғ” of the new sphere, (ii) ratio of S and 87. 


Things to Remember 


The magnitude of the region occupied by a solid in space is called its volume. 


2. А standard unit of volume is cm? (or cu cm). Some other standard units are 


mm?, аш, m? and km?. 


The capacity of a vessel is the volume of the liquid it can hold. The unit of 
capacity is litre (/). 


4. 11-10%сп, 1 m/= lcm? 


Volume of a right circular cylinder: 


V = (Area of the base) x (Height) = x rh 


| 6. Volume of a right circular cone: 
| 
| 1 
Ме 3* (Area of the base) x (Height) = : n rh 
7. Volume of a sphere: 
= : x T x (radius)! = : лэ? 
8. Volume of a hemisphere: 


үлэ 


хх (radius? = 


wits 
a 
+ 


VOLUMES 
As History Tells Us 


On the basis of the clay tablets excavated from Nippur as also by reference to 
Ahme's Papyrus, we may say confidently that the Babylonians had the fundamental 
concepts of Geometry. It is clear from the tablets that as early as 1550 B.C., the 
Babylonians could find the areas of rectangles (including squares), right triangles 
and trapeziums. Quite likely, they had some conception of the area of a circle. 
They could also find the volumes of cuboids (and possibly of cylinders). In Ahme's 


papyrus, formula for the area of an isosceles triangle is given as i bh, the formula 


that we use today. The formula for the area of a circle of diameter d is given as 


1 
(d — j^ ау, which leads to a value 3.1605 of m. 


Whereas the Geometry used by Egyptians and Indians was applied Geometry, 
the Geometry developed by Greeks was abstract. Recall that Egyptians used 
Geometry basically for measuring areas and building pyramids and Indians used 
Geometry for constructing altars, planning the lay-out of colonies, and water 
systems, and constructing roads and buildings. But Greek Geometry was devoid 
of physical content. Thus, according to them, point had no dimension, viz. (Can you 
plot it?), line had one dimension length (Can you draw it without thickness or 
height?) and so on. Other abstract Geometries have since been developed. In the 
Greek Geometry, the present form of a postulate given by Euclid is, given a line 
and a point not lying on the line, exactly one line can be drawn that goes 
through the given point and is parallel to the given line. Geometries have 
been developed in one of which more than one line can be drawn through the 
given point and parallel to the given line, whereas in the other, itis possible that no 
line through the point may be parallel to the line. (Interestingly, physical models of 
both these Geometries exist). 

Some of the names of ancient Indian mathematicians who contributed to 
Geometry are Baudhayana (800 B.C.) who gave a proof of a Theorem known 
as Pythagoras Theorem, Brahamagupta (born 598) who worked out the area of 
a (cyclic) quadrilateral in terms of its sides and the semi-perimeter, Bhaskara 
(born 1114) who furnished a (dissection) proof of Pythagoras theorem and 
Aryabhata (born 476) who worked out the area of an isosceles triangle, volume 
of a pyramid, a sphere, and also gave a value of x that comes out to be correct 
upto 4 decimal places. 

Ancient people used various techniques of finding the value of m. Archimedes 
used the areas of two polygons of 96 sides, one inscribed in the circle and the 


275 


MATHEMATICS 


10 1 
other circumscribing the circle from where he deduced that 371 3 7? 


i.e., 3.1408 < x < 3.1428. Many people used infinite series to denote the values of 
л. For example, Nilakantha (15th Century) and Leibnitz (1674) gave the value of 


muse o ТІ 


Таба 3 5 3 T 


The all-time great Indian mathematician, Srinivas Ramanujan (1887-1920) 
wrote a paper Modular Equations and Approximations 10 т in 1914. In this 


м r 1 1 
paper, he gave fifteen different series to calculate —- Based on some of 


these, D.H. Bailey of NASA and J.M.Borwein and P.B.Borwein of Simon 
Frazer University have developed computer algorithms by which value of л 
has been calculated to billions of digits. 


СНАРТЕК 


STATISTICS 


16.1 Introduction 


In Class VIL, we have started the study of Statistics with the reading, interpretation and 
construction of pictographs and bar graphs (bar charts) representing any given information 
or data. You have seen how this pictorial representation of data enabled us to get some 
useful information about the given data at a glance. In this Chapter, we shall begin the 
study of Statistics in a formal way. We shall learn to find the arithmetic mean of raw data. 
We shall also learn to represent a given information or data into the form of an ungrouped 
ora grouped frequency distribution table. Reading and interpreting of histograms will 
also be discussed in this Chapter. 


16.2 Raw Data 


In our daily life, we often come across graphs and tables relating to some data in 
newspapers, magazines, information bulletins, etc. Let us see how these data are obtained. 


Let us suppose that we are interested in knowing who, among the 20 students of 
Class УШ, secured the highest marks in Mathematics in the half-yearly examination and 
who secured the lowest marks. We may be interested in many more things, for instance, 
how many students secured 60 or more marks and how many students secured less than 
33 marks, and so on. How do we obtain the desired information? We may ask each of 
the 20 students his or her marks in Mathematics in the half-yearly examination. Suppose 
that these 20 students obtained the following marks (out of 100) : 

45, 56, 61, 31, 56, 33, 70, 61, 76, 36, 56, 59, 64, 56, 88, 28, 56, 70, 64, 74 

The information received above from each student, i.e., the marks obtained by 
each student, is called an observation. Such observations gathered initially are called 
raw data. 
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We may list the names of all the 20 students and show their marks, starting from the 
lowest, against their names. Thus, we organise the above raw data in the form of a table 
as shown below : 


Table 16.1 : Marks obtained by 20 Students in Mathematics 


ЁС?) 


1519091 


STATISTICS 279 


Let us now look at Table 16.1. What does it reveal? A glance at the table shows that 
the highest marks obtained are 88 (obtained by Mary), whereas the lowest are 28 (obtained 
by Deepak). Д 

The difference between the highest and the lowest values of the 
observations is called the range of the data (or observations). 

Thus, the range of the above datais (88-28) marks, i.e., 60 marks. We also wanted 
to know how many students secured 60 or more marks and how many students secured 
less than 33 marks. We can count the number of such students in the table and find out 
that 9 out of 20 students obtained 60 or more marks and 2 out of 20 students obtained 
less than 33 marks. 


Remark : Tables are written horizontally also. For example, 
Kava 


16.3 Arithmetic Mean 


You must have heard people talking about the average height, average speed, average 
weight, and average score (marks), etc. What do we mean by the word average? An 
average is a number indicating the representative or central value of a group of observations 
or data. If we are told that the average height of Class VIII students is 149 cm, we may 
think that, in general, the heights of the students are spread around 149 cm. We know 
that not all students in the Class have 149 cm height, some have a lower height and some 
have a higher height. But knowledge of average height gives us a general impression of 
the heights of the students in the Class as a whole. | 

Averages are of different types. Неге, we shall learn about the simplest type of 
average commonly known as the arithmetic mean ог simply the mean. It is calculated 
by dividing the sum of all the observations by the total number of observations. Thus, if M 
is the mean of the given observations, then 


Sum of all observations 
Меап = М------Т 72 
Total number of observations 


For the example given in Section 16.2 relating to marks of 20 students, 


28 +31 +33 + 36 + 45 + 56 + 56 + 56 + 56 + 56 + 59 + 
61+ 61+ 64 + 64 + 70 + 70 +74 + 76 +88 


ад marks 
5 20 
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1140 D ee 
А 750 marks = 57 marks 


Thus, the required mean is 57 marks. 


Remark : It should be noted that the mean in the above example is 57, which is different 
from all the observations in the raw data. However, it is possible for the mean to be one of 
the observations. 


Let us consider some examples to illustrate the same. 


Example 1 : Following are the ages (in years) of 10 teachers in a school : 
32, 41, 28, 54, 35, 26, 23, 33,38, 40 
(i) What is the age of the oldest teacher and that of the youngest teacher? 
(ii) Whatis the range of the ages of the teachers? 
(ii) Whatis the mean age of these teachers? 


Solution : (i) Arranging the ages in ascending order (23, 26, 28, 32, 33, 35, 38, 40, 41, 
54), we find that the age of the oldest teacher in the school is 54 years and that of the 
youngest teacher is 23 years. 

(ii) The range is (54 — 23) years, i.e., 31 years. 


Hy te Sum of all observations 
Total number of observations 

32 +41 + 28-54 + 35+26+ 234+33+38+ 40 

= DURER, SB iT PRP ic LIN салада years 


350 
mg years. = 35 years 
The mean age ОҒ the teachers is 35 years. Note that, in this case, mean is one of the 


observations of the raw data. 


Example 2: Following are the weights (іп kg) of 8 students of a Class : 
48.5, 50, 44.5, 49.5, 50.5, 45. 51, 43 
(i) Find the mean weight. R 
(i) What will be the mean weight if a teacher, whose wei ght is 62 kg, is also included? 


Solution : (i) M — 48.5 -- 50.0+ 44.5+ 49.5+ 50.5+ 45.0+51.0+ 43.0 ks 


8 
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= = = 47.75 Ке = 47.8 kg correct to one decimal place. 
Thus, the mean weight is 47.8 kg. 
Gi) Tf weight of the teacher is also included, then sum of all the observations (in kg) 
=48.5 + 50.0 + 44.5 + 49.5 + 50.5 + 45.0 + 51.0 + 43.0 + 62.0 
= 444.0 
Number of observations = 8 + 1 29 


444 1 
Непсе, теап = КО, Кр= 495 kg — 49.3 kg correct to one decimal place. 


Hence, the new mean weight will be 49.3 kg. 


Example 3: The mean of 6 observations was found to be 40. Later on, it was detected 
that one observation 82 was misread as 28. Find the correct mean. 


Solution : Mean of б observations = 40 
Sum of all the observations = 40 x 6-240 
In the above observations, 82 was misread as 28. 
Therefore, correct sum of all the observations = 240 — 28 + 82-294 


294 
Hence, correct mean = -g = 49 


Example 4 : Mean temperature of a certain week was 25*C. If mean temperature of 
Monday, Tuesday, Wednesday and Thursday was 23*C and that of Thursday, Friday, 
Saturday and Sunday was 28°С, find the temperature of Thursday. 


Solution : Mean temperature of the week = 25°С 


Sum of the temperatures of 7 days = 7 x 25°C = 175°C a (1) 
Sum of the temperatures of Monday, Tuesday, Wednesday and Thursday 
= 423° C= 9286 (2) 
Sum of the temperatures of Thursday, Friday, Saturday and Sunday 
=4х 28°C = 112°C (3) 
5. Sum of the temperatures of Monday to Sunday and Thursday 
= 92°C + 112°C [From (2) and (2)] 
= 204°С (4) 
2. Temperature of Thursday = 204°C – 175°C [From (1) and (4)] 


= 296 \ 
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16.4 Frequency Distribution Table 


Let us again refer to the example of marks of 20 students of Class VIII in Mathematics 
(Table 16.1). Itis quite possible that in many situations, two or more observations are 
identical. Do you see that each of the students Raghu, William; Prakash, Ravi and Sohan 
has obtained 56 marks? In other words, 56 marks were obtained by 5 students. Similarly, 
61 marks were obtained by 2 students. At times we are interested in knowing which 
observation occurs how often. 

The number of times a particular observation occurs is called its frequency. 

Having known that 5 students obtained 56 marks, we say that the frequency of 56 is 
5. Similarly, the frequency of 61 is 2. 

If we do this for all the observations and rearrange the data given in Table 16.1, 
starting from the lowest to the highest observation (or from highest to the lowest 
observation), we will obtain the frequency distribution of the marks of 20 students. A 
table in which such a distribution of frequencies is given is called a. frequency distribution 
table or simply afrequency table. We thus obtain the following frequency distribution 
table of the marks of 20 students : 

Table 16.2 : Frequency Distribution of Marks of 20 Students 
of Class VIII in Mathematics 


17117777 


1 
1 
1 
1 
1 
5 
1 
2 
2 
2 
1 
1 
1 
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Do you observe that Table 16.2 is more meaningful as compared to Table 16.1? It is 
so because it conveys certain important features of the data at a glance. For example, it 
shows at once that 5 students have obtained 56 marks. 

16.5 Use of Tally Marks 

In the above example, the number of observations was 20 only and therefore, it was 
convenient to count and find the respective frequencies from the given raw data. However, 
when the number of observations is large, it may not be convenient to find the frequencies 
by simple counting. In such cases, we make use of bars (І)) called tally marks which 
are quite helpful in finding the frequencies. For ease in counting, tallies are usually marked 
in bunches of five. The first four tallies are marked vertically. The fifth tally in a bunch is 
marked diagonally across the earlier four (MN). We illustrate the method of marking 
tallies through an example given below : 


Example 5: Heights (in cm) of 30 girls in a Class are given below : 
140, 140, 160, 139, 153, 153, 146, 150, 148, 150, 152, 146, 154, 150, 160, 
148, 150, 148, 140, 148, 153, 138, 152, 150, 148, 138, 152, 140, 146, 148 


Prepare a frequency distribution table for the above data. 
Solution : We make a table with three columns with headings Height (in cm), Tally 
marks and Frequency as shown in Table 16.3. 


Table 16.3: Frequency Distribution of. Heights of 30 Girls 


Height (in cm) Tally Marks 


tQ - чо чо t буу» A= N 
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In the first column entitled Height (їп cm), we write different heights in ascending 
order as 138, 139, 140,.... We now look at the given data. The first observation is 140. 
So we place a tally mark against 140 in the Tally Marks column. The second observation 
is again 140. So we again place a tally mark against 140 in the Table. The third observation 
is 160. So we place a tally mark against 160 in the Table, and so on. When all the 
observations are exhausted, we count the tally marks against each height and enter the 
corresponding number in the frequency column. We thus obtain the following table : 
Remark : In both the frequency distribution tables (Table 16.2 and Table 16.3), we note 
that sum of all the frequencies is equal to the total number of observations. 


EXERCISE 16.1 
1. Find the arithmetic mean of the scores 8, 6, 10, 12, 1, 3, 4, 4. 
Also, find the range of the data. 
2. Тһе enrolment of a school during six consecutive years was as follows : 
1620, 2060, 2540, 3250, 3500, 3710 
Find the mean enrolment of the school for this period. 


3. The marks (out of 100) obtained by a group of students in a Science test are 81, 72, 90, 
90, 86, 85, 92, 70 and 71. Find the mean marks obtained by the group. 


4. The heights of 10 girls were measured in cm and the results were as follows : 
143, 148, 135, 150, 128, 139, 149.146, 151, 132 
(i) What is the height of the tallest girl? 
(ii) What is the height of the shortest girl? 
(ій) What is the range of the data? 
(iv) Find the mean height. 
(v) How many girls are there whose heights are less than the mean height? 


S4 The d (in mm) 1 ina ra on 7 days of a certain week were recorded as follows : 


(i) Find the range of the rainfall in the above data. 
(ii) Find the mean rainfall for the week. 
(iii) On how many days was the rainfall less than the mean rainfall? 


6. The maximum daily temperatures (in °C) of a city on 10 consecutive days are given 
below : 


32.4,29.5,26.3, 25.7, 23.4, 24.2, 22.4, 22.5, 22.8, 23.3 


ке уч 


15. 


16. 


17. 
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(i) Find the range of the data. (ii) Find the mean daily temperature. 


The numbers of babies born in a hospital on the first seven days of March, 2003 аге: 
18,18, 17, 17, 10, 11, 14. Find the mean number of babies born in the hospital during the 
above seven days. 
A group of students was given a special test. The test was completed by the various 
students in the following time (in minutes) : 
17, 19, 20, 22, 24, 24, 28, 30, 30, 36 

(i) Find the mean time taken by the students to complete the test. 
(ii) How many students took more than the mean time to complete the test? 
(ii) Ifthe student who took 36 minutes had taken only 22 minutes to complete the test, 

what would have been the mean time? 
The mean of 5 numbers is 20. If one number is excluded, mean of the remaining 
numbers becomes 23. Find the excluded number. 
The mean of 25 observations is 27. If one observation is included, the mean still 
remains 27. Find the included observation. 
The mean of. 5 observations is 15. If mean of the first three observations is 14 and 
that of the last three is 17, find the third observation. 


. Find the mean of the first ten natural numbers. 


Find the mean of the first six prime numbers. 

The runs scored by a player in nine cricket matches are 85, 82, 91, 0, 42, 8, 29, Гапа 37. 
Find : ^ 

G) mean (average) runs scored by the player. 

(ii) range of the runs scored. 

Mean of 9 observations was found to be 35. Later on, it was detected that an observation 
81 was misread as 18. Find the correct mean of the observations. 

The scores (out of 100) obtained by 33 students in a Mathematics test are : 

69, 48, 84, 58, 84, 48, 73, 83, 48, 66, 58, 66, 64, 71, 64, 66, 69, 66, 83, 66, 69, 71, 81, 71, 
73, 69, 66, 66, 64, 58, 64, 69, 69. 

Prepare a frequency table for the above scores. 

The number of members in 20 families of a township аге 6, 8, 4, 3, 5, 6, 7, Дб 4, 370; 
4, 5, 4, 3, 3, 6, 4 and 3. Prepare a frequency distribution table for the data and answer 
the following questions : 

(i) What is the smallest family size? How many families are of this size? 

(ii) What is the largest family size? How many families are of this size? 

(ii) What is the most common family size? 
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18. Ina study of number of road accidents in a city, the observations for the 30 days of 


19. 


21. 


7 MATHEMATICS 


April, 2003 were 4, 3, 5, 6, 4, 3, 2, 5, 4, 2,6, 2, 1,2, 2,0, 5, 4, 6, 1, 3,0, 5, 3, 6, 1, 5, 5,2 
and 6. Prepare a frequency distribution table for the above data. 


A die is a cube where six faces are marked 
with numbers (or dots) from 1 to 6 (one 
number on one face), [Fig. 16.1]. The 
Scores obtained in 25 throws are 5, 4, 3, 2, 
1,1,2,5:4,6,6,6,3,2:1,4,3,2,1,5,6,5, 
2, 1 and 3. Prepare a frequency table for 
the above scores. Fig. 16.1 


The weights (in kg) of 30 students of a Class are 49, 48, 46, 48, 48, 50, 52, 53, 54, 43, 
43, 41, 43, 55, 56, 48, 47, 41, 40, 49, 51, 51, 56, 46, 45, 44, 49, 53, 42 and 47. 
Prepare a frequency table for the above data and answer the following questions : 
(i) What is the least weight? 

(1) Find the number of students having the least weight in the above data. 


(іі) Find the number of students having the maximum weight in the above data. 
(v) Which weight is possessed by the maximum number of students? 


Construct a frequency distribution table for the following marks (out of 50) obtained b 
60 students in Social Science and find the range : 


| 23,24, 27, 37,40, 41, 42, 21, 17, 19, 34, 36, 29, 38, 42, 39, 42, 36, 24, 21, 24, 19, 18, 27, 


22, 


25, 41, 40, 30, 29, 27, 31, 37, 34, 36, 37, 42, 36, 35, 43, 37, 29, 24, 25, 29, 28, 46, 29, 39, 
41, 32, 31, 32, 17, 18, 19, 23, 24, 42, 36, 35 


The value of ир to 50 decimal places is given below: 

3.1415926535 8979323846 2643383279 5028841971 6939937510 

Write the frequencies of the following digits in the decimal part of the above number: 
0)-2 (i) 3 (iii) 5 (iv) 6 (v) 9 (vi) 1 


16.6 Grouping of Data 


We have learnt how to organise data іп the form of a table in terms of frequencies. Such 
à table is called an ungrouped frequency distribution table of raw data. In our first 
éxample of marks, we had data of only 20 students. If the number of different observations 
is quite large (e.g. Question 21 of Exercise 16.1), it is desirable to condense the given 
data into several groups and obtain a frequency distribution of the number of observations 
falling in each group. When the data are written in this form, the data are said to be 
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grouped and the distribution obtained is called a grouped frequency distribution. We 
illustrate this concept below. 


lable 16.4: Grouped Frequency Distribution of Marks 
of 60 Students in Social Science 


Class Interval (Marks) Tally Marks 
17 - 19 I 
20-22 


Frequency 


In the above table, we have condensed the given 60 observations into ten groups 
17-19, 20 – 22, ..., 44 — 46. Each of these groups is called a Class Interval (or 
briefly a Class). 

We can also group the same 60 observations into ten groups 17— 20, 20 — 23, 
23 — 26,..., and 44 — 47 as shown in Table 16.5. 

It appears from the classes 17 — 20, 20 — 23, etc. of Table 16.5 that the observation 
20 may belong to both the classes 17 – 20 and 20 — 23. Similarly, observation 23 may 
belong to both the classes 20 — 23 and 23 — 26, and so on. But no observation could 
belong simultaneously to two classes. To avoid this difficulty, we adopt the convention that 
the common observation 20 belongs to the higher class, i.e., 20 — 23 (and not to 17 — 20). 
Similarly, 23 belongs to 23 – 26 (and not to 20 — 23), and so on. For example, class 26-29 
contains all observations which are greater than or equal to 26 but less than 29, etc. In this 
Chapter, we shall take groups or class intervals as given in Table 16.5. 


In the class interval 17 — 20, 17 is called the lower class limit and 20 is called the 
upper class limit. Similarly, for class interval 41 — 44, 41 is the lower class limit and 44 
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Table 16.5 : Grouped Frequency Distribution of Marks of 60 
in Students Social Science 


Class Interval Tally Marks Frequency 
(Marks) 


is the upper class limit. The difference between the upper and the lower class limits of an 
interval is called the width or size ofthe interval. Clearly, in the above distribution, width 
or size of each interval is 3. The frequency corresponding to a class interval is called its 
class frequency. Further, the mid-point of a class is called its class mark. It is obtained 
by taking the mean of lower and upper class limits. For example, class mark of the 


174-20 
interval 17 — 20 in Table 16.5 is = 18.5. Similarly, class marks of the other 


intervals are 21.5, 24.5, and so on. 


Remarks 1: There is no hard and fast rule for choosing the number and size of class 
intervals in a grouped frequency distribution. The size of each group and the number of 
groups are decided, keeping in view the range of the data. . 

2, The class sizes (widths) of different classes may not necessarily be the same. However, 
discussion of such class sizes is beyond the scope of this book. 
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Let us take some examples to illustrate these concepts : 


Example 6 : Study the following frequency distribution table (Table 16.6) and answer the 
questions given below : 

(i) | Whatis the size of the class intervals? 

(ii) | What is the lower class limit of the second class interval? 

(iti) Whatis the upper class limit of the seventh class interval? 

(iv) Which class has the highest frequency? 

(v) Whatis the class mark of the fourth class interval? 


Table 16.6: Frequency Distribution of Daily Income of 600 


Workers of a Factory 
Class Interval Frequency 
(Daily Income in Rupees) (Number of Workers) 
100-125 ДА 


125-150 
150-175 
175-200 
200-225 
225—250 
250—275 
275—300 
300—325 
325—350 


Solution : (1) Size of each class interval is 25. 
(ii) Lower class limit of the second class interval (125—150) is 125. 
(ii) Upper class limit of the seventh class interval (250—275) is 275. 
(iv) Class 225 — 250 has the highest frequency (140). 
(v) Class mark of the fourth class interval (175—200) is 
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Example 7: Population (in hundreds) of 80 towns and villages of a State, taken at 
random from a Census Report are 11, 72, 15, 8, 15, 3, 23, 26, 2, 319, 200, 6, 16, 6, 
131, 5, 18, 240, 99, 127, 31, 72, 18, 30, 43, 2, 1, 52, 40, 3, 7, 13, 5, 142, 70, 86, 31, 
38, 70, 51, 11, 52, 18, 46, 89, 1, 30, 25, 4, 52, 15, 139, 12, 277, 24, 48, 5, 26, 39, 18, 
17, 159, 30, 171, 30, 6, 160, 52, 222, 13, 55, 9, 3, 149, 3, 52, 12, 124, 120 and 10. 

Prepare a grouped frequency table for the above data using class intervals 0 — 30, 
30 — 60, 60 — 90, and so on. Which group has the highest frequency? 


Solution : We have the following table : 


Table 16.7 : Frequency Distribution of Population (in hundreds) 
of 80 Towns and Villages of a State 


Population Tally Marks Frequency 
(їп hundreds) 
| 0-30 ГЫ) ГЫ) ТЫ) ГЫ ГЫ) ГЫ) ТЫРП 39 
| 30-60 | MU MI NU rn 19 
60 - 90 ІЛЕ 6 
%- 120 |1 1 
120- 150 ІІ 7 
150 – 180 1! 3 
180—210 | l 
210—240 | 1 
240 — 270 | 1 
. 270 - 300 | 1 
300 – 330 1 
Seid 


Group 0 — 30 has the highest frequency. 
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16,7 Histograms 


In Class VII, you have learnt how to represent given data by means of a bar graph. Let us 
now see how a grouped frequency distribution can be represented graphically. The most 
common graphical representation used for the same is histogram (Fig. 16.2). 


To make a histogram, we draw two perpendicular axes and choose a suitable scale 
foreach axis. We mark class intervals of the grouped data on the horizontal axis and the 
respective class frequencies on the vertical axis. For each class, a rectangle is constructed 
with class interval as the base and height determined from the class frequency so that areas 
of the rectangles are proportional to the frequencies of theirclasses. As we are considering 
a grouped frequency distribution of class intervals with equal width only, the heights of the 
rectangles will be proportional to the respective frequencies. 


Fig. 16.2 shows the histogram for the grouped frequency distribution of daily income 


of 600 workers of a factory (Table 16.6). 
Histogram for the data of Table 16.6 


Number of Workers — ——» 


325 350 


Class Intervals — ——» 
(Daily Income in Rupees) 


Fig. 16.2 
From the above histogram, it is clear that daily income of the maximum number of 
workers is in the group 225-250 and least number of workers are in the earning group 
325-350. 
Remark : Note that there is a <<” (Kink) before the class interval 100 — 125 on the 
horizontal axis. It shows that the full distance 0 to 100 is not shown. 
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Example 8: Read the following histogram and answer the questions given at the end : 
Histogram for the Heights (in cm) of 17 Girls of a Class 


5 


! 
| 


4} 
| 


a 


24 


Number of Girls > 


Heights (in cm) ——» 
Fig. 16.3 
()  Whatinformation is depicted by the histogram? 
(1) Which group contains the maximum number of girls? 
(ii) Which groups contain the same number of girls? 
(iv) Heights of how many girls are 145 cm or more? 


Solution : (i) The histogram depicts the heights (in cm) of 17 girls of a Class. 
(ii) The group 140—145 has the maximum number of girls. 
(iii) Number of girls in the following groups are equal : 


(a) 125 —130 and 155 — 160 
(b) 130-135 and 150 – 155 
(c) 135-140 and 145 – 150 


(iv) Heights of 6 girls are 145 cm or more. 
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4 EXERCISE 16.2 
The marks obtained in Mathematics by 40 students of a Class іп ап examination are 3, 
20, 13, 1, 21, 13, 3, 23, 16, 13, 5, 24, 15, 7, 10, 18, 18, 7, 17, 21, 15, 5, 23, 2, 12, 20, 2, 10, 
16, 23, 18, 12, 6, 9, 7, 3, 5, 16, 8 and 8. 
Present the data in the form of a grouped frequency distribution, using class intervals of 
equal size, one of the class intervals being 10 — 15. 


Weekly savings (in rupees) of 30 students of Class VIII are 38, 42, 40, 35, 72, 27, 57, 
62, 59, 80, 84, 73, 65, 40, 76, 40, 38, 60, 58, 38, 54, 39, 50, 44, 71, 83, 45, 38, 80 and 77. 


Construct a grouped frequency table with class intervals of equal width such as 30 — 35. 
The following data give the pocket expenses of 100 students of a school: 


Weekly Pocket 
Expenses (in rupees) | 30 35 ^45 55 65 
Number of 
Students 10 14 22 35 4 


Prepare a grouped frequency distribution of class intervals of equal width, taking one 
of the class intervals as 30 — 40. ; 
The frequency distribution of weights (in kg) of 40 persons of a locality is given below. 


Weights (іп kg) | 40-45) 45-50) 50-55 55-60 | 60—65 


Frequency 


(i) What is the upper limit of the fourth class interval? 

(ii) Find the class marks of all the classes. 

(iii) What is the class size of each class interval? 

(iv) Which class interval has the highest frequency? 

'The maximum and minimum temperatures of a city for the month of June in a year are 
given below : ‘ 

Maximum Temperatures ( in°C ) : 35.5, 35.9, 36.0, 38.4, 36.6, 40.1, 41.3, 43.3, 42.8, 
32.8, 39.6, 38.0, 32.0, 35.6, 33.9, 34.5, 35.3, 35.7, 35.9, 36.4, 33.8, 33.5, 32.7, 32.9, 34.0, 
34.6, 38.8, 39.8, 40.2, 41.4. 1 

Minimum Temperatures ( in*C ) : 27.8, 23.4, 23.4, 28.0, 26.6, 29.5, 28.7, 33.5, 22.6, 
23.9, 25.5, 21.7, 30.0, 31.3, 32.6, 30.0, 29.5, 25.5, 26.3, 24.3, 24.0, 23.5, 23.2, 30.6, 27.5, 
28.3, 28.7, 29.6, 30.3, 32.7. 

Construct a grouped frequency table of each of the above, using equal class sizes, 
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` taking one of the class intervals as 36 - 37 for the maximum temperatures and one of 


class intervals as 24 — 25 for the minimum temperatures. 
The earnings of (approximated to nearest hundreds) 30 medical stores on a particular 
day are as follows : 7 


Earnings FUE 1 
(in rupees) 1500 | 1800 | 
Number of | ated ah КЗЫ 


Prepare a grouped frequency distribution table taking class intervals of equal size, опе 
such interval being 500 — 1000. 

Pulse rate (per minute) of 30 persons were recorded as 61, 76, 72, 73, 71, 66, 78, 73, 68, 
81, 78, 63, 72, 75, 80, 68, 75, 62, 71, 81, 73, 60, 79, 72, 73, 74, 71, 64, 76 and 71. 
Construct a frequency table using class intervals of equal width, one class interval being 
60 — 65. 


Read the following histogram and answer the questions given at the end : 
Histogram for the Marks Obtained by 43 Students of a Class in Physics 


3900 


10 
9 
8 

7 


Number of Students ——» 
A Ха ON 


Tr 10 20 30 40 50 60 70 80 90 100 
Marks ——> 
Fig. 16.4 
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(i) What information is depicted by the above histogram? 

(ii) What is the size of each class? 

(ii) Write the number of students in the highest marks group. 
(iv) In which groups the number of students are the same? 

(v) What is the number of students in the lowest marks group? 
(vi) How many students have secured 60 or more marks? 


Study the histogram given below and answer the questions following the histogram : 
Histogram for the ages of 26 teachers of a School ^ 


^ 
7| 
6! 
Ы 
pu 
9 
Ж 
o Ud 
8 
8 » 
1 
0 
Ages (in years) > 
Fig. 16.5 


(i) What information is depicted by the above histogram? 

(ii) What is the number of teachers іп the oldest age group in the school? 
(iii) What is the number of teachers in the youngest age group in the school? 
(iv) In which age group, the number of teachers is the least? 

(у) In which age group, the number of teachers is the maximum? 

(vi) What is the class size of each class interval? 

(vii) What аге the class marks of all the class intervals? 

(viii) How many teachers are below 30 years in age ? 
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Construct a grouped frequency table with class intervals 0—5, 5—10 and so on for the 


following marks obtained in Biology (out of 50) by a group of 35 students in an 
examination: 


0,5, 6, 7, 10, 12, 14, 15, 20, 22, 25, 26, 27,8, 11, 17, 3, 6, 9, 17, 19, 21, 22, 29, 31, 35, 37, 
40, 42, 45, 49, 4, 50, 16, 20. 

(i) What is the range of the data? 

(ii) Which group contains the maximum number of students? 


Read the following histogram and answer the questions 2 


Histogram for the Number of Literate Females of a Village in different age Groups 


^ 
900 
^ 800 


700 


$ 

| 
600 | 
500 
400 
300 | 


200 


Number of Literate Females 


100 + 


0 | 10 15 20 25 30 So 40 45 50 
Ages (in years) > 
Fig. 16.6 


() What information is depicted by the above histogram? 

Gi) In which age group is the number of literate females maximum? 
(ii) In which age group is the number of literate females minimum? 
(iv) What is the width of each class interval? 

(v) What are the class marks of all the class intervals? 

(vi) How many females below 30 years in age are literate? 


/ 
STATISTICS 297 


12. Weights (in kg) of 50 persons are given in the following grouped frequency 
distribution table : 


Weights (in | Weights (in | ШІП ГЕ 55-60 | 60-65 Sn 70-75 | 75-80 | 80-85 | 85-90 


Number of 
Persons 
0) How many persons belong to group 50—55? 
(ii) Write the number of persons belonging to the highest weight group. 


(11) What is the class size of 80—85? 
(iv) What is the class mark of 85—90? 


13. Fillinthe blanks in the following frequency distribution table depicting marks obtained 
(out of 100) by a group of students : 


Tally Marks Frequency 
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15. Prepare a grouped frequency table for the histogram given below: 


Histogram for the Monthly Salaries of Employees of a Fa tory 
^ 


60 | 


Number of Employees ——» 


Salaries (in thousand rupees) — s 
Fig. 16.7 


Things to Remember 


+ Observations gathered initially are called raw data. 
. The difference between the highest and the lowest values of the observations in 


given data is called the range. 
Sum of all observations 
Total number of observations 


In given data, the number of times a particular observation occurs is called its 
frequency. 


Mean of given data = 


A table showing the frequencies of various observations of data is called 
a frequency distribution table or simply-a frequency table. 


When the number of observations is large, we make use of tally marks to count 
the frequencies. 


Tallies are usually marked in bunches of five for ease of counting. 


When the list of observations is very large, we usually organise the data into 
groups called classes or class intervals. The data so obtained is called grouped 
data or a grouped frequency distribution. 
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The lower value of a class interval is called its lower class limit and the upper 
value of a class interval is called its upper class limit. 


The difference between the upper and lower values of a class interval is called its 
width or size. 


The mid-value of a class interval is called its class mark. 
The frequency of a class interval is called its class frequency. 


A histogram is a graphical representation of grouped data in which class intervals 


are taken along the horizontal axis and frequencies along the vertical axis. For 
each class, a rectangle is constructed with class interval as the base and its height 
is determined by the corresponding frequency. 


As History Tells Us 


All of us have some concept or the other of Statistics because all the magazines, 
newspapers, radio and TV advertisements are full of statistics or numerical data. 
Existence of the practice of collecting numerical data in ancient India is evident 
from the fact that during the reign of Chandragupta Maurya (324 B.C.-300 В.С.), 
there was a very good system of collecting such data specially in regard to the births 

and deaths. During Akbar’s reign (1556 — 1605), Raja Todarmal, the then Land 
and Revenue Minister, maintained good records of land and agricultural statistics. In» 
Ain-i-Akbari written by Abul Fazal (in 1596 — 97), a detailed account of the 
administrative and statistical surveys conducted during that period can be found. 


The first real Statistician in the modern sense is supposed to be an English 
shopkeeper John Graunt (1620 — 1674). He got interested in jawfaln, King's- 
Evil, Planet and tissick (all of these are diseases !) and other factors leading to 
death in London at that time. He collected data and processed the same. This was 
the beginning of Statistics. 

Attracted by Graunt's technique, many mathematicians, Laplace (1749 — 1827) 
and Gauss (1777 — 1855) among them, developed the fundamental ideas of 
Statistics. Biologist caught on the idea and, using statistical techniques, established 
important theories in their field. Famous among them are Charles Darwin 
(1809-1882) and his theory of evolution, Gregor Mendel (1822-1884) and his 
peas-experiment, Karl Pearson (1857—1936) and his correlation theory that tells 
us how to determine whether or not one factor affects another and to what degree, 
if at all ! 

Today there is no arena of life where the subject of Statistics does not play an 
important role. 
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EXERCISE 1.1 ' 
Numbers ending in 2,3,7,8 are not perfect squares. 
200008 (ii) 4 (іі) 1 (iv) 9 (v) 6 
(vi) 9 (vii) 4 (viii) 0 (ix) 6 (x) 5 
3. (i) Number ending in odd number of zeros are not square numbers. 
(1) Number ending in 2 are not Square numbers. 
(iii) Same as (i) 
(iv) Same as (i) 
(i) and Gii) 
100001? = 10000200001 
10000001? = 100000020000001 
7. 1010101? = 1020304030201 
101010101? = 10203040504030201 
4 + 52+ 202= 212, 52 + 6 430 = 312.) 624724 42? = 43? 
СЯ (1) 36 
10. (i) Е (1) Е (iii) Е (iv) Е 
СУТ (vi) T (vii) T (viii) T 


жж 


ЕХЕКСІЅЕ 1.2 
(i) 625 (ii) 1369 (iii) 2916 (iv) 9216 (v) 5041 
2. (i) 7921 (1) 76176 (iii) 121801 (iv) 85849 (v) 25921 


Ge 


юлт шт > 


OON AU UNE t9 m 


- 
= 


Оза Хз АЕ сә ре 


(1) 
(i) 
(i) 
(i) 
(i) 
0) 


16129 
1225 
2601 
259081 
259081 
241081 


(1) and (iv) 
(i) 1 or 9, odd (ii) 


0) 
(i) 


11 and 13 
2 

88 

Yes, 44 
5, 30 

5,6 


(ii) 
(ii) 
(ii) 
(ii) 
(1) 
(i) 


2. 


(ii) 
(ii) 
(ii) 
Gi) 
(ii) 
11. 


(ii) 
(ii) 
(ii) 
(ii) 
(ii) 
(ii) 
(ii) 
(ii) 


55225 
5625 
2916 
265225 
44521 
35721 


Two 
Four 
165 
345 
67 
43 
3l 
110 


(ii) 725904 
(11) 9025 

(ій) 3136 

(iii) 275625 
(iii) 390625 
(11) 330625 
EXERCISE 1.3 
(ii) Мо 

(iii) 1 or 9, odd 


(ш) 42 
Gii) 77 


(ii) 3, 60 

(ш) 7, 20 
EXERCISE 1.4 
(iii) Two 
(iii) Five 
(іі) 234 
(iii) 440 
(iii) 59 
(iii) 76 
(iii) 40 
(ii) 231 


ЖЖ 


4 


(iv) 63001 
(у) 11025 
(iv) 3364 

(iv) 336400 


(iii) No 
(iv) 5, odd 


(iv) 64 
(iv) 84 


(iv) 7, 84 
(iv) 11, 64 


(iv) Three 


(iv) 222 


(iv) 23 
(iv) 89 
(iv) 75 
(iv) 1176 
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(v) 251001 
(v) 42025 
(v) 3481 

(у) 285156 


(iv) Yes 


(v) 3, 78 


(v) Three 


(v) 316 
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EXERCISE 2.1 
1:9:2:7:6:8/423:5 
(i) 42875 (1) 175616 (іі) 373248 (іу) 64964808 
(v) 274625000 (iv) 549353259 
(i) 42875 (1) 175616 (iii) 373248 
(iii) 5. (iii) 3 6. (iii) 9 
(i) F (ii) Т (ii) T (у) F (v) F 
(vi) F (vii) T (viii) F (ix) F (x) F 
EXERCISE 2.2 
(i) 4 (1) 8 (іі) 12 
(i) No (ii) No (ш) No (iv) Yes 
(ШӘ 5 (1) 2:7 (іі) 63;9 
(i) 1 (ii) 4 (Ш)°З ИА (iv) 6 
(i) 6 (1) 2 (ш) 8 (iv) 5 
(2) 4/74 (1) 45 (іі) 48 (іу) 36 
(i) 63 (1) 76 (іі) 84 (іу) 85 
(i) -61 (1) -24 (iii) -82 (iv) —56 
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d) T 
(vi) T 


Rs 2400 each 
(i) Rs 5940 
(i) Rs 825 
2500 


Rs 250000 


(1) Rs 600 
Loss: 196 


(i) Rs 280 
(i) Rs 2000 
28% 

Rs 680 

Rs 1600 


(i) Rs 185.40 


(iv) Rs 1050 
Rs 2125 


Rs 17576; Rs 1951 


Rs 1261 


(i) F Gi) F 
(уй) T 
DEET EEE 
EXERCISE 4.1 
) 3 
2. В 16800 3. Gain: 327 
(ii) Rs 5000 


(ii) Rs 1050 (iii) Loss : 155% 


7. (i) Rs 3750 (ii) Rs 3375 
10.Gain : 14 ie % 
25 


(i) Rs 624, Rs 630 


14.(i) 4 % (ii) Rs 34.56 
ЕЕЕ 
EXERCISE 4.2 
(ii) Rs 891 2. (i) 6% 
(ii) Rs 3000 4. Rs 1261 
7. Rs 5500 8. 25% 
11. Rs 1296 12. Rs 3150 
15.Rs 937.50 


DEEE E EET 

EXERCISE 5.1 

(1) Rs 293.15 

(v) Rs.1414.40 
3. Rs 3310 


7. Rs 10360.23 
10. Rs 1672.72 


жж» 


(iii) Rs 307.50 


4. Rs 7493.91 
8. Rs 5796 
M. (i) Rs 112614 


(iv) F 


(v)T | 


8. Rs 7500 


12. 23.7596 
15. Rs 1592.50, Rs 2012.50 


(ii) 2096 

5. Rs 32200 
9. Rs 900 
13. Rs 2880 


5. Rs 4413. 50 


(ii) Rs 10810.94 


13. 


15. 


16. 


17. 


18. 


20. 


22. 
24. 


ANSWERS 


EXERCISE 5.2 


Rs 4410 ; Rs 410 2. Rs 7260; Rs 1260 
Rs 6760 ; 510 4. Rs 24845.94; Rs 4845.94 
Rs 39366 ; Rs 8116 6. Rs4775.40 
Rs 148877 8. Rs49130 
Rs 13310 10. Rs 1437.70 11. Fatima by Rs 362.50 
Rs 43.20 13. Rs 5369 14. Rs 1261 15. Rs 64000 
Rs 3375 17. Rs 10000 18. Rs 400000 19. Rs 40000 
5 96 21. 3 years 22. 2 
EXERCISE 6.1 

?+9х+20 722 2415x454 3. x 145x456 0 74 xb 19x T 36 
X 8х + 12 x o-3x-4 7. p + 2р- 24 8. у + 5у– 24 
xX-5x-4 10. Z- 152+ 14 1.5-15y«44 12. x+ 17x- 84 
x+ 5х 84 14. y+ 16y – 80 
28 раи а 
а) ха Урын G) y+ 12?*25 

25 
(i) 2%1; 2-1 (ii) х-13х2-36 


(i) yi+18y?+72 (di) 4+ 34- 


63 
ug таре 


i 6 E z Е 1x ин Жам 21. (1) 10918 (ii) 42228 
0) уз 8 y- 1 (1) + 136 ? 17 ‚@) 

(i) 9120 (1) 7052 23. (i) 10094 (1) 9595 

(i) 36666 (ii) 39360 25. (i) 41382 (ii) 40188 . 


(ii) у-2 y-2 19. @ 2-152-14 (4) 2-72-8 


oid E ELI 
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12. 


13. 


MATHEMATICS 


EXERCISE 6.2 


X + Ay! + 162 + 4ху + l6yz + 8xz 

X? Ay! + 362 + Аху – 24yz - 12xz 

9a? + 49b? + c? — 42ab + 145с — бас 
25а? + 49b? + c? – 70ab — 14be + 10ac 
162 + 4m? + 9n? + 161т -12mn — 241п 
4P + т? + 64m — Alm — Y6mn + 321п 


P Am? + 49n? + Alm — 28mn — 141п 
р? + 814? + 4 + 18pq + 36q + 4p 


1 
36x + ur 162° + бху + 4yz + 48xz 


8102 + у? + 9 


2 
z-1&y- = ус + бх2 


1 
52256 – 4 4b - 16b * 8a 


Hota 
БАЛ ТМ es 


16 4 


1 
uas 4° + 36 + ab+6b+ 12а 


Ох? + 16y? + 42— 24xy – 16yz + 12 zx 

4x? + 9y? + 2522 + 12 xy — 30yz – 20 xz 
а + b+ с2– 2аһ – 2bc + 2ca 

а?+ А + 49с2 – Дар – 28Ьс + 14са 

2p’ + 24 + 2?—4рд 21. 4pq + Apr 


8ху + 8х2 24. – 8ху + 8х2 


жжжжж 


2. 9x7 + у? + 252 бху + 10у2- 30xz 
4. 9а? + 4b? + 9c? + 12ab — 12bc -18ac 


19. 
22. 


2p? + 24? + 2r + 4дг 


— 4qr + Apr 


жж 


м EXERCISE 6.3 


х? + 6Xy + 12xy? + 8y 
a x! + За? x by + 3axb y+ p? y 


2. 


4. 


8x°— 36x°y + 54x! — 27у? 
X бу + 12x*y? + 8у? 


* 


мм 


&e- 12x2y! + бху"-у 


7. a+ 15ау + 75ау? + 125y3 


1 


з Э ae A 
9 35% CX 7 7 
5 27 98:59 27 


9 
10. (i) 224 Gi) 1944 
11. (i) 104 (i) 61. 
12. (i) 61 (ii) 936 
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6. -xX + 12xy — A8xy? + 64у? 
БЕК 03380 1072 


r t+ уж xy? + 

8 2) Мал tig ОУ? 
Gii) 5833 (іу) 8001 

8 
(іі) 559 (iv) -1001 
Gii) 2863 (iv) 13897 


13. 242 + 24ар? 14. 242 + 54452 15. 250 D + 120a*b 


2 
16. -16b -588b 17. 279 


9 


IER 16 4 


ра 
18: 27 9 


19. (i) 1124864 (1) 1012048064 (1) 127263527 


20. (1) 970299 (1) 988047936 


21. (1) 214921799 (ii) 941.192 


1. (х+1)(х+9) 

3. (у-4)(у-2) 

5. (р+4) (р- 1) 

7. (т-5)(т-3) 

9. (3x + y+ 52) (3x + у + 52) 
10. (2x + Зу — 4z) ( 2x + Зу - 4z) 
М. (m-2n + 52) (m— 2n + 52) 
12. (7m - 2n – 32) ( 7m — 2n — 3z) 
13. (3x + y 5) (3x + y+ 5) 


4 g 
14. (p+ 2 +1)(р+ 2 +1) 


(iii) 997002999 
Gii) 513.922401 


11312272 


EXERCISE 6.4 


2. 


4. 
6. 
8 


15. 


(х+3)(х+4) 
Or a YAE T) 
(p + 6) (p— 2) 
(m — 6) (im — 4) 
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16. 


17. 


19. 
21. 
22. 


24, 


14. 


20. 


23. 


MATHEMATICS 


(2 x—y+2V2 2) 2 x- y - 242 2) | 


(NB x AB y & 2) x - 43 ул) 


Ох y)Qx - у)(2х — у) 


(Ар - 34)(4р — 3q)(4p — 
(3 — 5p)(3 ~ 5p)(3 — 5р) 


(2х + 9) (2x + 9) (2x + 9) 


(ii), Qv), (у), (vi) 
4y' + y! + 6y +934 
Wied 4/2 
СЕР 12 2+ 1; 
—5у#* + у2 + 12; 8 


p'*p-16;7 


.2-152-414:6 


.уж9у-22:6 


x 15.-3х 16. 
Ді 
+xX+ 2 21. 
шан үде 
2 2 24. 


18. (2х + y)(2x + у)(2х + y) 


20. (34 — 5p)(3q — 5р)(34 — 5p) 
34) 
23. (4p – 3)(4р — 3)(4р – 3) 


e 


а) 
25. (3x — 6 Gx- 6 (3x - 6 


жжжжжжж 


EXERCISE 7.1 


3. – 134 + 44 + 124; 5 
5. x'«- 13x? + 36;4 
7. 40-4 44 :8 
9. =? унуну; 
+ 2-92 +8;6 

77 6 


P+ 136 17:6 


a 19. –./5 а 


26. (i) х+2 (ii) x +2 (іп) y+3 
(у) z-3 (vi) х2 +1 
x xke eek 
EXERCISE 7.2 
Tis 3 
1 34-1:9 РОР са E 
5 
4. 202 8 шахам 5 E 
5 q- 24 4772 . 47-2; 6 
ПРОТ 
6. AX + б? + 2x +55 77 7. у-у+1;0 
8 20620101 9. xu Sra 
12. 0 13. 0 
16. Мо 172 Үс 
20. Yes 21. No 
жжжжжжж 
EXERCISE 8,1 
21 
1. х--7 POR EHE 3. х= 
2 
5 Las 6 28 7. 
ЕЯ Еа у=1 
2 
9: Хауа 10.у- 11. k=4 
1 Ж 14 цэн 15 48 
Зх 12 dedu ДЕТ .y=- 
17 Ba 4. 19 -= 
PATE . y=- Nie 33 
215192 22. yz 


ЖЖЖЖ 
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(iv) y -3 


1 
3. З3р+р“ 7 


2 
2172 


10. +3;6 
14.1 

18.No 
22.No 


15.1 
19. No 


510 


тоёр ш P 


MATHEMATICS 
EXERCISE 8.2 


"n 
ARDI 

216, 222,228 7. 324,333,342 

Lovely : 20 years, Luckee : 50 years 


12, 48 2. 42, 56 


36 12. 84 13. 120 cm 
31.5 km/h 16. 800 km 17. 1.5 km/h 
Жжжж 


ЕХЕКСІЅЕ 9.1 


(i) Yes, lines parallel to the same line 
(ii) Three, AB Il EF, EF I| DC, DC I| AB 


Six, DE || AB, FG || AB, HI || AB, ЕСІ DE, HI I| DE, HI ll FG 
(1) 50° 
(i) Yes, 28--2С = 180° 
(1) 65° 


(i) Yes, lines parallel to the same line 
0) Yes, ZA+ ZB = 180° 
(i) Yes, lines perpendicular to the same line 
(i) Yes, lines perpendicular to the same line 
(її) Yes, lines parallel to the same line 
Three, AB ІІ EF, EF lI DC, DC I| AB 
(17:11) (1) Е (iii) T 

жажжежж 


EXERCISE 9.2 


(i) Yes, lines parallel to the same line 
(ii) Yes, equal intercepts property 

(i) Yes, equal intercepts property 

(i) Yes, equal intercepts property 

(i) Yes, equal intercepts property 

(i) Yes, equal intercepts property 
(11) 1.5 ст 


(iii) Yes, from (ii) 


(v) F 


(ii) Yes, AD = AE 

(ii) Yes, equal intercepts property 
(ii) Yes, equal intercepts property 
(ii) Yes, equal intercepts property 


4. 15,45 5.225,30 


8. 20 years, 28 years 
10. /-80 ст, b = 40cm. 
14. Rs 24000 | 


4. 60° 


(у) Е (vi) Е 
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6. (1) Yes, it intersects three lines at distinct points 
(1) Yes, it intersects three lines at distinct points 
(iii) Yes, lines perpendiculars to the same line 


(iv) Yes, equal intercepts property 


2 
7. Fem 8. 3cm 9. (i) 3 (ii) 2ст 
20 40 ү 
10. ce m, 10 m, ES m 11. No, equal intercepts property 


12. No, proportional intercepts property 


222 
EXERCISE 9.3 


1. 25 ст 2.11.7 em: 5. Аст 


жжжжжжж 
EXERCISE 10.1 


Trapezium 3. (1) Rhombus (ii) Rectangle (іі) Square 


4. 140°, 140°  $5.(1)185.545, 126°, 162° (ii) Yes, РО 1 SR 
(iii) No, PS is not parallel to QR 
б VO TTE (ш) T (ш) F (iv) T (у) F 
(vi) F (vii) T (viii) T (ix) F (x) Ё 
(xi) H (xii) F (xiii) T (xiv) F 
жжжжжжж 


EXERCISE 10.2 


1. 14cm. 2 2. D O 70:110? ео 4. 9cm, 15 cm, 9 cm, 15 cm 
72°, 108°, 72°, 108° 6. 50cm,25 cm, 50 ст, 25 ст 

7. (1) Yes, opposite sides of a parallelogram 
(ii) Yes, opposite sides of a parallelogram 
(iii) Yes, same line segment (iv) Yes, SSS. 

8. Мо, diagonals not bisecting each other 


ШАЛ ene а 


Б; 


МАТНЕМАТІСЅ 


0)  Diagonals bisect at O (ü) Alternate angles 

(11) Vertically opposite angles (iv) ASA; Yes : 
(i) Opposite angles of a parallelogram (ii) AF bisects ZA 
(iii) CE bisects ZC (iv) From (1), (ii) and (iii) 
(v) Alternate angles (vi) From (iv) and (v) 
(vii) Corresponding angles equal (viii) AB ll CD 

(ix) Opposite sides are parallel 


жезжжжж 
EXERCISE 10.3 


(0), Gi), (v) (vii) 2. (i), — (ш), (іу), (уш), (x) 
(0, Gi), Gi) (ім), (уч), (уі), (vii), “ (уін), (ix) (х) 
Мо, diagonals are not perpendicular 

(i) Yes, opposite sides of a rectangle 


(ii) Yes, opposite sides of a rectangle (11) Yes, each angle of 90° 
(iv) Yes, SAS 
(i) Yes, diagonals bisect each other (1) Yes, sides of a rhombus 


(11) Yes, SSS 

(iv) Yes, Corresponding Parts of Congruent Triangles (CPCT) 

(v) Yes, SSS (vi) Yes, CPCT (vii) Yes, from (iv) and (vi) 
120°, 608, 120°, 60° 8. No, diagonals not equal 
(i) Yes, opposite sides of a rectangle (1) Yes, each of 90° 

(iii) Yes, alternate angles. (iv) Yes, ASA (v) Yes, CPCT 

No 11. Yes 12. No 

13cm, 13cm, 13cm, 13cm; Rhombus 14. Square 


Жжжж 
EXERCISE 11.1 
No, since AB + AD = BD 


ae Rho ee 
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EXERCISE 11.2 


3. No, since BD + АВ «АР 


oko KR 


EXERCISE 11.3 


5. М№о, ѕіпсе ZA+ZB+2ZC >360° 


KERE 
EXERCISE 12.1 


3cm 2. 24cm 3. 6cm 4 10ст 5. 5cm 
6. Point of intersection of perpendicular bisectors of AB and BC. 
7. (i) Line segment joining the centre and the mid — point of the chord 

(1) same as in (1) 

(iii) Z AMP + Z BMP = 180° 

б) АВ=ВС (1) RHS (iii) CPCT 

0) AB=CD (ii) RHS (iii) CPCT 

(iv) MS + АМ = №Ѕ + М№С (у) АВ – AS- CD- CS 
10. 1) ASA (Gi) CPCT (iii) Chords equidistant from the centre 
112 QUT (ii) F (ii) T Gv) T 

— 


EXERCISE 12.2 


2: 120921202720 
2. (i) No, central angles not equal (ii) No, central angles not equal 
(iii). Yes, central angles equal (iv) No, central angles not equal 


(v) Yes, central angles equal (vi) No, central angles not equal 
(vii) Yes, central angles equal 
() 60° Gi) 55° Gii) 40° Gv) 240° 
(i) 90 di) Yes 5. @)50 (4) 25° 


() 40° (1) 50° 7. (i) 15° (ii) 25° ' (iii) 100° (іу) 50° 


314 


MATHEMATICS 


8. (i) Yes, a pair of alternate interior angles. 

(ii) Yes, angles subtended by an arc at the centre and at the remaining part of the circle 

(11) Yes, same as in (ii) (iv) Yes, from (1), (ii) and (iii) 

(у) Yes, central angles equal 
Sr 160? (i) 80° 

1 ИЙ 1 ! 1 
10. (i) 60° (ii) 375° (iii) 375° (iv) 225° 
eek 
EXERCISE 12.3 

1.) 110% 105% 220) 659 (1):/1158 (їп) 959 (iv) 65° 

(у) 859 (vi) 1159 

(i) 70° (1) 110° 4. (i) 40° (1) 100° (іш) 70° 

(i) Interior angles on the same side of a transversal 

Gi) ABCD is a cyclic quadrilateral. 

(iii) From (1) and (11) 
6. (i) Yes, opposite angles of a parallelogram 

(i) Yes, opposite angles of a cyclic quadrilateral (iii) Yes, from (i) and (ii) 

(iv) Yes, same as (iii) (v) Yes, each angle 90° 

(i) 180° (ii) 180° (iii) 180° (iv) 540° (у) 360° 
8. 20:55» (ii) 100° 

€— 
EXERCISE 13.1 

1. 84cm? 2. 60dm? 3. 285 cm? 
4. (i)12m* (i) 1.24 m? (iii) 8.1 шд (iv) 0.0135 m? 
5. 24cm 6. 2600cm 7. 4ст 8. 5m 9. 15ст 
10. 40m 11. 12cm 12, 12.5cm. 13. 15 ст 14. Rs 210 


LET EEEE 


EXERCISE 13.2 


ANSWERS 


1. 63cm* 2. 4500 ат” 3. 180 cm? 
(i) 0.6m? (1) 0.155 m? (i) 3.2 т: (iv) 67.5 т? 
20 cm 6. 10cm 7. 8cm 8. 10m 
10. 22543 cm? 11. 16,3 dm? 12. 800 ст 
13. (i) 120 cm? (i) 2500 cm? (іі) 280 cm? 14. 600m? 
15. 200m 16. 441 n 
P iE 
17. 0) 2 square units, 2 square units 
P x 1 
Gi) 3 square units, 3 square units, = square units 


10. 


Sm 


(iii) Mark (n—1) points on any side of the triangle to get n equal parts of that side. Join 
these points with the opposite vertex. 


96 cm? 


(i) 1.6 m? 


20 cm 


12 cm, 18 cm 


(i) 44cm 


0) 15.7 cm 
(i) 4cm 
(i) lem 


HERE 


EXERCISE 13.3 


2. 228 dm? 3. 303 cm? 
(ii) 0.0725 т? (11) 28 m* 
10 
6. 8cm ЯГ 43 ст 
11. 10 ст. 20 ст. 12. 80 ст? 
жжжжжжж 


EXERCISE 13.4 


4 6 
i) 34- її) 62- 
(i1) 7 dm (11) 7 m 


(ii) 9.42 dm (11) 1.57 m 
(1) 28 dm 


(ii) 350 dm 


(11) 5m 


Gii) 49 m 


(iv) 2.025 m? 


8. 10ш 
13. 216 cm’ 


9, 3m 


316 


л 


10. 
13. 
17. 


gu Dr 


10. 
12. 


MATHEMATICS 

6 - ай борап ai eom 5; 50 9. 44т 
264 m 11. 3.98 cm (approx.) 12. 3:4 

30 dm 14.30 cm 15.41.1m 16. 2411520km 


3.1415929 ... It is an aproximate value of р. 


Жжжжжжжж 


ЕХЕКСІБЕ 13.5 
(i) 1386 сш? (й) 7546 аш” (йй) 147994 cm? 
© 3142 om Gi) 75.46dm? Gi) 34 пе 
d) 7cm (i) Мат ii) 63 em 
G) 21cm (0) lOdm ` Gii) 25 cm 
G) 20cm (4) l00dm (Ші) 20, Scm 


78cm? 7. 31428 m? 8. 3142857 m? 

(1) 78.5 m* (1) 235.5 т? 10. 157 т> 

154 шд 12. Circle 13. 492.86 cm? (approx.) 

1.7 n? (approx.) 15. 5:6 16. 4:1 
жооок 


EXERCISE 14.1 


1760 cm? 2. 1.76 m? 3. 628 cm? 4. 15972 cm? 
1584 m* 6. Rs 68.75 7. 0.55 cm 8. Im 
(i) 968 cm? (ii) 1161.6 cm? (iii) 2140.66 cm? 
(i) 110 m? (ii) Rs 4400 11. (i) 66 m? (ii) Rs 1650 
Rs 63.53 

жжжжжжж 


EXERCISE 142 
220 cm? 2. (i) 198 cm? (ii) 352 cm? 3. 4710 ст? 


682 dm? 5. 424.29 си? 6.0)26ш (ii) Rs 176502.86 


l————— 


EON aim 


umm 


кі 
. 


eene 


(i) 8.cm 


. АТЛ 


(i) 616 cm? 
(1) 1386 cm? 
1:4 

616 cm? 


(i) 2310 cm? 


(1). 729.14 cm? 
11. 5500 cm? 


8. 628m 
12. 3cm 


yok 


EXERCISE 14.3 


(ii) 1386 cm? 
(ii) 394.24 m? 
4. Rs 27.72 
9. 173.25 cm? 


(іі) 38.5 m? 
(iii) 2464 cm? 
5. Rs 2993.76 
10. (i) 47r ? 


RRR 


EXERCISE 15.1 


(ii) 693 cm? 


(iii) 369. 6 n? 
4. 49.5kg 
6. (1) 770 m? 
(i) 141.3 cn? 


- (iii) 96.25 kl 


xk sje sese hohe e 


EXERCISE 15.2 


34.65 1 3. 17.16 kg 
G) 308 m? (ii) 0.5 m 
Cylinder, 85 cm? 8. (i) 3cm 
G) 110 m? Gi) 1.75 m 
0) 264 cm? (1) 154 cm? 
314 cm? 4. 21cm 
(i) 48cm (1) 50 сш 
0) 226 (ii) 90 

100л: cm? 


1 
(i) 14374, cm? 


2.(i) 1.2321 


5. 8сш 
(іі) 2200 cm? 
(ш) 90 


10. 240x cm?, 5: 12 


жжжа*ЖжЖ* 


EXERCISE 15.3 


(ii) 192. dn? 
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9. Rs1155 


6.79.50 7 10.316 
(i) 4nr? (iii) 1:1 


(iv) 38.5 т? 
Gi) 154m? (iti) Sm ` 


10. 0.4708 m? 


T. hg 
@ 227 


6. 38.5 kl 


(iii) 1.05 m? (approx.) 


Am 
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257471) 11498 cm? (ii) 0.004851 m? Gii) 22.458 dm? (арргох.) 
3. (i) 11.5 І (approx.) .(ii) 4.8517 (ii) 22.4581 
4. .0.303 | (арргох.) 5. 345.39 р (арргох.) 6. a 7. 0.06348 n»? (approx.) 
8. ШЕ cm? 9. (i) 249.48 m? (ii) 523.9 m? (approx.) 
10. (i) 3r (i) 1:9 | 
— 


EXERCISE 16.1 


1. 56) 2. 2780 3. 81.9 
4. (i) 151ст (ii) 128 cm (ш) 23 cm (іу) 142.1 cm (v) 4 
5. (i) 25.6mm (ii) 8.5 mm (iii) 5 
6. (i) 10°С (1) 25.25°С d. 5 
8. (i 25 minutes (ii) 4 (iii) 23.6 minutes 
41 
0218-10; 27 11. 18 12. 5.5 13. Py 
14. (i) 41.67 (ii) 91 45. 42 
16. 
members 
17. 
(i) 3 members, 5 (ii) 8 members, 1 (iii) 4 members 


| 
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Number of 
Road 
18. | accidents 


Frequency 


Score 


19. 
Frequency 


Weights| 
(in kg) 


20. 


(i) 40kg — (ii) 1 (iii) 2 (iv) 48 kg 


21. 


Frequ- 
ency 


Range : 29 
222 Цу 95 (ii) 8 (iii) 5 (iv) 4 
(v) 8 (vi) 5 


жжжжЖЖЖ 
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EXERCISE 16.2 


Class Interval 


Weekly Pocket Expenses 
(in Rs) 


(i) 60 (ii) 42.5, 47.5, 52.5, 57.5, 62.5 (iii) 5 (iv) 50—55 


Maximum 


Temperat- | 32-33 | 33-34 | 34-35 | 35-36 | 36-37 | 37-38 | 38-39 | 39-40 | 40-41 | 41-42 | 42-43 | 43-44 
ure (in °С) 
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Earnings 
| атта? | 500-1000 | 1000-1500 | 1500-2000 | 2000-2500 | 2500-3000 | 3000-3500 | 3500-4000 


| 6. Number of 
| | Stores” 


| Pulse Rate per 
| Minute 


Number of 
persons 


8. (i) It depicts the marks obtained by 43 students of a class in Physics. 


(ii) 10 (iii) 3 
(iv) Groups 10 — 20, 80 — 90, 90 — 100 and Groups 50 - 60, 70-80 
(у) 3 (vi) 21 
9, (i) It depicts the ages of 26 teachers of a School 
(i) 3 (iii) 2 (iv) 45-50 (v) 35 — 40 (vi) 5 
(vii) 22.5, 27.5, 32.5, 37.5, 42.5, 47.5, 52.5 (viii) 6 


(i) 50 (1) 5-10 n 


11. (i) Itdepicts the number of literate females of a village in different age groups. 
(ii) 15-20 (іш) 45-50 (iv) 5 
(v) 12.5, 17.5, 22.5, 271.5, 32.5, 31.5, 42.5, 47.5 (vi) 2700 


12:7 0)7/12 (ii) 4 Gii) 5 (iv) 87.5 


S.C.E.R.T., W.B. 
NCF, '?005 
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13. Tally Marks 


25-30 | 30-35 | 35-40 


ILLI 


15. 


Number of Employees 


